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Introduction

Superconductors exhibit zero resistance and perfect diamagnetic behavior

when cooled below a characteristic critical temperature Tc.

One of the most signi�cant theoretical advancement in the �eld of the

superconducting physics came in 1962 when Brian D. Josephson predicted

that a non-zero non-dissipative electrical current could �ow between two

superconducting electrodes, even if separated by an insulating, metallic or

semiconducting barrier [1]. Such a device, known as Josephson junction (JJ),

is very appealing for engineering application in superconducting electronics.

From the point of view of the fundamental physics, the Josephson e�ect is

unique, since it gives direct access to the phase di�erence ϕ of the macroscopic

wavefunctions that describe the superconducting state.

In this thesis, we will investigate some key features of Josephson junc-

tions where the barrier is composed of a ferromagnet (SFS JJs), because

novel phenomena are generated for this type of devices, like a non-monotonic

dependence of the critical current, i. e. the non-dissipative current at zero

voltage, on the ferromagnet layer thickness. In particular, we will analyze

junctions composed of a GdN barrier between two NbN electrodes, fabri-

cated at the Materials Science and Metallurgy Department of the University

of Cambridge (UK).

In a temperature range from a few millikelvins up to some kelvins the

gadoliunium nitride GdN is in a ferromagnetic phase and behaves like an

insulator, with a large energy gap between the valence and the conductance

band [2]. The insulating nature of the ferromagnet will give additional fea-

tures to the already-known SFS phenomena.

In chapter 1 we will give some hints on the quantum nature of the Joseph-
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Introduction

son e�ect in junctions with an insulating barrier (SIS) and a metallic weak

link (SNS), commonly reported as conventional JJs, because their properties

have been widely accounted by models fully obeying to bcs theory.

The SFS JJs, instead, fall in another category with remarkable deviations

from SIS behavior, commonly reported as unconventional junctions. To un-

derstand the ferromagnetic junctions phenomenology, we will introduce the

theoretical background of SFS JJs in chapter 2.

The possibility to measure samples with di�erent barrier thickness (from

1.50 nm to 3.50 nm) allows a comparative study. In chapter 3, we will decribe

the experimental set-up and the techniques used to perform low noise and

high precision measurements. We will also report a discussion on the errors.

The experimental data will be presented and discussed in chapter 4, in

which every section will deal with the following measurements:

• temperature dependence of the resistance, in order to study the su-

perconductive transition of the junctions and the barrier paramagnet-

ferromagnet transition that occurs at a nominal temperature of about

30 K;

• voltage-current characteristics, with the aim of studying the electro-

dynamical properties of the junctions, measuring footprint parameters

described in chapter 1;

• voltage-current characteristic in presence of external magnetic �elds, in

order to analyze the coupling of the devices with a magnetic �eld;

• voltage-current characteristic measured at di�erent temperatures from

the base temperature of 300 mK up to the critical temperature of the

device, to study the critical current dependence on temperature.

We will show that these junctions are of high quality, very robust and

exhibit unique properties: spin-�lter properties, very low dissipation, a dom-

inant second harmonic in the current-phase relation (cpr) and an exotic

critical current dependence on temperature, linked to unconventional con-

duction processes.

9



Chapter 1

Conventional Josephson junctions

In this chapter we will give some hints on superconductivity, providing the

terminology that we will use. Then, we will concentrate our attention on

the most important properties of conventional Josephson junctions and their

phenomenology [3], so that we can compare our results on the unconventional

junctions studied in this work with those found in literature.

1.1 Notes on superconductivity

According to F. London (1935), superconductivity is a quantum phenomenon

characterized by perfect conduction and complete diamagnetism [4]. The

resistance R, in fact, becomes zero below a certain critical temperature Tc,

and at the same time magnetic �elds B are completely expelled from the

superconductors.

A small percentage of the magnetic �elds penetrates in the superconduc-

tor within a characteristic distance, named as London depth λL,

λ2
L =
|ψ|24πe∗2

m∗c2
, (1.1)

where |ψ|2 is the super�uid density of the superconductor, linked to the

superconductor carriers density, and e∗ and m∗ are the charge and the mass

of the particles involved in the conduction; this e�ect is known as Meissner

10



Conventional Josephson junctions

Figure 1.1: Magnetic �eld and representation of the Meissner e�ect

e�ect [5] (�gure 1.1).

Dissipationless conduction and complete diamagnetism are described in

the London theory by equations 1.2 and 1.3, respectively expressed in terms

of the measurable electric �eld E, the current density J and the magnetic

�eld B,

∂J

∂t
=
|ψ|2e∗2

m∗
E (1.2)

∇∧ J +
|ψ|2e∗2

m∗c
B = 0. (1.3)

The microscopic theory of superconductivity, the bcs theory, proposed

by Bardeen, Cooper, Schrie�er [6], and extended by Gor'kov [7] and Ander-

son [8] after a few years, allows to understand the nature of the carriers:

dissipationless conduction is ensured by the formation of electron pairs in

a singlet state due to the delayed interaction mediated by phonons. These

pairs, called Cooper pairs, have an e�ective mass m∗ and charge e∗ equal to

m∗ = 2me

e∗ = 2e,
(1.4)

11
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k f
Δ

Superconductor

Normal

k

ϵk

Figure 1.2: Single particle excitation spectrum in a superconductor: the gap
near kf is nearly a constant and, as a consequence, ∆k = ∆.

and form a phase state1 [9]

|ψ〉
bcs

=
∏
k

(
uk + vke

iϑkc†k↑c
†
−k↓

)
|0〉 . (1.5)

The amplitude of a Cooper pair (−k ↓,k ↑) is the non-vanishing product
of the two coe�cients vk and uk [9],

ukvk =
1

2

∆k

Ek

, (1.6)

where Ek is the single particle excitation energy in �gure 1.2,

Ek =
√
ξ2
k + ∆2

k, (1.7)

and ∆k is the energy gap that opens in the excitation spectrum.

A look on the excitation spectrum Ek suggests that for excitation en-

ergy kBT lower than the energy gap ∆k, the system is in its superconductive

phase; on the contrary, for excitation kBT higher than the gap, the super-

conductor enters in the normal phase. According to this, the energy gap ∆k

takes the place of an order parameter: for temperature higher than a critical

1A phase state is simply a U(1) broken symmetry physical state with conserved phase
eiϑk .

12
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Superconductor

Normal

Tc

Figure 1.3: ∆(T ) dependence in bcs theory

temperature Tc, the energy gap is zero, while when T < Tc the gap is di�er-

ent from zero and it has the temperature dependence in the bcs theory [6]

(�gure 1.3)

∆k(T ) ∼ 1.74
π

γ
kBTc

√
1− T

Tc
, (1.8)

where γ ∼ 1.78 and Tc is linked to the energy gap by the universal relation

Tc =
∆k

1.76kB
. (1.9)

1.2 SIS Josephson junctions

The Josephson e�ect, at a divulgative stage, is commonly depicted as the

�ow of a supercurrent in a barrier of the order of some nanometers separating

two superconductors. Such a device, named as Josephson junction (JJ), is

represented in �gure 1.4.

In this distance range Cooper pairs can �ow through the device without

any voltage drop, and a phase correlation between the two superconductors

is realized. The nature of this phase correlation is truly quantum, but at

the same time it is something much more sophisticated: in fact, the phase

di�erence ϕ = ϑL− ϑR between the two superconductors of the junction is a

13



Conventional Josephson junctions

Figure 1.4: An example of a Josephson junction and wave function tails in
the insulating barrier

macroscopic variable, regulated by the two equations:

Is = Ic sinϕ (1.10)

∂ϕ

∂t
=
e∗V

~
, (1.11)

where e∗ equals 2e, V is the voltage drop between the two electrodes, Is

is the supercurrent across the device and Ic is the critical current, which is

proportional to the carriers tunneling coe�cient, and it depends on the geom-

etry, the material and the thickness of the barrier like a decaying exponential

function [3].

The �rst equation states that the current that �ows through the junction

depends only on the phase di�erence between the two superconducting elec-

trodes; the second one, instead, states that the application of a voltage drop

on the junctions leads to variations in time of the phase di�erence. Moreover,

it is derived solely from the main principles of quantum mechanics and con-

tains only fundamental constants: in short, it is a �universal equation� [10].

A general expression for the supercurrent in equation 1.10 can be de-

rived if we take into account the monodromy of the junction wave function

Ψ (r1 . . . r2n), where r1 . . . r2n are particle coordinates and n is the Cooper

pairs number,

Ψ (r1 . . . r2n) = cLψL (r1 . . . r2n) + cRψR (r1 . . . r2n) . (1.12)
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Conventional Josephson junctions

The supercurrent at ϕ must equal the supercurrent at ϕ + 2π and, as a

consequence, it takes the form

Is = Ic sinϕ+
∞∑
m=2

Icm sin(mϕ). (1.13)

All terms except the �rst one, or higher harmonics terms, can be generally

neglected in conventional tunnel junctions, while a second harmonic contri-

bution becomes important in some unconventional junctions, as discussed in

the next chapters of this work.

The zero voltage drop between superconducting electrodes of a Joseph-

son junction indicates that there is no dissipation in the system; however,

a Josephson junction is an energy-storing two-terminal device [11]. If the

electrodes phase di�erence changes with time, this energy is simply

U =

∫ tf

ti

Is(t)V (t) dt ; (1.14)

substituting the �rst and second Josephson equation in 1.14, we obtain

U = Ec (cosϕ(tf)− cosϕ(ti)) , (1.15)

where Ec is the junction characteristic energy,

Ec =
~
e∗
Ic. (1.16)

As a consequence, a Josephson device can be represented in an equivalent

circuit as a nonlinear reactance L−1
s . Considering an arbitrary process in

which the phase di�erence is a�ected by small variations ϕ̃, the supercurrent

takes the form

Ĩ =

∫
L−1
s Ṽ dt, (1.17)

with L−1
s = L−1

c cosϕ and where Lc is the characteristic inductance of the

junction [11],

Lc =
~
e∗Ic

. (1.18)
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Conventional Josephson junctions

Besides the supercurrent, one can also observe:

• displacement currents due to the �nite capacitance of a junction;

• thermal motion of the carriers, which induces also thermal and shot

noise, i. e. current �uctuations and quasi-particle current.

Let us analyze in detail these current components.

The displacement current When the voltage between the two supercon-

ducting electrodes varies in time, a displacement current that depends

on the capacitance C of the junction �ows through the device,

ID = C
dV

dt
. (1.19)

The capacitance can be expressed as the well-known plane-condenser

capacitance

C =
εrε0
t
A, (1.20)

and the speci�c capacitance of the junction C/A is a slower function of t

than the critical current density Jc = Ic/A, which is exponential in the

thickness. In conclusion, the speci�c capacitance is nearly a constant

in a wide range of critical current densities and it is of the order of the

µF/cm2 for conventional junctions.

In order to characterize the capacitance e�ect for a Josephson junction,

we introduce the dimensionless Stewart-McCumber parameter

β ≡ (ωPR0C)2, (1.21)

where ωP is the plasma frequency

ωP =
1√
LcC

, (1.22)

Lc is the characteristic inductance of the junction in equation 1.18 and

R0 is the resistance of the system.

16



Conventional Josephson junctions

Often, people introduce another important factor, linked to the Stewart-

McCumber parameter: the damping factor Q−1,

Q−1 =
1√
β
, (1.23)

where the quantity Q corresponds to the quality factor of an oscillator.

Junctions with high damping and low quality factor (β � 1 and small

capacitance) are known as overdamped junctions ; on the contrary, we

call them underdamped junctions.

The quasi-particles current When the temperature in the system is dif-

ferent from zero, the thermal motion breaks some Cooper pairs and

single electrons can �ow through the junction. These electrons are dif-

ferent from metal electrons, and we call them quasi-particles. We do

not observe them when the voltage across the junction is zero, but for

T close to Tc, or slightly below that, the thermal energy 2kBT is much

larger than the sum of the superconducting gaps of the two electrodes

(∆L + ∆R), and the quasiparticle contribution to the current is large.

As a consequence, the current follows the usual ohmic law

IN(V ) =
V

RN
, (1.24)

where RN is the normal resistance of the junction and IN(V ) is known

as normal current. We observe this ohmic regime due to quasi particles

also for V > (∆L + ∆R)/e, at all temperatures.

In any case, the normal current can also present high non-linearities as

a function of V , but one tipically attributes these non-linearities to the

normal resistance [11].

The combination of the normal current and the supercurrent suggests

that in these systems a �nite relaxation time exists: de�ning the char-

acteristic voltage of the junction Vc as

Vc ≡ IcRN, (1.25)
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Figure 1.5: Equivalent circuit of a Josephson junction device

and using the equation 1.18, we get

ωc = Vc
e∗

~
=
RN

Lc
, (1.26)

where the quantity on the left hand-side has a frequency dimension,

and we will refer to it as Josephson oscillation frequency ωc. This

parameter is very important in pratical application, like microwave

devices based on the Josephson e�ect, which can be very important in

superconducting circuits: in conventional Josephson junctions it is of

the order of some terahertz, so that the fastest pulse-rise time is of the

order of few picoseconds.

The normal current is a dissipative term and generates thermal noise,

important in the low voltage range and for thermal energy higher than

~ωc, and shot noise, dominant in the high voltage range [11].

1.2.1 Voltage-Current curves

A Josephson junction can be represented by a simple equivalent circuit with

a capacitor, a resistance and a non-linear element that contributes with a

sinusoidal current in terms of the phase di�erence between the two super-

conductors of the junction [3] (�gure 1.5).

