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Introduction

Quantum mechanics is the physical theory which describes microscopic phe-
nomena, developed in the first half of the 20th century thanks to the work
of outstanding physicists such as Heisenberg and Schrédinger. It became
immediately extremely popular on one hand thanks to the excellent ac-
cord between experimental data and theoretical results and, on the other
hand, for its wide range of applications fields, among which we find nu-
clear physics, condensed matter, quantum optics and, in more recent years,
cryptography and quantum computing. In its standard formulation, quan-
tum states are represented as trace class, semi-positive definite, trace one
operators on a proper separable complex Hilbert space, which represents
the quantum system, while observables are described as self-adjoint oper-
ators on the same Hilbert space. Nevertheless, this approach proved to
be strongly counter intuitive and very far from the standard mathemati-
cal language in which classical mechanics is usually described. Bearing in
mind this fact, the work of Wigner, Weyl, Moyal and Grénewold gave birth
to an alternative description of quantum mechanics, which tries to mimic
classical mechanics as best as possible. This phase space quantization is un-
doubtedly founded on the work of Wigner of 1932 [50], who was trying to
find the quantum corrections to the Boltzmann distribution at low temper-
atures. For this purpose, a suitable function on phase space associated with
a quantum state ¢ was introduced, nowadays called the Wigner function
(or quasidistribution),

el Do)

y(4,p) =/ 5 5

R xR™

This function, although it could not be interpreted as a classical state since
it is not positive definite, has been the milestone of the description of quan-
tum mechanics on phase space [41], 42].

On the other hand, strictly related with Wigner’s work, Weyl was looking
for a standard representation of classical observables in quantum mechan-
ics, a well known problem in the quantization of classical quantities, which
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is strictly related with the transition from a commutative theory (classi-
cal mechanics) to a non-commutative one (quantum mechanics). For this
purpose, Weyl introduced the following map

/ dqdp ' PP f(q,p), fe L*(R"xR"),
R xR"

often referred at as the Weyl transform, which give a non ambiguous quan-
tization rule. The link with the Wigner function is very strict, indeed it
turned out that they are, in a certain way, one the adjoint map of the other
[38, 52]. However, it comes without surprise that this is not the unique
possible association between classical and quantum objects (respectively,
we may find other dequantization maps in place of the Wigner function);
some other popular are also found for example in quantum optics and has
been applied profitably [41]. Nevertheless, the scheme developed from the
works of Weyl and Wigner (the Weyl-Wigner correspondence) is the only
one which reproduce faithfully the probability distributions in positions and
in momenta [41] [47].

The picture was completed in the following decade, when the works of
Gronewold [23] and Moyal [36] put things together introducing a suitable
product of functions, the x-product, that allows the study of the dynamical
evolution of a quantum state from the point of view of the Wigner function.
In light of these facts, the phase space approach to quantum mechanics has
been applied in various fields of research, for example in quantum transport
processes, and it can be fruitfully used to study the quantum-classical tran-
sition, which is governed by decoherence [47]. Anyhow, the Wigner function
founds its use in many areas other than quantum mechanics, such as clas-
sical optics [47] and signal analysis, where the Wigner function may be
used to represent time varying signals. Indeed, it is strictly linked with the
most fundamental tool of time-frequency analysis, the short time Fourier
transform, which allows a simultaneous analysis of a signal both in time
(positions) and in frequency (momenta) [22]. Moreover, the Wigner func-
tion (and, in general, the phase space approach) offers some insights in
wavelet theory too [2} [7].

In recent years, the interest in the Weyl-Wigner scheme has increased
drastically thanks to the development of quantum tomography, a technique
that allows a direct reconstruction of the Wigner function from experimen-
tal measurements [47].

Another important reason behind the popularity of the Wigner function
may be found in the birth of quantum information theory and quantum
computing, because finite quantum systems can be described in terms of
a generalized phase space approach. For instance, in quantum information
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theory, quantum teleportation of finite quantum states [37] can be studied
in terms of the Weyl-Wigner correspondence only. On the other hand, the
phase space approach offers an alternative point of view in quantum com-
puting too, where quantum algorithms, such as Grover’s algorithm, can be
regarded as quantum maps and can be fruitfully studied in the classical
limit, thanks to the common playground between classical and quantum
offered by the Weyl-Wigner correspondence [11], 34]. Still this is not the
only remarkable field of research which has taken advantage of the Wigner
function: some problems in many-body physics can be described using a
suitable phase space approach [I], 25].

In order to successfully apply the Weyl-Wigner correspondence to such a
vast plethora of applications, this scheme needs to be suitably generalized
so that groups different from R™ x R™ can be taken in consideration. In
particular, there are two turning points. The first step is to recognize
that harmonic analaysis on Abelian groups offers a reliable mathematical
background where the standard Wigner functions is naturally entailed. In-
deed, the whole framework is founded on the irreducible representations of
R™ x R", precisely the projective ones since its unitary representations are
physically trivial, because one-dimensional I8, 45]. Projective representa-
tions, more specifically, arise in a natural way in quantum mechanics due
to Wigner’s theorem [35], which fixes simmetry groups to be represented
by unitary (or anti-unitary) operators up to phase factors.