The junction is current-biased by the use of a high impedance current

generator: in this way, we can directly observe a zero-voltage state and the

critical current in the voltage-current characteristics.
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The I(V ) curves are symmetrical with respect to the origin and they can

be found by solving the Kirchho� second circuit law

IDC = Ic sinϕ+ IN(V ) + C
dV (t)

dt
. (1.27)

We can observe two di�erent regimes, which indicate the superconductive

state, or S state, and the resistive one, also known as R State.

Let us �rst suppose that the bias current is smaller than the critical

current of the junction: for negligeble capacitances and normal currents, the

equation 1.27 reduces to
IDC
Ic

= sinϕ, (1.28)

which presents two stationary solutions at zero voltage:

ϕs = arcsin (IDC/Ic) (1.29)

ϕ′s = π − arcsin (IDC/Ic) ; (1.30)

the junction is in its S state and a DC current �ows without voltage drop.

This phenomenon is the DC Josephson e�ect.

If the bias current exceeds the critical current, it can not be carried out

only by the supercurrent and the normal current appears, enacting a non-

zero voltage across the junction and an oscillation frequency di�erent from

zero: this is the AC Josephson e�ect, natural attribute of the R State.

The di�erential equation 1.27 can be also seen as describing a phase par-

ticle moving in a tilted washboard potential

U(ϕ) = Ec

(
1− cosϕ− IDC

Ic
ϕ

)
, (1.31)

and subjected to a viscous force.

As we can observe in �gure 1.6, the junction is in its S state when the

ratio IDC/Ic = α < 1, i. e. the phase particle is trapped into a minimum of

the washboard potential; on the contrary, the R state is reached for α > 1,

and the phase particle rolls down the washboard.

The higher is the damping, the stabler the R state is and thus the particle
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Figure 1.6: Washboard potential for the phase particle for di�erent α values:
Mathematica11 simulations

remains in the �nite voltage state until a current, known as retrapping current

Ir, is reached.

In the underdamped regime one can observe a strong hysteresis in the

I(V ) curves, i. e. the retrapping current is very small compared to the criti-

cal one. We will demonstrate in the next sections that the hysteresis degree

strictly depends on the capacitance of the junctions and on dissipation pro-

cesses in the devices.

rsj and nrsj models

With the aim of resolving the circuit equation 1.27, two models are com-

monly used: the resistively shunted junction model (rsj) and the non-linear

resistively shunted junction model (nrsj). They both give predictions on the

shape of the I(V ) curves, modeling the hysteretic behavior and the sub-gap

leakage currents respectively.

In the rsj model, the circuit equation 1.27 presents an ohmic normal

current and it can be rewritten as

IDC = Ic sinϕ(t) +
V (t)

RN
+ C

dV (t)

dt
; (1.32)

the addition of noise currents in equation 1.32, tipically in a stationary form,

leads to the generalized rsj model [3].
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The rsj model and its generalization allows to describe qualitatively ex-

perimental results for junctions with high damping (β � 1) and ω � ωg,

where ωg is the frequency associated with the energy gap of the junction.

Moreover, in this model the Cooper pairs current equals exactly the criti-

cal current, but it is a strong approximation; a microscopic approach with

Green's functions, in fact, demonstrates that Cooper pairs current Ip de-

pends non-trivially on the frequency, and in principle it can be di�erent from

the critical current. This last result is used in the tunnel junction model

(tjm), which provides an almost exact description of tunnel junctions, but

it is computationally more complex than other models here described, so we

do not further focus our attention on this subject [3].

Let us de�ne the normalized voltage η [3],

η =
V

Vc
, (1.33)

the normalized current α,

α =
IDC
Ic
, (1.34)

and the dimensionless time χ,

χ = ωPt, (1.35)

so that the circuit equation 1.32 becomes

α = sinϕ(χ) + η(χ) +
√
β

dη(χ)

dχ
. (1.36)

In the overdamped regime, i. e. for junction capacitance and β su�-

ciently small, we can analytically calculate the temporal mean value of the

normalized voltage η̄, as plotted in �gure 1.7; we can observe that there is

no hysteresis in the curve and that, for currents higher than a value of about

2Ic, the η̄(α) characteristic becomes linear.

Non-linear conductance is taking into account in the non-linear-resistive

shunted junction model (nrsj), where the normal current can be expressed
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0.0 0.5 1.0 1.5 2.0
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Figure 1.7: Normalized voltage η̄ vs. the normalized current α: Mathemat-
ica8 simulation, with β = 0.001

or as a discontinuous function

IN(V ) =

 V
RL
, |V | < Vg

V
RN
, |V | > Vg,

(1.37)

where RL is the leakage resistance, or as power-dependent on the voltage

below the gap Vg, in the form

IN(V ) = I0 (V/V0)n . (1.38)

The second approximation, in particular, leads to the circuit equation

IDC = I0

(
V (t)

V0

)n
+ Ic sinϕ(t) + C

dV (t)

dt
, (1.39)

where I0 and V0 are normalization parameters.

Following the work by W.C. Stewart [12], we �rst normalize the equation

with respect to Ic and we de�ne the normalized voltage v(t),

v(t) =

(
I0

Ic

)1/n
V (t)

V0

, (1.40)
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so that equation 1.39 can be rewritten as

α = sinϕ(t) + v(t)n +
C

Ic

(
Ic
I0

)1/n

V0
dv(t)

dt
. (1.41)

This equation can be also expressed in terms of a derivative with respect to

ϕ by using the second Josephson law (equation 1.11),

α = sinϕ+ v(ϕ)n + k−1v(ϕ)
dv(ϕ)

dϕ
, (1.42)

where the term k−1 is an alternative expression for the Stewart-McCumber

parameter β that takes into account the non-linearities in the system,

k−1 = C
2e

~Ic

(
Ic
I0

)2/n

V 2
0 . (1.43)

We solved numerically the di�erential equation with Mathematica11 for

di�erent α and k values, with the boundary condition

v(ϕs) = v(arcsin(α)) = 1, (1.44)

�nding out a set of periodical v(ϕ) functions in the range [π − ϕs, ϕs].

The normalized current-voltage characteristic is found by plotting the

temporal mean values of v(ϕ),

v̄ =
2π∫ arcsinα+2π

π−arcsinα
1

v(φ)
dϕ

, (1.45)

as a function of α.

Let us report analytical results for the current power-dependent on the

voltage with n = 1 and n = 2.

For n = 1, we found the analytical result

v̄(α) = α− 1

2α
(

1 +
(
α
k

)2
) ; (1.46)
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(a) k = 50 (b) k = 1

(c) k = 0.1 (d) k = 0

Figure 1.8: Normalized voltage-current characteristics in the nrsj model in
the case of linear normal current IN(V ) (n = 1) for di�erent k values: as
k decreases (C increases), the hysteresis and the switching voltage in the
curves increase

the v̄(α) curves in the sub-gap region are plotted in �gure 1.8 for di�erent

values of k. For all currents below the critical one, we can observe a hysteresis

in the I(V ) curves, which gets more and more important when k tends to

zero, according to the fact that the capacitance increases. At the same time

the sub-gap shape reaches an ohmic behavior for k = 0. Also the voltage

at which the S state to the R state transition occurs (switching voltage Vs)

changes with k: the more k increases (C decreases), the more Vs decreases.

For a parabolic sub-gap, i. e. for n = 2, the analytical solution for the
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(a) k = 50 (b) k = 1

(c) k = 0.1 (d) k = 0

Figure 1.9: Normalized voltage-current characteristics in the nrsj model in
the case of parabolic normal current IN(V ) (n = 2) for di�erent k values:
as k decreases (C increases), the hysteresis and the switching voltage in the
curves increase

voltage dependence on the phase is

v(ϕ) = 1− 2α0

α + α0

sin (ϕ+ γ) , (1.47)

where the quantity α0 and γ depend on k as

α0 =
2k√

1 + 4k2
(1.48)

γ = arctan(2k). (1.49)

The integration leads to the curves in �gure 1.9 when v̄ is plotted as a function
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Figure 1.10: I(V ) characteristics measured at 2 K for a conventional Nb-
AlOx-Nb junction from Hypres

of α for di�erent values of k. Also in this case the hysteresis and the switchng

voltage Vs increase as k decreases (C increases).

Finally, also for n = ∞ an analytical result for the I(V ) curves can be

found: this case is more appropriate in the case of tunnel junctions with

very high hysteresis degree, as in a junction with an insulating barrier made

of AlOx from Hypres, represented in �gure 1.10, for which the characteritic

parameters are reported in table 1.12. However, we do not focus on this case,

because we will see that the I(V ) curves of the junctions analyzed in this

work are very di�erent from that observed in this conventional SIS JJ.

Hysteresis and Stewart-McCumber parameter

From an energetical point of view, the appearance of the hysteresis in the

I(V ) curves means that the energy fed into the system by the external bias

current is smaller than the energy lost because of dissipation processes linked

to a quasi-particle �owing. As a consequence, the junction switches to the

zero-voltage state at the retrapping current Ir, expressed in terms of the

2A discussion on the errors and the measurements techniques thanks to which we were
able to estimate these parameters is reported in chapter 3 and in chapter 4. Values without
errors are nominal parameters.

26



Conventional Josephson junctions

Table 1.1: Characteristic parameters of a typical Nb-AlOx-Nb Josephson
junction from Hypres

Parameters Values

Jc 4.5 kA/cm2

t 1 nm
εr 10
I+
c (302± 3) µA
I−c (290± 3) µA
A 7 µm2

RN (5.66± 0.11) Ω
RNA (37.2± 0.7) Ωµm2

Vc (1.68± 0.02) mV
ωc (5.11± 0.15) THz
C 0.58 pF
ωP (1.245± 0.006 THz)
β 892

dissipated energy Ud as

Ir =
Ud2e

~
. (1.50)

The dissipated energy

Ud =

∫ 2π/ωc

0

dt IN(V )V (1.51)

can be calculated by substituting the expression of V in equation 1.11 in

terms of the phase di�erence and by expliciting the normal current depending

on the two models reported in section 1.2.1.

In the moderately damping regime, for example, the rsj model can be

employed. The normal current takes the form in equation 1.24 and the

dissipated energy Ud is

Ud =

∫ 2π/ωc

0

dt
~2

(2e)2RN

(
dϕ

dt

)2

. (1.52)
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The factor dϕ
dt

is linked to the kinetic energy in the junction K,

K =
Ec

2ω2
P

(
dϕ

dt

)2

, (1.53)

where Ec is de�ned in equation 1.16. The kinetic energy can be expressed in

terms of the total energy E as

K = E − U, (1.54)

with U energy fed in the junction in equation 1.15, here reported for sake of

convenience for ϕ(ti) = 0,

U = Ec (1− cosϕ) . (1.55)

In conclusion, the dissipated energy takes the form

Ud =

∫ 2π

0

dϕ
~Ic

2e
√
β

√
2

(
E

Ec
− 1 + cosϕ

)
. (1.56)

In the R State, the minimum of the kinetic energy K is positive, and the

energy satis�es the condition

E ≥ 2Ec. (1.57)

At the limit energy value E = 2Ec, the current equals the retrapping current,

and the dissipated energy is a function of the Stewart-McCumber parameter

β,

Ud =
4

π

~
2e

Ic√
β
. (1.58)

The retrapping current, in conclusion, takes the form

Ir =
4

π

Ic√
β
, (1.59)

and it decreases when the Stewart-McCumber parameter increases, i. e. when
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Figure 1.11: β(τ) in the rsj model [3]

the capacitance of the junction tends to in�nity. This means that the more

the capacitance of the junction increases, the more the hysteresis is strong,

as we have demonstrated with the analysis of the normalized voltage-current

characteristics in the rsj and in the nrsj.

We can de�ne the ratio τ = Ir/Ic as

τ ∼ 4

π

1√
β
, (1.60)

which allows to estimate the Stewart-McCumber parameter of the junction

in a di�erent manner than that exposed in equation 1.21 [3] (�gure 1.11).

In the nrsj the curve β(τ) slightly changes, according to the fact that the

dissipated energy Ud is written in terms of a non-linear normal current. When

IN(V ) is a discontinuous function (equation 1.37), the theoretical dependence

β(τ) shows the trend in �gure 1.12; as a comparison, we plot also β(τ) in

the rsj model. When the normal current is a power-law as in equation 1.38,

instead, β(τ) depends on the power n. For example, we compare the function

β(τ) estimated from the simulations in the case n = 2 to the rsj one in
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Figure 1.12: β(τ) in the nrsj model for a discontinuous normal current in
equation 1.37 for di�erent RL/RN ratios [11]

Figure 1.13: Estimated β(τ) in the nrsj model for n = 2 and comparison
with the rsj curve
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(a) Simulated Fraunhofer pattern (b) Measured Fraunhofer pattern and �t

Figure 1.14: Analytical function of a Fraunhofer pattern and example of a
measured Fraunhofer pattern in conventional Nb-AlOx-Nb from Hypres: we
calculated the �t function with Mathematica8

�gure 1.13.

1.2.2 Junctions in magnetic �elds

Cooper pairs strong phase coherence and �wave nature� cause quantum di�rac-

tion and interference in presence of magnetic �elds.

Experimentally, one can observe a supercurrent density modulated by the

applied magnetic �elds and a Fraunhofer pattern (�gure 1.14), which is the

ideal response of a Josephson junction with an uniform distribution of the

critical current density Jc.

Let us consider a magnetic �eld in the ŷ-direction of the junction rep-

resented in �gure 1.15, so that the vector potential A has only a non-zero

x̂-component. Well inside the two superconducting electrodes, quantum cur-

rents that solve the London equations 1.2 and 1.3 assume zero values, so

that

∇ϕ =
e∗

~c
(A(z →∞)−A(z → −∞)) , (1.61)

where A(z →∞)−A(z → −∞) is proportional to the magnetic �ux across

the barrier. Integrating along the two paths in �gure 1.15, we get a �rst
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Figure 1.15: Integration circuit for the construction of the Fraunhofer pattern

order equation in x, which leads to

ϕ(x) =
e∗

~c
Hy (λL + λR + t)x+ ϕ(0), (1.62)

where λL (λR) is the London length in the left (right) superconductor. The

supercurrent density, then, can be expressed as

J(x,Hy) = Jc sin

(
e∗

~c
Hy (λL + λR + t)x+ ϕ(0)

)
, (1.63)

where the quantity (λL + λR + t) is the magnetic spacing due to the �eld

penetration into the surface sheets of electrodes for the Meissner e�ect, and

we rename it d′ for convenience.

When the electrodes thicknesses are smaller than the London penetra-

tion depth we have to take into account that Meissner currents are strongly

reduced and an additional kinetic inductance must be added; the magnetic

spacing is corrected and takes the form

d′′ = t+ λL coth

(
dL
λL

)
+ λL coth

(
dR
λR

)
, (1.64)

where dL (dR) are the electrode thicknesses [13].

An integral of Jc on the surface Lw of the junction (�gure 1.15), in the

important hypotesis of current spatial uniformity, allows to write down the
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critical current Ic as a function of the magnetic �eld,

Ic(H) = Ic(0)

∣∣∣∣∣∣
sin
(

Φ(H)π
φ∗0

)
Φ(H)π
φ∗0

∣∣∣∣∣∣, (1.65)

where φ∗0 is the magnetic �ux quantum

φ∗0 =
hc

e∗
= 2.07 · 10−7 Gcm2, (1.66)

and Φ(H) is the magnetic �eld �ux. When the magnetic �eld �ux is an

integer multiple of the magnetic �ux quantum, the critical current is zero,

and the periodicity in terms of the magnetic �eld is

∆H =
φ∗0
Ld′

, (1.67)

or in the latter case

∆H =
φ∗0
Ld′′

. (1.68)

The study of the Fraunhofer pattern is important to characterize the

junctions: comparing the dimensions of the samples with some characteristic

lengths, we can classify the Josephson junctions as small or long junctions.

Let us suppose that a magnetic �eld in the x̂− ŷ plane is applied, so that
the equation 1.61 is a two �rst order equations system in x and y. We get a

non-linear wave equation in the stationary case

∇2ϕ− λ−2
J sinϕ = 0, (1.69)

where λJ is the Josephson penetration length

λJ =

√
φ∗0

2πµ0Jcd′
, (1.70)

written in terms of the critical current density Jc. With the aim of simplify

the problem, let us take a phase that changes only in the x̂-direction: the
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boundary conditions for this problem are [9]λJ∂xϕ
∣∣
0

= I−+d′µ0H/L0

Jc

λJ∂xϕ
∣∣
L

= I++d′µ0H/L0

Jc
,

(1.71)

where L0 is the speci�c inductance of the junction per unit length

L−1
0 =

∫ L

0

dy (µ0d
′)
−1
, (1.72)

and I− (+) are the truly injected currents, which have to be added to the

Meissner currents d′µ0H/L0. Clearly, for �nite electrodes in the boundary

conditions 1.71 one has to substitute the magnetic spacing d′ with d′′ [9].

When the I− (+) currents are zero, another magnetic spacing is induced [9]:

by solving the system 1.71, we obtain

d′′′ = t+ λL tanh

(
dL

2λL

)
+ λR tanh

(
dR

2λR

)
, (1.73)

and the Josephson penetration depth is

λJ =

√
φ∗0

2πµ0Jcd′′′
. (1.74)

Let us now classify the two Josephson junctions regime: the small junction

regime and the long junction regime.

Small junctions We have a typical small junction when the transverse di-

mensions of the junctions are smaller than the Josephson penetration

length, and the self �eld due to the current �owing in the electrodes is

completely disregarded.

Deviations from the expected behavior of small junctions, like min-

ima with non-zero current, suppression of the amplitude of some lobes

or asymmetry of the pattern, can be related to non-uniform current

distributions, arbitrary orientation of the magnetic �elds applied or

structural �uctuations [3].
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(a) (b)

(c) (d)

Figure 1.16: Mathematica11 simulations of non-uniform density current dis-
tributions and relative Fraunhofer pattern: (a) valley-like current density vs.
a; (b) Fraunhofer pattern for the valley-like current density; (c) step-like cur-
rent density vs. ξ for s = L and L lateral dimension of the JJ; (d) Fraunhofer
pattern for the step-like current density

For example, the density current distribution can assume a valley shape,

i. e. the critical current is an x-function,

Jc(x) = Jc0

cosh(ax)

cosh(aL/2)
, (1.75)

or it can be a step-like function,

Jc(x) = Jc0

(
ξp1/2(x) + ps/2

(
x− L−s

2

)
+ ps/2

(
x+ L−s

2

))
, (1.76)

with pτ = 1 for |x| ≤ τ and 0 elsewhere. For sake of clarity, in �g-

ure 1.16 we report simulations of these non-uniform current distribution

for Jc0 = 1, and relative Fraunhofer patterns.

An arbitrary orientation of external magnetic �elds also determines

deviations from the Fraunhofer pattern shape: the magnetic �eld �ux,
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Figure 1.17: Fraunhofer pattern at di�erent angles between magnetic �eld
components Hx and Hy: Mathematica11 simulations

in fact, assumes the general form

Φ(H) =
2πdm
φ∗0

(|H| sinαx− |H| cosαy) , (1.77)

where dm is the appropriate magnetic spacing. In �gure 1.17, we report

a simulations for di�erent α-values.

Long junctions When the dimensions of the junction are comparable to

λJ, the critical current follows the self-consistent equation

Ic(H) = Ic(0)

∣∣∣∣∣∣
sin
(
πdmL

(
H + 2π

c
I(H)
w

))
πdmL

(
H + 2π

c
I(H)
w

)
∣∣∣∣∣∣, (1.78)

where H is the applied magnetic �eld and the term 2π
c
I(H)
w

is the con-

tribution due to the self-�eld, so that the maximum does not occur at

zero �eld, but at a value −2π
c
I0
w
. In terms of the magnetic �ux, it is

possible to rewrite the equation 1.78 as

Ic(H) = Ic(0)

∣∣∣∣∣∣
sin
(
π
(

Φ(H)
φ∗0

+ L2

4πλ2
J

I(H)
φ∗0

))
π
(

Φ(H)
φ∗0

+ L2

4πλ2
J

I(H)
φ∗0

)
∣∣∣∣∣∣. (1.79)

The self-�eld starts to be signi�cant at L
λJ

values of the order of the
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Figure 1.18: Simulated Fraunhofer pattern for a long JJ with L/λJ = 2 [3]

unity [3] (�gure 1.18).

1.2.3 Dependence on temperature

The temperature is a fundamental variable in Josephson junctions experi-

ments. Its variations tune the superconducting properties in the devices.

In �gure 1.19 (a), we present an example of a measured function R(T )

for a junction with an insulating barrier by Hypres, a Nb-AlOx-Nb junction.

We can also observe that an increase in temperature determines a sup-

pression of the critical current Ic, and as a consequence the characteristic

voltage Vc of a JJ depends on temperature. In the bcs theory, it is expressed

in terms of the temperature-dependent energy gap ∆(T ) in equation 1.8, as

Vc(T ) =
π

e∗
∆(T ) tanh

(
∆(T )

2kBT

)
. (1.80)

This formula, known as Ambegaokar-Barato� relation [14], can be ap-

proximated with two di�erent analytic expressions for temperature smaller
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(a) R(T )
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(b) Vc(T ) and ab �t

Figure 1.19: Resistance versus temperature R(T ) and characteristic voltage
dependence on temperature Vc(T ) for a typical Nb-AlOx-Nb junction; the
red curve on Vc(T ) is the ab �t
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Figure 1.20: Normalized DC Josephson critical current versus reduced tem-
perature; the solid line is an experimental curve measured in junctions Pb-Pb,
the crosses and the circles represent two theoretical calculation taking into
account the strong coupling, the triangles the BCS theory [3]

than 0.6Tc and for temperature near the critical one [3]:

VJ =


π
e∗

∆(0)
(

1− 2πkBT
∆(0)

e
−∆(0)
kBT

)
tanh

∆(0)

(
1− 2πkBT

∆(0)
e
−∆(0)
kBT

)
2kBT

 T < 0.6Tc

π
e∗

∆(0)γ

√
8

7ζ(3)

(
1− T

Tc

)
tanh

(
∆(0)γ

√
8

7ζ(3)(1− T
Tc

)
2kBT

)
T ∼ Tc,

(1.81)

with ∆(0) written in terms of the constant γ ∼ 1.78 as

∆(0) =
π

γ
kBTc. (1.82)

As an example, we show in �gure 1.19 (b) the Vc dependence on tempera-

ture for a conventional Nb-AlOx-Nb junction from Hypres, �tted by the ab

relation for temperature near the critical one.

The ab formula does not include strong phonon-electron coupling e�ects,

which tipically reduce the critical current at temperatures near Tc [3] (�g-

ure 1.20). We will see, however, that in unconventional junctions a deviation

in Vc(T ) can depend also on other parameters, and strong coupling e�ects

are not su�cient to explain it (section 2.4.4 and section 4.4).
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1.3 SNS Josephson junctions

Another class of Josephson junctions are the SNS junctions, i. e. junctions

with a metallic or superconducting barrier, often called �weak link� [10].

In these structures, there are two important length scales that we have to

introduce with the aim of classify them: the di�usive and ballistic thermal

coherence lengths.

The thermal coherence length in the di�usive regime ξDN , i. e. for junctions

dimensions L� lN (lN mean free path), is

ξDN =

√
~D

2πkBT
, (1.83)

with D di�usion coe�cent.

The thermal coherence length in the ballistic regime (L� lN) ξ
B
N is

ξBN =
~vf
kBT

, (1.84)

with vf Fermi velocity.

If the barrier thickness does not exceed ξDN (10 − 100 nm), or ξBN (circa

10 000 nm), the Cooper condensate penetrates in both sides of the barrier,

creating a ϕ-dependent supercurrent [15].

This e�ect is known as proximity e�ect [16], and it is induced by Andreev

re�ections : an electron with an energy below the superconducting gap is

re�ected at the interface as a hole, and the corresponding charge e∗ is trans-

ferred to the Cooper pair that appears on the superconducting side of the

interface (�gure 1.21). In this mechanism, a closed path between electron

and hole is established and a bound states is induced.

We will �nd di�erent result in the di�usive, or dirty limit, and ballistic

regime, also known as clean limit. However, in both regimes we can classify

a Josephson SNS junction as short weak link or long weak link.

Let us �rst de�ne the e�ective spacing def between the electrodes as the

distance between the closest points of the electrodes where the order param-

eter |ψ| is equal to its value well-inside the superconductors, i. e. where the
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Figure 1.21: Scheme of the Andreev re�ection mechanism

condensate wave function is weakly perturbated by the barrier. A SNS JJ is

a short weak link if

def � ξiN, (1.85)

while it is a long weak link if

def � ξiN, (1.86)

with i ≡ {D,B}.
In the long weak link limit, deviations from the sinusoidal trend in the

supercurrent become sensitively stronger than in short weak links [17, 18],

where we can observe a quite ideal Josephson e�ect. However, in this thesis

we will deal most of all with ferromagnetic junctions, which are similar to

SNS short weak links, in the sense clari�ed in section 2.3.1, so we do not

focus further on the long weak links behavior.

We will explore all the elements that characterize a Josephson junction

in the case of a short metallic barrier, and we will give some hints on the

shapes of the voltage-current characteristics, the coupling with a magnetic

�eld and the critical current dependence on temperature.

Voltage-Current curves Qualitative description of the I(V ) curves in a

weak link is given by the rsj model in the overdamped regime (sec-
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Figure 1.22: I(V ) characteristic for a weak link made of a multi-layer barrier
Cu-Co-Cu-Ni-Cu interposed between two Nb electrodes

tion 1.2.1). The normal resistance is smaller than in SIS junctions, so

as the characteristic voltage of the junction Vc and the characteristic

oscillation frequency ωc. As an example, we report in �gure 1.22 the

I(V ) for a SNS JJ with a multi-layer barrier Cu-Co-Cu-Ni-Cu between

two Nb electrodes.

Hysteresis of very small amplitude in I(V ) curves for SNS JJs can be

due to the heating in the system [20, 21].

The supercurrent properties are close to those in tunnel junctions, even

if its sinusoidal trend strictly depends on transmission processes, and

not on tunneling processes [10]. The normal branch, on the other hand,

is rather di�erent: Andreev re�ections produce �pair-quasiparticle� con-

version at the interfaces in the high transparencies limit, contributing

an excess current Iexc compared with the normal state [22].

Weak links in magnetic �elds A short weak link in the dirty and clean

limit presents a Fraunhofer pattern-like Ic(H). We have already de-

scribed this behavior in section 1.2.2.