Thence, the Wigner function can be introduced as a Fourier transform (the
symplectic Fourier transform [5, [7, 9]) of

Bo(L*(R™) 3 p = tx(S(:,-)"p) € L*(R" x R"),

where S is an irreducible (infinite dimensional) projective representation
of R® x R™ which acts on L?*(R"). The latter map is usually called the
characteristic function for the analogies with probability theory [5], or the
dequantization map, since it associates a square integrable function to a
Hilbert-Schmdit operator. Then, the Weyl transform is recovered consider-
ing the adjoint of the Wigner function and the x-product of functions can
be introduced as the dequantizer (Wigner function) of the product of the
quantized functions (by the Weyl map) [7]. The second fundamental step to
generalize the Weyl-Wigner correspondence is given by the notion of square
integrable representation. Indeed, it turns out that we can suitably define a
dequantization map everytime the considered group admits a square inte-
grable (projective) unitary representation [2],[7,[9]. In particular, this map is
an isometry defined on the space of Hilbert-Schmidt operators on the space
of the representation, and it takes value in the space of square integrable
functions of the group considered. Moreover, it admits a pseudo-inverse
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map, a generalized Weyl transform, which can be regarded as a quantiza-
tion map. Square integrable representations, on the other hand, also allow
an extended study on coherent states, which can be generalized fruitfully
to various groups [2].

In this thesis work we will study the Weyl-Wigner scheme from the group
theoretical point of view, choosing to give a particular emphasis on discrete
phase space, introducing the Weyl-Wigner correspondence in analogy with
the standard correspondence that holds for R" x R". Representation theory
of locally compact second countable groups and harmonic analysis will be
introduced so that we can give, as far as possible, a comprehensive intro-
duction to the subject. In particular, we will always discuss the continuous
phase space first; next, thanks to the tools developed with the help of rep-
resentation theory, a similar analysis shall be done for the discrete phase
space.

We will start noticing that the symplectic structure of the standard phase
space arises from the classification of its projective representations, which
can be performed considering a suitable extended group whose unitary rep-
resentations can be completely analyzed [0, 45]. By an inversion procedure,
under suitable hypothesis, we disregard the central character (namely, the
irreducible representation of the centre of the extended group) and deduce
the projective representations seeked. In particular, the central extension
of R" x R™ via R is the Heisenberg-Weyl group H,(R), whose irreducible
unitary representations can be classified by an application of the Mackey
machine - a standard technique to classify unitary representations of semi-
direct product groups - which also guarantee us that Stone-von Neumann’s
theorem holds true [20]. Moreover, a rigorous formulation of the canonical
commutation relations (CCRs) is also available in terms of Weyl systems,
families of jointly irreducible representations which satisfy the CCRs in
their exponentiated version; these maps can also be regarded as projective
representations of R™ x R™ [4].

To generalize to the case of discrete phase space, the first step is to recog-
nize that R™ x R" is a group given by the direct product of an Abelian group
for its unitary dual, namely G x G, where G is the group of all equivalence
classes of its irreducible unitary representations [I8, [40]. Thus, one shall
demand that this group structure is preserved in order to have a suitable
phase space. Indeed, an interesting counterxample is given by the simplest
candidate to be a discretized phase space, namely Z x Z. Studying the
representations of its central extension via Z, which is given by H(Z), one
realizes that positions and momenta do not keep their dual role, while this
can be achieved with a group of the form G x G (with G Abelian). Hence,
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the same analysis will be performed for a discrete phase space Zy x Zy,
which this time satisfy the condition G x G. However, some differences
arise. Firstly, the dimension of the irreducible unitary representations of
the central extension of Zy x Zy via Zy - namely the discrete Heisenberg-
Weyl group H(Zy) - depends on the choice of the representation; in many
cases (when such dimension does not match the order of the configurations
space Zy) a rescaling of the quantum system considered is entailed in such
a choice.

Another important difference with the standard phase space arises in the
study of the discrete Wigner function. Indeed, in the standard case, it is
known that the Wigner function can be written in terms of phase-point
operators (the quantum counterpart of the phase space points) as [2]

W (q,p) = tr(Alg, p)p), Alg,p) o< S(q,p)ILS(q,p)",

where II is the parity operator, S is a projective representation of the phase
space (continuous or finite) and p is a quantum state on the space of the
representation. On the other hand, in the discrete case, this alternative
formulation of the Wigner function fails when the discrete phase space con-
sidered is of even order [34], 46] (53], since the phase-point operators form a
basis in the vector space of matrices on a N-dimensional Hilbert space only
if N is an odd number. In this sense, the discrete Wigner function intro-
duced by means of a square integrable projective representation of Zy x Zy
is slightly more general than the one defined in terms of phase-point oper-
ators.
The description of finite quantum systems in terms of the Weyl-Wigner cor-
respondence find a natural application in the separability problem [29, 31].
This is a well known problem in quantum information theory, where vari-
ous important criteria - such as the PPT criterion - provide some conditions
which establish if a given state is separable. In particular, we will see that
the Weyl-Wigner correspondence offers an interesting alternative point of
view, founded on functions of (quantum) positive type.