Dependence on temperature for a SNS JJ The critical current depen-
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dence on temperature in SNS junctions depends on the regime (dirty,

clean, . . . ) and presents di�erences from the SIS limit.

In the di�usive regime the characteristic voltage Vc(T ) for a short weak

link follows the ab relation 1.81 for T ∼ Tc, while at zero temperature

the maximum value is

Vc(0) = 1.32
π

e∗
∆(0), (1.87)

which is 32% greater than Vc(0) for SIS junctions. This is the important

result of the �rst Kulik and Omel'yanchuck theory, or ko1 theory [10].

In the frame of this model, K.K. Likharev has evaluated the barrier

length e�ect on the Ic(T ) curves [10]: when the dimensionless length l,

l =
L

ξDN
, (1.88)

increases, the critical current gradually assumes an exponential decay

at Tc (�gure 1.23 (b)).

In the clean limit, instead, the characteristic voltage of the junction at

T = 0 reaches its upper value in

Vc(0) =
2π

e∗
∆(0). (1.89)

This is the result of the second Kulik and Omel'yanchuck theory, or

ko2 theory [10].
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(a)

(b)

Figure 1.23: In (a), we present a comparison between the normalized current
vs. the normalized temperature in the ab relation, and the two corrections
for short weak link in the dirty and clean limits (Mathematica11 simula-
tions); in (b), we report the critical current Ic(T ) for di�erent dimensionless
thicknesses [10].
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Chapter 2

SFS and SIfS junctions

The interplay between two materials with di�erent ordered phase, like super-

conductors and ferromagnets, is still an unexplored �eld of the theoretical

and experimental physics. Only in the last years, a new class of Joseph-

son junctions composed of ferromagnetic barriers between superconduting

electrodes have been implemented: the SFS junctions.

These devices have been proposed as building blocks for quantum com-

puting, like ram (Random Access Memory) [23] or interconnections between

superconducting multi-chip modules [24], but apart from possible practi-

cal applications, these junctions allow to understand how superconductivity

and ferromagnetism can co-exist in the same system, and what kind of new

physics can generate [25, 26, 27].

Let us �rst introduce some notions on ferromagnetic material, so that we

can understand why superconductivity and ferromagnetism in bulk structures

are in strong competition. After that, we report the most important physical

processes of SF heterostructures, and the theoretical predictions on SIfS JJs.

2.1 Ferromagnetic barriers

Ferromagnetic materials are characterized by a spontaneous magnetization

M due to the magnetic momentum orientation, which vanishes above a criti-

cal temperature known as Curie temperature TCurie, at which the ferromagnet
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Figure 2.1: Magnetization versus temperature including high and low tem-
perature limits

becomes a paramagnet, i. e. it enters in a magnetically disordered phase (�g-

ure 2.1). In Weiss mean �eld theory, in fact, the magnetization in the SI

system of a given material

M = µ0B −H (2.1)

is the ferromagnet-paramagnet transition order parameter. It has the self-

consistent expression

M(T ) =
N

V
µB tanh

(
1

kBT

MV

NµB

Z

2
J

)
, (2.2)

where N is the total spin number, V is the ferromagnet volume, Z is the

coordination number, µB is the Bohr magneton and J is the coupling constant

equal for all spin pairs [28].

The magnetization as a function of the magnetic �eld is hysteretic, as

reported in �gure 2.2. Initially, the magnetization is zero in absence of mag-

netic �elds. Turning the �eld on, the magnetization follows the �rst magne-

tization curve and saturates at the saturation �eld Hs. Retracing back the

magnetic �eld, the magnetization follows a di�erent curve and becomes zero

when the magnetic �eld reaches a value known as coercitive �eld −Hc [29].
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Figure 2.2: Magnetization hysteresis loop

Then, it saturates at negative values in −Hs. Finally, when the magnetic

�eld becomes positive, the magnetization is zero at Hc and saturates in Hs.

The �nal result is a hysteretic loop that depends on the the direction of the

spontaneous magnetization with respect to the crystallogra�c axes, the co-

ercitive �elds and the saturation magnetization values, and gives a footprint

of the chemical make-up and the crystallogra�c nature of a ferromagnet [29].

2.2 Superconducting ferromagnets

Let us consider a ferromagnetic superconductor with a ground state consist-

ing of Cooper pair singlets with wave vector q = 0, subjected to an applied

magnetic �eld. According to the bcs theory, the superconductor spin struc-

ture is not a�ected until the exchange �eld energy is su�ciently strong to

�ip one spin of the singlet and break the Cooper pair, thus destroying super-

conductivity. This e�ect, known as paramagnetic-e�ect, occurs at a critical

magnetic �eld value HP at T = 0 K, found from a comparison of the energy

gain due to spin polarization in normal state and the energy gain due to the

bcs pairing energy,

HP(0) =
∆(0)√

2µB
; (2.3)

this is the Chandrasekar-Clogstone limit [30].
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Figure 2.3: Order parameter in the fflo state

If instead one considers the normal, metallic state at the same �nite

magnetic �eld, then the exchange �eld energy leads to di�erent Fermi sur-

faces for spin-up and spin-down electrons, which can lead to superconduct-

ing pairing where Cooper pair singlets have a �nite center-of-mass momen-

tum q = 2µBH/vf, corresponding to the displacement of the two Fermi sur-

faces [19]. Fulde, Ferrell, Larkin and Ovchinnikov predicted in the frame

of this model the apparence of a non-uniform superconducting state with a

sinusoidal modulation of the superconducting parameter with the non-zero

wave vector q at the scale of superconducting coherence length ξs, known as

fflo state [19] (�gure 2.3).

Experimental con�rm of the fflo state has been searched �rst in thin

�lms and later in exotic superconductors such as heavy fermions [31] and

organic superconductors [32], but it is hard to single out this e�ect in bulk

structures [19].

On the contrary, the observation of a fflo state has recently become pos-

sible due to the great progress in the preparation of high-quality hybrid SFS

systems, because the interplay between superconductivity and magnetism

occurs at the nanoscale range of layer thicknesses.
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2.3 SFS junctions

The JJ footprint is certainly given by the voltage-current characteristic and

the critical current dependence on the applied magnetic �eld. Our purpose

is to report the fundamental results about the characteristic behavior of a

SFS junction.

2.3.1 Voltage-current characteristics

The I(V ) curves are very similar to those observed in SNS junctions (sec-

tion 1.3): concerning the ferromagnet conducting behavior, in fact, we can

observe most of all metallic conductance even when a ferromagnetic struc-

ture is composed of non-metallic compounds1, or at least semiconducting

behavior [33].

The voltage-current characteristics are tipically non-hysteretic, or slightly

hysteretic, as in overdamped junctions described in section 1.2.1. Moreover,

in SFS JJs critical currents and normal resistances are smaller than that

observed in SIS JJs (table 1.1), so that the characteristic voltage of the

junction is of the order of few µV [34].

In order to increase the characteristic voltage of a Josephson junction

with a ferromagnetic barrier one tipically adds an insulating layer near one

of the electrodes: these junctions are called SIFS JJs, but we do not focus

our attention on this topic further [34].

2.3.2 SFS junctions in magnetic �elds

The most important di�erence between the Ic(H) measured for a tunnel

junction and a SFS JJ is the hysteretic nature of the SFS Fraunhofer pattern.

The characteristic Fraunhofer pattern-like Ic(H) is horizontally shifted

because of the residual magnetization of the ferromagnetic barrier (�gure 2.4):

• by increasing the magnetic �eld from zero to a positive value we �rst

observe a curve associated to the �rst magnetization curve and we will

1For example, transition ferromagnets are tipically metals and Heusler compounds can
theoretically be half-metallic [33].
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(a) (b)

Figure 2.4: In (a), long-range Ic(H) curves in a SI(S)FS junction Nb-
Pd0.99Fe0.01-AlOx-Nb measured at T = 5.5 K; in (b), zoom on the curves
for small magnetic �elds (the line is only a guide for the eye)

refer to it as virgin curve, because no magnetic �ux is trapped into the

F interlayer;

• by decreasing H from positive to negative values, the maximum critical

current is shifted to negative values of the magnetic �elds; we can refer

to this curve as down curve;

• by increasing H from negative to positive values, the maximum critical

current is shifted to positive values of the magnetic �elds; we can refer

to this curve as up curve.

The hysteretic nature of the pattern is the �rst motivation for which these

junctions can be used as cryogenic ram [34]. An example of such a Ic(H) is

showed in �gure 2.4 for a SI(S)FS junction2, mentioned in section 2.3.1.

2.3.3 π-junctions and φ-junctions

The damped oscillatory behavior of the superconducting order parameter

and the presence of an fflo state in SFS heterostructures (�gure 2.5) causes

2The letter S in parenthesis represents a thin superconducting layer leftover from the
fabrication processes.
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Figure 2.5: Critical density current Jc at T = 4.2 K of Cu0.47Ni0.53 junctions
as a function of the F layer thickness. Since the measured Jc is always taken
positive, the function Jc(t) presents an evident cups when it changes its sign.
In the inset, Jc(T ) for a similar junction with ferromagnetic barrier thickness
of 11 nm [19].

commensurable oscillations in the critical current by changing the thickness

of the barrier [19].

If the ferromagnetic barrier thickness is comparable with the characteris-

tic superconducting correlation decay length in the ferromagnet ξf

ξf =

√
~Df

2πh
, (2.4)

where h is the exchange energy and Df is the di�usion coe�cent in the

ferromagnet, the pair wave function may cross zero at the center of the

F layer with an opposite sign, which means a π shift of the phase of the

superconducting order parameter in the adjacent S layer. This interesting

phenomenon is related to spin-�ipping processes that could dominate direct

tunneling, and it indicates the transition from the 0 to the π state [19], which

is the reason why we call these devices π-junctions.

A 0 to π transition is not clearly identi�ed by I(V ) measurements, but it is
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possible that a 0 to π phase transition occurs in the system when the critical

currents does not go to zero because of higher harmonics in the current-phase

relation, or cpr. Up to the second order, for example, one can write the cpr

as

Is(ϕ) = Ic1 sinϕ+ Ic2 sin (2ϕ) , (2.5)

so that the critical current is a linear combination of Ic1 and Ic2: even if Ic1

vanishes, it remains �nite [36].

We can distinguish two di�erent cases:

• if the ratio Ic2/Ic1 is positive and the �rst harmonic changes its sign by

varying control parameters like the temperature or the ferromagnetic

barrier thickness, one can observe a 0 to π transition;

• if the Ic2/Ic1 is negative, the phase of the supercondution state changes

continuously passing all values between 0 and π, and two critical cur-

rents corresponding to values −φ and φ of the phase di�erence can be

measured (�gure 2.6). These junctions are the so called φ-junctions [35].

The φ-JJs were �rst implemented by Sickinger et al. [37]: they combined

a 0-JJ and a π-JJ to achieve a junction with a current-phase relation with

a non-vanishing second order term; measured I(V ) curves presented in the

work are showed in �gure 2.6.

The presence of two di�erent switching currents in φ-junctions is an at-

tribute of the phase particle dynamics in the system. The washboard poten-

tial in presence of a second harmonic is,

U(ϕ) = Ec1

(
1 +

g

2
− cosϕ− g

2
cos(2ϕ)

)
, (2.6)

where g = Ic2/Ic1. One can observe that for g < 0, the phase particle can be

trapped in the φ-well or in the (φ+ π)-well. When the particle escapes from

the φ-well, one observes the higher mean switching current, while if it escapes

from the (φ+ π)-well, one observes the lower switching current (�gure 2.7).

On the other hand, it is evident that when g > 0, maxima and minima

in the washboard potential are inverted with respect to the previous case:
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Figure 2.6: Current-voltage characteristics measured at T ∼ 2.35 K: at this
temperature the behavior is deterministic, because if one sweeps from a neg-
ative voltage to a positive one, always one observes ±I−c , while if one sweeps
in a positive voltage range or negative, one measures ±I+

c [37].

the phase particle is usually trapped in the lower potential well, and a higher

critical current can be observed only in the case of low damping, very unusual

for SFS JJs, which typically fall in the overdamped regime.

Let us study the quality factor and the damping for a non-negligeble sec-

ond harmonic. In presence of a non-negligeble second harmonic the junction

plasma frequency ωP in the S state can be expressed as a function of g,

ωP(g) =

(
1

a(g)2

)1/4
√
e∗Ic
~C

, (2.7)

where e∗ is the Cooper pair charge, and a(g) is the correction

a(g) =

√√
32g2 + 1 + 3

2
√

32g2 + 1
; (2.8)

as a consequence, also the quality factor Q,

Q(g) = ωP(g)R0C, (2.9)
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Figure 2.7: Normalized washboard potential in presence of a second harmonic
for di�erent g values: Mathematica11 simulations

depends on g [38], determining the phase diagram for positive g in �gure 2.8.

Below the Q(g) curve only one critical current appears, while beyond the

curve one tipically observes two critical currents.

2.3.4 Triplet current in SFS JJs

As in the SNS junctions, in SFS heterostructures a supercurrent can �ow

because of the proximity e�ect, and can be properly expressed by the Andreev

re�ections (�gure 1.21 in section 1.3). However, we had to clarify that in a

SFS junction spin e�ects play an important role: an incident spin-up electron

is re�ected by the interface as a spin-down hole, to have as a result a Cooper

pair of electrons with opposite spins in the superconductor [19].

Since both the spin-up and spin-down bands of electrons in a ferromag-

net are involved in the conduction, the spin-polarization P becomes a very

important parameter: because of the spin-channel selection performed by

the magnetic barrier, the singlet Cooper pair current is strongly suppressed

when compared with equivalent tunnel barriers, and totally suppressed in

fully spin-polarized barriers.

In some works, however, it has been predicted that the rapid spatial

decay of the supercurrent would not occur if spin triplet superconductivity

is induced in the ferromagnetic barrier [39]. A long-range proximity e�ect
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Figure 2.8: Damping factor phase-diagram [38]

arises when the F layer magnetization is strongly inhomogeneous, because the

exchange �eld in a non-collinear magnetic con�guration does not in�uence

the components with spin projections sz = ±1 [39].

2.3.5 Higher harmonics in cpr for SFS JJs

A possible triplet superconduction state has parallel spins |↑↑〉 (|↓↓〉), as
suggested by H. Meng et al. [40].

C. Richard et al. predicted in this frame that coherent propagation of two

parallel-spin triplet pairs with opposite spin directions can be observed when

a superharmonic contribution of the second order dominates the current-

phase relation [41]; the critical current Ic2 is proportional to 1− P 2, with P

spin-polarization. According to this prediction, the e�ect should be robust

for intermediate spin-polarization.

2.4 SIfS junctions

Each e�ect described in section 2.3 has so far been limited to systems contain-

ing metallic ferromagnets. In collaboration with the Materials Science and

Metallurgy Department of Cambridge (UK), we have derived a full char-
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acterization of an innovative class of Josephson junctions, known as SIfS

junctions.

The analysis of these interesting heterostructures allows to �nd further

information about unconventional superconductivity processes like a pure

second harmonic term in the cpr relation [42, 43] and the triplet supercon-

ductivity [44].

Let us expose the most important features of a SIfS JJ, which will be the

main topic of the next sections:

• junctions with ferromagnetic insulator barriers (If), while keeping most

of the functionalities of a SFS, fall in the underdamped regime, so that

they have the advantage to be promising low-dissipation devices [43];

• these junctions act like spin-�lters, and they could show a predominant

second harmonic in the cpr in presence of spin-�ltering e�ciency of

about 80− 90% [42];

• the temperature dependence of the characteristic voltage Vc(T ) and the

Fraunhofer patterns could be strongly modi�ed by the presence of the

insulating ferromagnetic barrier [44].

We will concentrate our attention on the physical properties of the GdN

barrier.

2.4.1 Spin-�ltering

Because of the existence of the �nite gap between the conduction band and

the valence band of an insulating barrier, electron transport can only take

place through quantum mechanical tunneling; the conductance in the junc-

tion can be written as

σ ∝ e−
2t
~
√

2mE0 , (2.10)

because the electrons tunnel probability is exponentially dependent on the

tunnel barrier height and thickness.

When the material goes through its ferromagnetic transition, however,

the presence of exchange interactions leads to a spin asymmetry for the two
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Figure 2.9: Scheme of the barrier encountered by the carriers in a spin-�lter
device, like our Josephson junction NbN-GdN-NbN

spin channels: electrons of di�erent spins, in fact, experience di�erent barrier

heights 
E↑ = E0 −

h

2
for spin ↑

E↓ = E0 +
h

2
for spin ↓,

(2.11)

where h is the ferromagnet exchange �eld, and the tunneling current acquires

a substantial spin polarization, so that these materials are termed spin-�lters

due to the active spin selectivity of the tunneling process [46] (�gure 2.9).

We will deduce indirectly the spin-�ltering e�ciency P through the tem-

perature dependence of the tunnel resistance across a spin �lter, using the

approach and the approximated formula by Senapati et al. [46],

P ∼ tanh

(
cosh−1

(
R∗

R

))
, (2.12)

where R∗ is the resistance that the junction would have if it acts like a

non-spin-�lter junction and R is the e�ective one. This expression for P is

obtained by de�ning it as

P =

∣∣∣∣σ↑ − σ↓σ↑ + σ↓

∣∣∣∣, (2.13)

where the conductance per spin follows the same rule as in equation 2.10.
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The spin-�ltering e�ciency, in fact, can be written as

P =

∣∣∣∣e−x
√

1−η − e−x
√

1+η

e−x
√

1−η + e−x
√

1+η

∣∣∣∣, (2.14)

where x is the dimensionless thickness

x =
2t

~
√

2mE0, (2.15)

and η is the dimensionless barrier energy

η =
h

2E0

. (2.16)

In the hypothesis of exchange �elds smaller than the barrier height E0,

i. e. for η → 0, an expansion in Taylor series leads to

P ∼
∣∣∣∣exη/2 − e−xη/2

exη/2 + e−xη/2

∣∣∣∣ =

∣∣∣∣ tanh
(xη

2

) ∣∣∣∣. (2.17)

Let us now demonstrate that xη/2 corresponds to cosh−1 (R∗/R) in equa-

tion 2.12. The ratio R∗/R in terms of the conductivities is

R∗

R
=
σ↑ + σ↓
σ

. (2.18)

As a consequence, we obtain for η → 0,

R∗

R
=

e−x(1− η
2 ) + e−x(1+ η

2 )

e−x
, (2.19)

which leads to
R∗

R
∼ cosh

(xη
2

)
. (2.20)

We will see that the analyzed devices acquire a spin-polarization from

a certain value of the barrier thickness: from this onset, we name a SIfS

junction as spin-�lter (chapter 4).
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Figure 2.10: Band structures for a normal metal, a ferromagnet and a half
metal

2.4.2 Gadolinium Nitride barriers

In this work, we analyze SIfS JJs with a GdN barrier, for which band struc-

ture calculations with density functional theory predict a transition from a

semiconductor in the paramagnetic phase to a semimetal in the ferromagnetic

phase [2]. For one spin channel only semimetallic overlap might occurs; the

barrier could be a half metal (�gure 2.10) with complete spin polarization,

and this is why the compound will be of considerable interest for application

in spin-�ltering devices [47].

The ordered magnetism of GdN originates from the large local spin mag-

netic moments of the half �lled Gd 4f -shell coupled by an indirect interac-

tion [48], and strictly depends on stoichiometry, impurities and lattice de-

fects [49]; by increasing the N-fraction, the saturation magnetization Ms

decreases, and vice versa. Also the coercitive �eld Hc decreases when the N-

fraction increases [50]. According to this, Senapati et al. proposed that di�er-

ent nitrogen concentration correspond to di�erent transport properties [51].

It is not easy to de�ne the GdN electronic structure experimentally be-

cause of the di�culties correlated to the sample preparation, so we will talk
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about �insulating barrier� because we veri�ed with I(V ) measurements that

our devices present an underdamped characteristic as in SIS JJs (chapter 4).

Because of internal strain and pressure, also an increase of the lattice

parameter of the GdN layers can occur; the most distinct e�ect visible on the

macroscopic magnetic properties resulting in these variations is the reduction

of the Curie temperature from TCurie = 69 K [2] in a bulk to nearly 30 K in a

GdN �lm [49].

2.4.3 Second harmonics in cpr

A. Pal et al. observed that SIfS junctions with a GdN barrier and a spin-

�ltering e�ciency of about 80% present hysteretic Fraunhofer patterns with

half the expected period, according to the presence of higher harmonics [42].

We will report a simple model due to E. Goldobin that allows to compre-

hend the e�ect of a second harmonic in the Fraunhofer patterns [36].

Let us consider a phase linear in the magnetic �eld

ϕ(x) = hπx+ ϕ(0), (2.21)

where h is

h =
Hy2dm
φ∗0

, (2.22)

as in equation 1.62, where dm is the appropriate magnetic spacing (see sec-

tion 1.2.2). In order to get the current in terms of h, we have to integrate on

the surface of the junction the supercurrent density in presence of a second

harmonic,

J(x, h, ϕ(0)) = Jc1 sin(hπx+ ϕ(0)) + Jc2 sin(2hπx+ 2ϕ(0)), (2.23)

or, in terms of the ratio Jc2/Jc1 = g,

J(x, h, ϕ(0), g) = Jc1 (sin(hπx+ ϕ(0)) + g sin(2hπx+ 2ϕ(0))) . (2.24)

60



SFS and SIfS junctions

We get with simple calculations

I(h, ϕ(0), g) =
2Ic1
πhL

(
sin(πhL/2) sin(ϕ(0)) +

g

2
sin(πhL) sin(2ϕ(0))

)
,

(2.25)

where πhL/2 = πΦ(H)/φ∗0 = πη.

The maximum value of the normalized critical current as a function of

the dimensionless magnetic �eld can be found by maximizing with respect

to ϕ(0) the quantity I(h)/Ic1 = i(h). The values for which the supercurrent

is maximum are

cos(ϕ+(0)) =
−1 +

√
1 + 32g2 cos2(πη)

8g cos(πη)
(2.26)

cos(ϕ−(0)) =
−1−

√
1 + 32g2 cos2(πη)

8g cos(πη)
, (2.27)

so that in principle we get two di�erent branches for the critical current

dependence on the magnetic �eld,

i+(η, ϕ(0), g) = i(η, ϕ+(0), g) (2.28)

i−(η, ϕ(0), g) = i(η, ϕ−(0), g), (2.29)

which satisfy the condition:

i±(η, g) = i±(η,−g), (2.30)

i. e. the Fraunhofer pattern analysis can not allow to de�ne the sign of the

second harmonic term, a possible 0 to π transition or if the analyzed junctions

are φ-JJs.

The two critical current follow a Fraunhofer pattern behavior if cos(ϕ±(0))

satis�es the condition

|cos(ϕ±(0))| ≤ 1. (2.31)

As a consequence, we will concentrate our attention on the i+(η, g) branch,

because |cos(ϕ(0)+)| certainly satis�es the condition in equation 2.31 for very
di�erent values of g.
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(a) g = 0.1, 0.3 and 0.5

(b) g = 1, 3 and 5

(c) g = 10, 30 and 50

Figure 2.11: Simulated Fraunhofer patterns with Mathematica11 in presence
of a non-negligeble second harmonic for di�erent values of g
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Figure 2.12: SIfS junction model in the Bergeret theory [44]

For values of g < 1/2, one tipically �nd a Fraunhofer pattern with the

maximum at zero �eld greater than that in a conventional junction because

of the second harmonic contribution (�gure 2.11 (a)). Once we exceed this

threshold, however, also the minima in the pattern change: in fact, for g

very high, we can observe a Fraunhofer pattern with half the expected period

(�gure 2.11 (c)).

2.4.4 Josephson triplet currents in SIfS JJs

According to the work of C. Richard et al., the presence of a predominant sec-

ond harmonic in the cpr relation for a SFS JJ leads to a non-zero Josephson

triplet current, i. e. a dissipationless spin-polarized current, very appealing

in the �eld of spintronics [41].

It was predicted by F.S. Bergeret et al. that also in SIfS junctions one

can observe a non-zero Josephson triplet current [44], but the presence of

higher harmonics term is not considered.

They modeled the device with a tunnel spin-�lter barrier between two

superconducting electrodes; the exchange �eld was introduced with the in-

sertion of two thin ferromagnetic layers near the electrodes. In this way, one

can describe the system with a generic Hamiltonian homogeneous in space

H = HL +HR +HT, (2.32)

where the left and right electrodes are modeled by a bcs Hamiltonian (HL(R)),
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Figure 2.13: Normalized critical current Ic(T )/Ic(0) vs. the normalized tem-
perature T/Tc for exchange �eld h = 0, and α = β = π/2: Mathematica11
simulations

and the tunnel Hamiltonian (HT) takes into account not only a spin-independent

tunneling matrix T as in a conventional insulating barrier, but also a spin-

dependent tunneling matrix U , due to an intrinsic exchange �eld (�gure 2.12).
In the hypothesis of equal energy gaps (∆L = ∆R = ∆) in the two

superconductors, and equal exchange �elds (hL = hR = h), the characteristic

voltage of the junction can be written as

Vc(T ) =
2πT

e

∑
ωn>0

(
r
(
f 2
s + f 2

t cosα cos β
)

+ f 2
t sinα sin β

)
, (2.33)

where r is a parameter linked to the spin-�ltering e�ciency P , fs (t) are the

anomalous Green's functions, ωn are the Matsubara frequencies and α and

β are the angles that the exchange �elds form with the magnetization of the

barrier. Let us analyze these factors.

The parameter r can be written in terms of the tunneling amplitude for

spin up and down T↑(↓),

T↑(↓) = T ± U , (2.34)

as

r =
2T↑T↓
T 2
↓ + T 2

↑
, (2.35)

and can be linked to the spin-�ltering e�ciency P by taking into account
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Figure 2.14: Normalized critical current Ic(T )/Ic(0) vs. the normalized tem-
perature T/Tc for exchange �eld h = 0.576∆(0), and α = β = π/2: Mathe-
matica11 simulations

that P can be expressed as

P =

∣∣∣∣∣T 2
↑ − T 2

↓

T 2
↑ + T 2

↓

∣∣∣∣∣; (2.36)

in fact, r assumes the form

r =
√

1− P 2, (2.37)

i. e. it is r = 1 for non-magnetic barriers and r = 0 for fully-polarized barrier.

The functions fs (t) are a symmetric and asymmetric combination of the

anomalous Green functions f±,

f± =
∆√

∆2 + (ωn ± ih)2
, (2.38)

so that the singlet contribution is represented by the term fs

fs =
f+ + f−

2
, (2.39)

and the triplet one by ft,

ft =
f+ − f−

2
. (2.40)
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Figure 2.15: Normalized critical current Ic(T )/Ic(0) vs. the normalized tem-
perature T/Tc for r = 0.06 and di�erent α and β values: Mathematica11
simulations

If the exchange �eld is zero, i. e. in the case of a conventional tunnel

junction, the characteristic voltage follows the ab relation multiplied by a

factor r < 1 (�gure 2.13), but when the exchange �eld starts to become

important, the Vc(T ) curve behaves in a very di�erent manner from that

observed in conventional junctions.

Bergeret et al. demonstrated that a non-collinear magnetic �eld in the

system is necessary to observe a triplet Josephson current; in fact, for α and

β di�erent from kπ, with k ∈ Z, one can study the limit case of a fully-

polarized barrier, i. e. for r = 0. In this case, the characteristic voltage of

the junction reduces to

Vc(T ) =
2πT

e

∑
ωn>0

f 2
t sinα sin β, (2.41)

so that the only term that contributes to the Josephson current is the triplet

component.

The maximum triplet contribution is found for α = β = π/2, for which

we plot the normalized critical current versus the normalized temperature for

di�erent r values (�gure 2.14). As we can observe, the simulated functions

di�er from the ab behavior when r tends to zero; in particular, for certain

r-values we can observe not only a trend di�erent from the ab law, but most
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of all one can observe a change in the sign of the critical current and a 0 to

π transition.

A comparison between the Ic(T )/Ic(0) versus T/Tc for di�erent α and β

values, instead, is showed in �gure 2.15 for r = 0.06.
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Chapter 3

Experimental set-up

This chapter deals with the experimental set-up and the measurements tech-

niques employed in this work to analyze our SIfS junctions in a temperature

range from 300 mK to the room temperature. We will especially focus on the

description of the cooling system, of the �ltering system, of the electronic-rack

and of the measurements techniques, which allow to perform high precision

and low noise measurements.

3.1 Samples scheme

In this work, we analyze unconventional Josephson junctions with an insulat-

ing ferromagnetic barrier, gadolinium nitride GdN (section 2.4.2), between

two niobium nitride NbN superconducting electrodes.

Our junctions were fabricated in Materials Science and Metallurgy De-

partment of the University of Cambridge (UK) by optical lithography from

trilayer NbN-GdN-NbN �lms prepared by DC reactive magnetron sputtering

at room temperature. We have six sandwiches with di�erent GdN barrier

thicknesses (table 3.1).

A 5 nm MgO bu�er layer was deposited on a SiO2 substrates before the

deposition of the trilayers, so that it acted as an etch-stop layer for the base

100 nm NbN layer during subsequent lithographic processing of the junctions.

The GdN barrier was prepared in an Ar gas atmosphere containing 8% N2,
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Table 3.1: GdN barrier thickness and measured samples

Junction tGdN (nm)

B 1.50
C 1.75
D 2.00
F 2.50
G 3.00
H 3.50

(a) Front view on the microscope (b) Tranverse sketch of the samples

Figure 3.1: In (a): front view of the samples; in (b): transverse sketch of
the samples. We show only three junctions characterized by the same GdN
thickness, but we remember that we have eight junctions overall.

whereas NbN layers were prepared with 28% N2. The junction area, in a

square geometry, was de�ned by selective reactive etching of the top 100 nm

NbN layer in CF4 plasma. The error on the electrodes thickness is ±10 nm. A

layer of sputtered SiOx was patterned using the lift-o� method to provide an

electrically isolated contact window on top of the 7×7 µm2 junctions. While

the NbN base layer acted as the bottom contact, a Nb wiring layer was

patterned to achieve the top contact. In �gure 3.1, we represent a junction

with its typical dimensions and a sample scheme with its contacts.

The fabrication processes implied are still developing and, as a conse-

quence, the physical properties of the junctions strictly depend on the speci�c

samples-run. One-run samples, in conclusion, are required to fully charac-

terize the junctions.

In our case, on the same NbN-GdN-NbN sandwich, there are eight junc-
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tions nominally equivalent: in this way, one can make a comparison between

two or more junctions with same thicknesses, geometries and fabrication pa-

rameters. Moreover, one can ensure that the achieved experimental results

depend only on the fundamental physics of the sample, and not on the fab-

rication processes.

Junctions in the same sandwich showed similar behavior, so we will report

only the experimental results about one junction per GdN barrier thickness.

3.2 Cooling System

The study of superconducting phenomena occurs in a temperature range

from a few hundred millikelvin up to some degrees kelvin, which is achieved

through cryogenic systems.

We used an evaporation cryostat Oxford Instruments HelioxVL, immersed

into a 4He bath (�gure 3.2). The dewar is composed of an internal chamber

79 cm deep and an external one, which is at very low pressure of about

10−5 − 10−3 mbar that decouples the cryogenic liquid from the environment.

The dewar is composed of a �rst screen of cryoperm, a nichel and alluminium

alloy, and by a second one in lead, with the aim of protecting from external

magnetic �elds.

Our cryostat can reach temperatures of about 300 mK exploiting the 3He

condensation, which becomes liquid at 2.2 K at the standard pressure; a

decrease in its vapor tension, however, allows to achieve lower temperatures.

We succed in this process by using an adsorption pump composed of a zeolitic

material, the SORB, active below 30 K. The SORB temperature is monitored

by a silicium diode thermometer; an increase in temperature is achieved using

a heater.

The cryostat core is enclosed in the inner vacuum chamber, or IVC, where

a 10−2 mbar-vacuum is made by a rotative pump Adixen PASCAL 2015sd,

providing thermal insulation from the environment (�gure 3.3). A perfect

closing is ensured by the use of grease on IVC edges. The IVC is composed

of:
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Figure 3.2: View on the experimental set-up in the University of Naples
laboratories

• a capillary;

• a pot at 1 K, the 1K-Pot ;

• a pot at 300 mK, the 3He-Pot ;

• a copper sample holder, below the 3He-Pot;

• a niobium-titanium coil thermally anchored to the 1K-Pot and mechan-

ically anchored to the 3He-Pot.

First of all, we immersed the cryostat in the helium dewar ensuring a

good thermalisation by the insertion of a small quantity of helium gas in the

IVC. After that, the capillary draws liquid 4He at 4.2 K from the bath to the

1K-pot : here a temperature of about 1.8 K is reached by pumping with the

external rotative vacuum pump and with a needle valve1. Finally, the cool-

1The SORB temperature remains higher than its activation temperature, so that it
does not adsorbe 3He molecules.
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(a) (b)

Figure 3.3: View on the IVC and brass screen

down to 300 mK is achieved with the activation of the SORB: we decrease

its temperature, so that it starts to adsorb 3He gas and as a consequence we

reduce its vapor tension.

The sample is anchored with a silver paste to the copper holder to en-

sure a good thermal conductivity and it is connected to the electronics with

alluminium bonding, using a K&S 4523 Manual Wire Wedge Bonder. In par-

ticular, to measure I(V ) and R(T ) curves of superconducting samples and

junctions, the four-contact con�guration is employed.

The sample is surrounded by a niobium-titanium coil, which is supercon-

ducting below a critical temperature of about 10 K. A thermal insulating

twist provides thermal contact between the coil and the 1K-Pot, so that

the coil is always at about 2 K during measurements and additional Joule

dissipation due to the current �ow in the coil does not heat the sample stage.

A bias current of 1 A through the coil generates a magnetic �eld or-

thogonal to the Josephson supercurrent up to 0.3 T; in particular, previous

calibration measurements gave the conversion from the bias current through
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the coil Icoil in milliampere to the magnetic �eld H in gauss:

H(G) = 3Icoil(mA). (3.1)

3.3 Filtering systems and electronics

An accurate measurement of the transport properties of a Josepshon junction

requires special care to �lter electrical and thermal noise. For this purpose,

there are two di�erent stages at di�erent temperatures: low pass RC-circuits,

known as π-�lters, with a cut-o� of about 1 MHz have been installed at

the 1K-Pot stages; two copper powder �ltering stages with typical cut-o�

frequencies of about 1 GHz have been installed at the 1K-pot stage and at

the 3He-pot stage [52].

Voltage-carrying lines from room temperature electronics to 1K pot are

manganine wires, for its low thermal conductivity. The current cables, in-

stead, are copper made, because of its low resistance. From the 1K-Pot to the
3He-Pot, current-carrying lines are made of niobium and aluminium cables

in their superconductive phase. Overall, electrical lines resistence is about

100 Ω for current-carrying lines and about 200 Ω for voltage lines [52].

The following instruments are used to perform R(T ) and I(V ) measure-

ments:

• a temperature controller from Oxford Instruments ITC530, connected

to the computer and driven by a software in LabVIEW, which uses

PID, or Proportional-Integrative-Derivative, processes to monitor in a

wide range of temperatures the 3He-Pot and the SORB;

• a LeCroy Wave Runner 6100A oscilloscope;

• a SR570 Standard Research Systems preampli�er;

• a Agilent 33120A waveform generator;

• a EG&G Princeton Applied Research 5210 lock-in ampli�er;

• a Nanovoltmeter Keithley 2182 used in R(T ) measurements;
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Figure 3.4: Electronic set-up con�guration for I(V ) measurements

• a Source Meter Keithley 2400 used as a current generator to produce

magnetic �elds.

3.3.1 I(V ) measurements

In �gure 3.4 we show a scheme of the electronic set-up for the I(V ) measure-

ments.

As in all measurements on Josephson devices, the junctions are current-

biased. The Agilent 33120A generates a voltage triangular waveform with a

peak-to-peak Vpp amplitude at 11.123 Hz, so that the current �owing in the

device is

Ibias =
Vpp
Rshunt

, (3.2)

where Rshunt is the nominal resistance on which the voltage signal falls. The

shunt resistance is heigher than electrical lines resistance. The error on the

generated voltage is 1%Vpp from the instrument speci�cations [53]. We always

choose a peak-to-peak amplitude and a shunt resistance in such a way that

the bias current is higher than the critical current of our samples.

The voltage signal generated is showed on the oscilloscope WaveRunner

6100A, so as the current in the JJ, pre-ampli�cated by the SR570 Pream-

pli�er. The measured voltage drop on the junctions electrodes V is �rst

ampli�ed by an operational ampli�er with a 500 gain and later observed on
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Figure 3.5: Electronic set-up con�guration for R(T ) measurements

the oscilloscope as average values, properly choosing the number of average

sweeps; in particular, in this work we choose 100 number of averages on each

channel for all the junctions and 200 number of average sweeps when it was

necessary to remove noise e�ects, i. e. for very small currents. The oscillo-

scope is connected to the computer, where we saved all the measurements.

3.3.2 R(T ) measurements

In �gure 3.5 we show a scheme of the electronic set-up for the R(T ) mea-

surements.

In R(T ) measurements, we generate a sinusoidal waveform with root-

mean-squared amplitude Vrms = (100±1) mV at 11.123 Hz and the ampli�ed

voltage drop between the two superconducting electrodes V is read by the

EG&G Princeton Applied Research 5210 lock-in ampli�er; in this way, we

can achieve high precision AC measurements. The lock-in, in fact, multiplies

the voltage drop on the junction V to the sinusoidal waveform generated

Vrms, which is the reference signal, and it integrates their product in a period

of 1 s, because the bias currents we use are in the hertz range. The output is

a DC signal, because every component that is not at the same frequency of

the reference one, or that is an out-of-phase component, is attenuated close

to zero.
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The output DC voltage signal VDC is read by the Nanovoltmeter Keithley

2182 and divided by the bias current.

The lock-in allows also to measure the phase di�erence ∆φ between the

voltage drop on the junction V and the reference signal Vpp; we required a

∆φ ∼ 0 or π, because this value tipically ensures a non-capacitive coupling in

the sample, which could be due to dishomogeneities or non-metallic contacts.

3.3.3 Measurements in magnetic �elds

In the measurements in magnetic �eld the source meter Keithley 2400 gen-

erates a current Icoil through the coil, so that a magnetic �eld parallel to

the junction surface is produced. The error on the generated current is

0.012%Icoil, as declared in the instrument speci�cations [54].

In a �rst moment, we applied a magnetic �eld from zero to an upper

value (virgin curves); after that, we applied a �eld from a positive value to

a negative value (down curves), and return (up curves), as we have already

described in section 2.3. For each value of the magnetic �eld we acquired the

I(V ) characteristics, with a step ∆Icoil and a waiting time tw between each

acquisition, chosen in order to perform accurate measurements; we �xed the

waiting time to tw = 1 s. The number of average sweeps was set to 30.

3.3.4 Discussion on the errors

In solid state experimental physics, the problem of the errors estimation

is very important: often, it is not possible to reproduce an experiment in

the same physical conditions an appropriate number of times, nor to have

a wide sample of measures to get a standard error on the analyzed physical

quantities.

The complexity of the experimental set-up, the presence of the �ltering

and ampli�cation stages, electrical and thermal noise e�ects and the huge

number of freedom degrees of a solid state sample a�ect strongly the mea-

surements.

It is reasonable, however, that the real value of the physical quantity

resulting from the measurements falls in a certain validity range, with a
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Figure 3.6: Error bar in a typical measured I(V ) (junction D_JJ5) due to
the noise and the electronics

minimum and a maximum extreme; the semiamplitude of this range gives

the maximum error (�gure 3.6).

The maximum error on the voltage drop V between the junctions elec-

trodes and the current �owing through the device I in the I(V ) measurements

strictly depends on:

• the voltage range in which one acquires the curve;

• the temperature;

• the frequencies in play and the e�ect of the �ltering stages;

• the electronics accuracy;

• the average operation made by the oscilloscope.

77



Experimental set-up

The relative error, instead, is typically the same in every condition: the

estimated voltage and current errors are 1%.

The relative error on the resistence is estimated in the same way as in

I(V ) curves, and it is about 2%.

For what concerns the error on the magnetic �eld, even if the relative

error on the current generated in the coil Icoil is of about 0.0012% from

the instrument speci�cations [54], the conversion factor has a bigger relative

error. Most of all, we can not appreciate any magnetic �eld value with

an error smaller than the step-�eld used in the measurements. From ∆Icoil

values, in fact, one can calculate the magnetic �eld step ∆H as

∆H(G) = 3∆Icoil(mA), (3.3)

so that the error is de�ned as the semiamplitude of the �eld-step.

More di�cult is the error estimation on the temperature; however, for

this thesis purpose it is su�cient to have an indicative value of the temper-

atures in play. A good thermalisation, in fact, certainly does not depend

on the speci�c temperature value: it is su�cient that the measured quan-

tity (current, voltage, magnetic �eld. . . ) does not change because of thermal

�uctuations for a time longer than the measure time.
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Experimental results

In this chapter, we condense all the experimental results with the �nal aim

of a detailed characterization of the Josephson properties of SIfS JJs, made

of a GdN barrier between two NbN electrodes (thicknesses in table 4.1).

We will analyze the spin-�lter properties of the R(T ) measurements and

we will give a description of the junctions electrodynamics by studying the

I(V ) curves. We will also report our experimental Ic(H) and Ic(T ).

4.1 Spin-�ltering e�ciency

In �gure 4.1, we represent the resistances R(T ) for all the junctions nor-

malized to their maximum value (table 4.1), in order to make a comparison

between curves with resistances falling in quite di�erent ranges.

For all samples except for B_JJ4, R(T ) exhibits a typical semiconducting

behavior up to 40 K, which is the Curie temperature TCurie and a resistance

falling to zero at a temperature of about 12 K; B_JJ4 R(T ), instead, exhibits

a prevailing semiconducting behavior until the superconducting transition

temperature is reached.

The indirect exchange �eld from the ferromagnetic interlayer, which in-

creases as the barrier thickness increases, induces a reduction in the tunnel

barrier height for one spin channel (up or down); as a consequence, we ob-

serve a resistance decrease once the GdN becomes ferromagnetic (�gure 2.9
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Figure 4.1: Normalized resistances vs. temperature for di�erent GdN barrier
thicknesses

in section 2.4.1). We also observe that the thicker the interlayer is, more

quickly the resistance decreases, because the lower is the barrier height for

a single spin channel. Junctions with thinner barrier such as B_JJ4 have a

small exchange �eld, not su�ciently strong to �lter a single spin channel, and

the decrease in R with respect to the maximum value is 2%, while thicker

junctions such as G_JJ1 have a resistance decrease of more than 10%.

In section 2.4.1 we anticipated that a practical indirect way to estimate

the spin-�ltering e�ciency is to compare the semiconductor-like device resis-

tance R∗ (resistance in absence of spin-�ltering) with the junction resistance

R at a �xed temperature Tc < T < TCurie. With the aim of estimating the

resistance R∗, we performed the �t of the experimental R(T ) curves above

the Curie temperature with the function [55]

R(T ) = Ae
B

T+T0 , (4.1)
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Table 4.1: Maximum resistance value for each junction

Junction tGdN (nm) Rmax (Ω)

B_JJ4 1.50 5.77± 0.12
C_JJ1 1.75 8.55± 0.18
D_JJ5 2.00 7.54± 0.16
F_JJ2 2.50 13.5± 0.3
G_JJ1 3.00 52± 1
H_JJ7 3.50 261± 5

(a) tGdN = 1.5 nm (b) tGdN = 3.5 nm

Figure 4.2: Resistance vs. temperature and �t with the semiconducting trend
in equation 4.1

where A is associated to the resistance at very high temperatures and B is

linked to the GdN energy gap in its paramagnetic phase. In �gure 4.2 we plot

the experimental �t for the JJs in the extreme cases of the GdN thickness

1.50 nm and 3.50 nm. Thus, we have calculated the spin-�ltering e�ciency

at 15 K with the formula in equation 2.12 (table 4.2), and we have plotted

in �gure 4.3 the function P (t). Since P is evaluated with an approximated

formula and indirectly from the R(T ) curves, we will only give an indicative

value for it, as Senapati et al. did in their work [46].

The spin-�ltering e�ciency follows a sigmoid curve, which tipically de-

scribes saturation processes [56]. We �tted the curve with the function

σ(t) =
L

1 + e−k(t−t0)
, (4.2)
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Table 4.2: Spin-�ltering e�ciency

Junction tGdN (nm) P (%)

B_JJ4 1.50 37
C_JJ1 1.75 59
D_JJ5 2.00 64
F_JJ2 2.50 88
G_JJ1 3.00 97
H_JJ7 3.50 98

which presents an exponential growth at the beginning, starting at the value

t0 (sigmoid's midpoint), a linear dependence for intermediate values of the

thickness, with a slope determined by k (steepness), and a plateaux for the

saturation value L.

The maximum spin-e�ciency resulted from the �t is 100%, while the

steepness is k = (2.3 ± 0.4) nm−1. The calculated sigmoid's midpoint is the

most important �t parameter, because it represents the value at which the

spin-�ltering e�ciency appreciably increases. We have calculated a sigmoid's

midpoint t0 = (1.69 ± 0.05) nm, which is consistent with our picture: for

barrier thicknesses larger than 1.5 nm, the SIfS junction deserves the title of

spin-�lter.

4.2 Damping regime of the junctions

Voltage-current characteristics, or I(V ), suggest a dominat role of tunneling

processes: the presence of a hysteresis in these curves is linked to a capacitive

e�ect as in conventional SIS junctions, and as a consequence to a recharge

of the junction capacitance.

In �gure 4.4 (a), we report the I(V ) curves at 300 mK for all the analyzed

junctions, while in the inset we show the comparison between the sub-gap

branches for all the junctions, i. e. the curves i(v), where i = I/Ic and

v = V/Vs, with Vs switching voltage.

I(V ) measurements allow to determine qualitatively the damping regime

of the JJs and to provide a �rst estimation of their characteristic parameters:
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Figure 4.3: Spin-�ltering e�ciency vs. barrier thickness and �t function

critical currents, normal resistances and Stewart-McCumber parameters.

4.2.1 Critical currents

From the I(V ) curves we estimated the positive critical current I+
c and the

negative one I−c by choosing a voltage threshold Vth far from the zero axes

(dashed gray line in �gure 4.4 (a)). These values allow to calculate the

average critical current

Iavgc =
I+
c + I−c

2
, (4.3)

with a maximum error (∆I+
c + ∆I−c )/2.

In �gure 4.4 (b), we report the average critical current as a function of the

barrier thickness: it decreases exponentially as the barrier thickness increases

by means of tunneling processes, as observed in other works on conventional

Nb-AlOx-Nb JJs [57].
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(a) Long-range I(V ) characteristics at 300 mK

(b) Ic(t)

Figure 4.4: In (a): long-range I(V ) characteristics at 300 mK; in the inset,
normalized current i = I/Ic vs. v = V/Vs in the sub-gap branch (the dashed
gray line is the voltage threshold at which the critical current was taken). In
(b): average critical current Iavgc versus GdN barrier thickness t
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Figure 4.5: Normal resistance vs. the barrier thickness and �t with the
Simmons model

4.2.2 Normal resistances

We have estimated the normal resistances by a linear �t in the normal branch

of the I(V ) curves above the voltage gap Vg = (4.00±0.04) mV, and we have

plotted the slope inverse G−1
N = RN as a function of the barrier thickness.

According to J.G. Simmons [58], it is possible to derive a single theory

for the current �ow through a barrier by means of tunnel e�ect, in which

the normal resistance versus the barrier thickness t is exponential. In fact,

RN can be expressed in terms of the mean energy barrier height Ē and the

e�ective mass m∗ of the particles involved in the conduction as

RN(t) =
2t

3
√

2m∗Ē

(
h

e

)2

e
2t
~

√
2m∗Ē. (4.4)

By �tting the function RN(t) with the Simmons model, we veri�ed the

exponential dependence of the normal resistance and we found an energy

barrier of some millielettronvolts (�gure 4.5).

We have also calculated the characteristic voltage Vc for all the analyzed

JJs,

Vc = Iavgc RN. (4.5)
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This last quantity allows to calculate the Josephson oscillation frequency ωc,

ωc =
e∗Vc
~
, (4.6)

which results of the order of some tens of gigahertz for the thicker barrier, up

to some terahertz for the thinner one. This values are very similar to those

observed in conventional SIS JJs.

4.2.3 Stewart-McCumber parameters

The damping regime of a junction is determined by the value of the Stewart-

McCumber parameter.

As we can observe in the I(V ) characteristics in �gure 4.4 (a), our junc-

tions are hysteretic, and an underdamped regime is expected. We also expect

that the nrsj model described in chapter 1 allows to approximate very well

the measured trends.

In �gure 4.6, we report as an example a comparison between the nor-

malized I(V ) curve of H_JJ7 and the simulated one for n = 2; the voltage-

current characteristic for the Nb-AlOx-Nb from Hypres (�gure 1.10) is added

as a term of comparison, since it is a typical junction with n =∞.

The parabolic dependence in the sub-gap branch suggests that the Stewart-

McCumber parameter can be estimated from the β(τ) curve in �gure 1.13

in section 1.2.1. We collect in table 4.3 the measured ratios τ in percentage

(hysteresis fractions),

τ = Ir/Ic, (4.7)

where Ir is the retrapping current, the β-factors estimated from the curve

β(τ) in �gure 1.13 and the quality factors Q. The error on these parameters

is very high, because they are extrapolated from a curve that is the result of

a set of approximations; in particular, we will follow the work by Devoret et

al. [60], in which the error on the quality factor is of about 20%.

The calculated Stewart-McCumebr parameters and quality factors, any-

way, are only indicative for the following motivation. The sub-gap junctions

shape is only approximated by a parabola: a better estimation of the Stewart-
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Figure 4.6: Comparison between the normalized v̄(α) for the junction H_JJ7,
the Hypres Nb-AlOx-Nb junction and a simulated v̄(α) in the nrsj model
for n = 2 and k = 1.8 · 10−2

McCumber parameter, which is out of these work purposes, can be achieved

with the knowledge of the exact power-law of the normal current. For ex-

ample, one can �t the sub-gap in the I(V ) characteristics with a power-law;

after that, one has to solve the di�erential equation 1.39 in section 1.2.1 for

the power found, with the aim of expliciting the normalized v̄(α) for di�erent

k-values. From these curves, one can estimate the ratio τ for every k-values

and the β(τ) curve. Finally, this trend allows to �nd the Stewart-McCumber

parameter for the measured ratio τ from the experimental I(V ).

A very important result that goes beyond the quality factor accuracy is

that the resistance values, calculated by the formula

R0 =
Q

ωPC
, (4.8)

where C is the plane-condenser geometrical capacitance, calculated with A =

49 µm2, ε0 = 8.85 pF/m and εr = 26.5 [59], are consistent with the order of

magnitude of the �external� circuitry resistance, i. e. some tens of ohm.
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Table 4.3: τ , β-parameters and quality factors Q for all the analyzed junc-
tions

Junction τ (%) β Q

B_JJ4 3.94± 0.09 1109 33± 7
C_JJ1 0.51± 0.01 1113 33± 7
D_JJ5 0.94± 0.02 1034 32± 6
F_JJ6 1.32± 0.03 992 31± 6
G_JJ4 0.053± 0.001 1168 34± 7
H_JJ8 7.01± 0.14 320 18± 4

The �external� circuitry resistance is given by the characteristic impedance

of the lines and of the leads connecting the junction to the experimental setup,

as in conventional tunnel SIS junctions analyzed in the work by Devoret et

al. [60]. This means that dissipation in SIfS JJs is mostly determined by

the environment in which the junction is embedded, while in common SFS

JJs the damping is linked to RN, i. e. the dissipation strictly depends on the

intrinsic junctions parameters.

The clear advantage is that, for possible applications in superconducting

electronics, spintronics and quantum circuits, the dissipation can be tuned

by adjusting the overall circuitry; instead, SFS JJs are intrinsically more

dissipative devices.

4.3 Fraunhofer pattern analysis

As extensively described in section 1.2.2, another important feature of a

Josephson junction is its modulation in a magnetic �eld.

The e�ect of an in-plane magnetic �eld is to modulate the critical current

of a JJ (section 1.2.2), as we can observe in the I(V ) curves at 0.3 K in

�gure 4.7 for the F_JJ6, taken as reference.

From these curves we have estimated the critical currents I−c , I
+
c and the

average critical currents Iavgc , as we have done in section 4.2, and we have

plotted Iavgc (H) for magnetic �eld sweeps from positive to negative values,

i. e. the down curves, and for magnetic �eld sweeps from negative to positive
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Figure 4.7: I(V ) curves at di�erent applied in-plane magnetic �elds for the
junction F_JJ6: the dashed gray lines represents the voltage threshold Vth
chosen in order to estimate the critical currents.

values, i. e. the up curves (�gure 4.8).

Qualitative behaviors in �gure 4.8 are consistent with what expected from

a Josephson junction with a ferromagnetic barrier (section 2.3.2): a slight

hysteresis in the Fraunhofer pattern can be observed in junctions with in-

termediate thicknesses, i. e. from barriers thicker than 1.75 nm, because the

GdN magnetization in�uences the modulation of the critical current in the

magnetic �eld. The only exception is the very small hysteresis for the junction

H_JJ7, which is quite unexpected. However, deviations from the expected

behavior can occur in prototype junctions like our SIfS.

Moreover, we have not observed any considerable distorsion on the central

lobe of the curves I+
c (H) and I−c (H), as one can expect in the long junction

limit.

Last but not least, the �rst minima in the pattern are not e�ectively zero:

this could be due to a non-uniform current distribution in the system, as

in SIS junctions with structural imperfections of the barrier [3], or to the

presence of higher harmonics in the cpr relation.

In order to study these aspects on detail, we will perform the following
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(a) B_JJ4 (b) C_JJ1

(c) D_JJ5 (d) F_JJ6

(e) G_JJ1 (f) H_JJ7

Figure 4.8: Down and up average critical current curves vs. the magnetic
�eld for all the analyzed junctions
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analysis:

• we will classify the analyzed junctions as small or long;

• we will study the hysteresis and a relative measure of the magnetization

e�ect;

• we will analyze the Fraunhofer pattern periodicities and possible devi-

ations from the expected one, i. e. the presence of a non-zero second

harmonic in the cpr relation.

4.3.1 Long or small junctions regime

In order to properly classify these junctions as small or long, we need to

estimate the Josephson penetration depth by taking into account that the

electrodes dimensions are smaller than their London penetration depth in

NbN (λL ∼ 200 nm) and the ferromagnetic nature of the barriers. We substi-

tute the magnetic spacing that appears in equation 1.73 with the expression

d′′′ = µrtGdN + λL tanh

(
dL

2λL

)
+ λR tanh

(
dR

2λR

)
, (4.9)

where the GdN thickness tGdN is multiplied by its relative permeability [42].

The relative permeability µr of the GdN strictly depends on the frequency

of the �eld applied, the humidity, the temperature and other parameters and

it is not easy to de�ne a �xed value for it, also because of the di�culties that

arise in the determination of the crystallogra�c structure of the GdN [59].

In similar SIfS JJs, A. Pal et al. estimated µr with a linear �t in di�erent

region of the barrier magnetization curve M(H) [42].

Since our purpose is to verify if the junctions are small, i. e. the ratio

L/λJ satis�es the condition

L/λJ < 1, (4.10)

it is su�cient to have an underestimation of λJ, i. e. an overestimation of the

magnetic spacing d′′′. We reach this goal by considering the highest value of

µr, that is µr = 85. In table 4.4 we show the λJ values, with a relative error
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Table 4.4: Critical density currents, estimated Josephson penetration depth
and ratio L/λJ of the analized samples with µr = 85

Junction Jc (A/cm2) λJ (nm) L/λJ

B_JJ4 1422± 28 9.04± 0.9 0.74± 0.08
C_JJ1 449± 9 15± 2 0.46± 0.06
D_JJ5 510± 10 14± 1 0.51± 0.04
F_JJ6 82± 2 32± 3 0.22± 0.02
G_JJ1 8.24± 0.16 95± 10 0.074± 0.008
H_JJ7 1.07± 0.02 249± 25 0.028± 0.003

of 10% [42], and the ratio between the lateral dimension of the junctions

(L = 7 µm) and λJ. The error on the critical current density and on the ratio

have been calculated by maximum error propagation, taking into account

the errorless area. We can observe that these ratios satis�es the condition

L/λJ < 1 for all the junctions, but the thinner the barrier is, closer to 1 L/λJ

is.

This con�rms the small junction limit, but we approach to the interme-

diate regime for thinner barrier thicknesses.

4.3.2 Hysteresis in the Fraunhofer patterns

In a Josephson junction with a ferromagnetic barrier the shift in �eld is

strictly linked to the magnetization curve of the barrier M(H). In these

measurements we never reached the saturation �eld, and we only moved on

the linear branch of the magnetization; as a consequence, we could perform

a non-linear �t with the simpli�ed model function

Ic(H) = Ic(0)

∣∣∣∣∣sin
(
H+b
a

)
H+b
a

∣∣∣∣∣, (4.11)

where Ic(0) is a scaling factor that represents the critical current at zero �eld,

a is linked to the magnetic surface of the junctions,

a =
φ∗0
Ld′′′

, (4.12)
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(a) D_JJ5 (b) F_JJ6

(c) G_JJ1

Figure 4.9: Fraunhofer pattern and �t with the simpli�ed model in equa-
tion 4.11 for the junctions with bigger hysteresis (short dotted lines indicate
the hysteresis, while the arrows represent the factor a)

with φ∗0 magnetic quantum �ux φ∗0 = 2.07 · 10−7 Gcm2 for a Cooper pair,

L = 7 µm and d′′′ e�ective magnetic spacing, and b is the constant shift due

to the residual magnetization of the barrier, i. e. the hysteresis. We show in

�gure 4.9 the calculated �t for the more ferromagnetic junctions.

In �gure 4.10, we have plotted the calculated hysteresis b and the spin-

�ltering e�ciency P . We can observe that for junctions with GdN thickness

smaller than 2.00 nm, i. e. with lower spin-�ltering e�ciencies, the hysteresis

is very small compared to that of junctions with thicker barriers and higher

spin-�ltering e�ciency, according to the fact that the ferromagnet exchange

�eld depends on the thickness.
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Figure 4.10: Comparison between the spin-�ltering e�ciency trend and the
hysteresis curve vs. the barrier thickness

4.3.3 Second harmonic

The simple model proposed to calculate the shift in �eld of the Fraunhofer

pattern does not reproduce the non-zero �rst minima that qualitatevely

emerges in junctions as B_JJ4, C_JJ1and D_JJ5, and the half-periodicities

in F_JJ6, G_JJ1 and H_JJ7.

These peculiar phenomena can not be simply explained in the sense of

a disuniformity in the current spatial distribution. In order to analyze the

Ic(H) in our junctions, instead, we follow the Goldobin theory about the

presence of a second harmonic in the cpr relation [36] (section 2.4.3).

In �gure 4.11, we report the comparison between the normalized Iavgc,up(H),

shifted by hand taking into account the calculated hysteresis b in the sim-

pli�ed �t 4.11, and the Goldodin curves. The qualitative values for g are

reported in table 4.5.

The �nal result is that the second harmonic seems to be more impor-

tant in junctions with a thicker GdN barrier, i. e. when the spin-�ltering

e�ciency of the device increases. This can be due to the e�ect of the ex-

change �eld in the barrier, which forces the electrons to �ip their spins in the

direction of the magnetic �eld: this assumption is consistent with the idea
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(a) B_JJ4 (b) C_JJ1

(c) D_JJ5 (d) F_JJ6

(e) G_JJ1 (f) H_JJ7

Figure 4.11: Comparison between the simulated theoretical curves with the
Goldobin theory and the experimental ones

95



Experimental Results

Table 4.5: Parameters g in the simulation of theoretical Goldobin curves

Junction g

B_JJ4 3
C_JJ1 4.2
D_JJ5 5
F_JJ6 10
G_JJ1 25
H_JJ7 30

Table 4.6: Maximum critical current value for each junction at 300 mK

Junction tGdN (nm) Ic(0.3 K) (µA)

B_JJ4 1.50 699± 7
C_JJ1 1.75 216± 2
D_JJ5 2.00 253± 3
F_JJ6 2.50 39.9± 0.4
G_JJ1 3.00 4.15± 0.04
H_JJ7 3.50 0.553± 0.006

that the conduction in SIfS JJs could be based on unconventional conduc-

tion phenomena, like: the presence of a pure second harmonic, as proposed

by the Cambridge group [42], and the odd-frequency triplet conduction, as

proposed by C. Richard et al. for SFS junctions [41] and by R.S. Keizer et al.

in junctions with an half-metallic ferromagnetic barrier made of CrO2 [61].

4.4 Ic(T ) curves

In order to have a complete overview of our junctions, we also measured the

I(V ) curves at di�erent temperature; from these measurements we got an

estimation of I+
c and I−c , as we have done in section 4.2 for the electrody-

namical analysis of the junctions and in section 4.3 in Fraunhofer pattern

measurements. We have plotted the average critical current Iavgc versus the

temperature; in particular, we show in �gure 4.12 the average critical current

normalized to its maximum value (table 4.6) versus the normalized temper-
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Figure 4.12: Average critical current normalized on its maximum value vs.
the normalized temperature T/Tc

ature T/Tc, where the critical temperature is about Tc = 12 K.

The peculiar trend of the Ic(T ) seems to be the strongest proof that

something far from the conventional superconductivity happens in JJs with

thicker ferromagnetic insulator as a barrier.

In this thesis, we will not expose any quantitative study of the criti-

cal currents dependence on temperature, because further analyses have to

be made, but a look on the measurements suggests that, as theoretically

demonstrated by Bergeret et al. (section 2.4.4), the Ambegaokar-Barato�

relation (equation 1.80) �ts very well experimental data for the thinner bar-

riers (from 1.5 nm to 2.5 nm) in the high temperature limit, while it has to be

corrected with a pre-factor dependent on the spin-�ltering e�ciency r at low

temperatures. On the contrary, junctions with a thicker barrier (3.0 nm to

3.5 nm) present a change in concavity at about T/(2Tc), which can be linked

to a non-zero triplet current component.
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Taking into account what we mentioned in section 2.4.4, we simulated in

the Bergeret picture the normalized critical current curves as a function of the

normalized temperature and we compared them with the experimental ones

in the extreme cases of low spin-�ltering e�ciency (B_JJ4), intermediate

spin-�ltering e�ciency (F_JJ6) and high spin-�ltering e�ciency (H_JJ7).

We expect a nearly zero exchange �eld h for non-spin-�lter junctions and

a r-factor linked to the spin-�ltering e�ciency P as

r =
√

1− P 2, (4.13)

so that it tends to 0 for high spin-�ltering e�ciency and to 1 for low spin-

�ltering e�ciency.

In the Bergeret picture, in conclusion, one �nds the curves in �gure 4.13.

All this is consistent with our picture: the e�ect of the magnetic exchange

�eld is to break singlet Cooper pairs and to favore the triplet pair conduction

in junctions with higher spin-�ltering e�ciency.

98



Experimental Results

(a) B_JJ4
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(b) r = 0.9, h = 0

(c) F_JJ6
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(e) H_JJ7
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Figure 4.13: Comparison between the experimental Ic(T )/Ic(0.3 K) vs. T/Tc
curves and the simulated ones in the Bergeret picture for noncollinear mag-
netic exchange �elds (α = β = π/2): Mathematica11 simulations
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In this work we have performed a methodical characterization of the �rst

generation of superconductor-ferromagnetic insulator-superconductor (SIfS)

Josepshson junctions. The barrier, in particular, is composed of an insulating

ferromagnetic barrier made of GdN, and it varies in a range from 1.50 nm to

3.50 nm. From a systematic study of I(V ) curves as a function of T and H,

we have given evidence of a series of exotic behaviors, induced by the nature

of the barrier.

The average critical current Iavgc and the normal resistanceRN dependence

on the GdN layer thickness t are exponential, suggesting that the conduction

meccanism in the junctions is almost tunnel-like. The critical current de-

creases as the thickness barrier increases, so as the resistance increases with

the GdN layer thickness.

A systematic and reliable �tting of I(V ) curves has given hints on the

�electromagnetic� behavior of the junctions, and has allowed an estimation of

their quality factors and information about the dissipation. We found that

our junctions fall in the underdamped regime and that, di�erently from SFS

JJs, dissipation is mostly determined by the environment and the circuit

in which the junction is embedded: intrinsic dissipation mechanisms play

a minor role. This is a very appealing property from the point of view of

engineering applications in the spintronic and superconducting electronics

�elds.

The spin-�lter nature occurring for thicker If barriers generates distinc-

tive behaviors, which add to the interesting phenomena in SFS JJs, like the

thickness-dependent hysteresis in the Ic(H) curves. In particular, high spin-

�ltering e�ciency due to the e�ect of the barrier exchange �eld h suggests
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that Cooper pairs in a singlet state can not �ow undisturbed through the

junctions, and the Josephson e�ect in SIfS JJs could derive from other un-

conventional processes. From I(V ) measurements in presence of an external

magnetic �elds, for example, we observed that the hysteretic Iavgc (H) present

an half-periodicity due to a second harmonic contribution in the cpr relation.

A pure second harmonic can be strongly correlated to the presence of

higher orders of tunneling processes, which could involve also multiple elec-

tron pairs in a triplet state, favored over the singlet one. The exotic trend in

measured Ic(T ) curves in the junctions with GdN thickness of 3.00 nm and

3.50 nm would be consistent with the presence of a Josephson triplet current.

The future prospective is to carry on a deeper analysis on the Ic(H)

curves and the Ic(T ) measurements to better explain unconventional con-

duction mechanisms, but also to perform switching current measurements to

have a complete understanding of their electrodynamical properties. Low-

dissipation spin-�lter devices based on the robust Josephson e�ect, moreover,

could be also employed in spintronics systems and in quantum and classical

computers as building blocks (MRAM, qubits, logic elements).
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Figure 4.14: Pictorical representation of the conduction mechanism in SIfS
JJs: Cooper pairs in a singlet state can not �ow undisturbed when the ex-
change �eld in ferromagnetic barrier �ips one of the two spin of the pair.
The idea is that a Cooper pair in the triplet state, instead, can �ow through
the ferromagnetic insulator if the interlayer exchange �eld reduces the tunnel
barrier experienced by the two electrons of the pair.
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