We summarize these facts in the following chapters:

1. In the first chapter, we will review the most important facts con-
cerning representation theory of locally compact (second countable)
groups. We will firstly introduce unitary representations (section ,
together with the most important results of the theory, such as Schur’s
lemma (theorem [I.2.7). We will also investigate the case of compact
groups (section , whose irreducible representations are finite di-
mensional (theorem , while the reducible ones enjoy the com-
plete reducibility property (theorem[I.2.12)). A general decomposition
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for arbitrary unitary representations will be discussed too, introducing
the direct integral of representations (section. Next, the Mackey
machine will be discussed (section in order to characterize the
unitary representations of the Heisenberg-Weyl group, both continu-
ous and finite. Nevertheless, the link between the Heisenberg-Weyl
group and the phase space (theorem will also require a more
comprehensive discussion on the notion of projective representations

(section [L.4).

2. The second chapter is devoted at studying continuous and finite phase
space. At first, we will introduce some elementary facts concerning the
Heisenberg-Weyl groups, pointing out its semi-direct product struc-
ture. Secondly, we will classify the multipliers of R™ x R™ (section
; the corresponding projective representations will be obtained
classifying the unitary ones of its group extension, H,(R), by an ap-
plication of the Mackey machine (section [2.2.2). Then, an abstract
formulation of the CCRs will be discussed introducing Weyl systems
(section and Stone-von Neumann’s theorem (theorem [2.2.3).
Next, we will focus on discrete phase space. Studying the representa-
tions of H(Z), we will observe that a general phase space shall be of
the form G x G, with G Abelian (section . Hence, we will focus on
the case of Zy x Zy and we will retrace the same classification done
for R" x R™ up to Stone-von Neumann’s theorem, which holds in the
finite case too (section [2.4)).

3. In the third chapter we study harmonic analysis on locally compact

(second countable) Abelian groups. In the first part the Fourier trans-
form will be introduced by virtue of functions of positive type and
group algebra (section ; then, we will face the most important
theorems such as the inversion formulas (3.3). Finally, the Fourier-
Plancherel operator (theorem and Pontrjagin’s duality theorem
(theorem will be discussed (section [3.3.1).
In the second part of the chapter we define the most important tools
to deal with the Weyl-Wigner correspondence. Hence, the symplec-
tic Fourier transform (section [3.4.1]), the twisted convolution (section
3.4.2)) and time-frequency analysis (section will be introduced.
At last, we will deal with square integrable representations and the
wavelet transform will be defined (section [3.5)), and we will discuss
Duflo-Moore’s theorem (theorem [3.5.2]).

4. In the last chapter we study the Weyl-Wigner correspondence. The
first paragraph (section is dedicated to the general formulation of
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the Wigner (and the Weyl) transform on groups which admit square
integrable projective representations. Then, restricting our attention
to unimodular groups, we will study the x-product of functions in-
duced by the Weyl-Wigner correspondence (section [4.1.1]).

In the second part of the chapter the general framework will be ap-
plied to continuous and discrete phase space. Firstly, the standard
Wigner function will be defined as the symplectic Fourier transform
of the Wigner transform. Some of its most important properties will
be examinated too. Then, the discrete phase space case will be stud-
ied (section , pointing out analogies and differences with respect
to the standard phase space. Lastly, functions of quantum positive
type will be analyzed, with a particular attention to the discrete case,
so that the separability problem can be discussed from the point of
view of the Weyl-Wigner correspondence (section .



Chapter 1

Basic facts on representation
theory

In this chapter we give a brief introduction to representation theory of lo-
cally compact second countable (l.c.s.c. in brief) groups, in order to analyze
the irreducible representations of the Heisenberg-Weyl groups and the phase
space in the future. Naturally, this is an extremely vast subject, thus we
will recall just the most elementary facts of our interest.

The chapter is structured as follows. Firstly, we will define the strong and
weak operator topologies so that we can introduce the concept of unitary
representations of a l.c.s.c. group and the most important facts, such as
Schur’s lemma. We also briefly study the case of compact groups and the
celebrated Peter-Weyl’s theorem, which concerns the decomposition into
direct sum of irreducible representations of an arbitrary representation of a
compact group. Then we will introduce the direct integral decomposition of
a unitary representation, which is the unique decomposition into irreducible
representations that holds in the most general case.

Next, we will focus on the induced (unitary) representations of locally com-
pact groups, introducing the Mackey machine, by means of which we can
analyze the irreducible representations of semi-direct product groups.
Finally, we will spend some time with the theory of projective representa-
tions of groups, which are fundamental in quantum mechanics and will be
extremely useful when we will deal with Weyl systems.

1.1 Unitary operators

To introduce unitary representations, we recall some basic facts concerning
unitary operators, in particular about two topologies which will play an

11
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important role soon.

Let H be a Hilbert space of arbitrary dimension and denote with ||| the
usual norm on H. In the following we will denote with B(H) the set of
bounded linear operators on H.

Definition 1.1.1. A bounded linear operator U € B(H) is unitary if it is
an isometry, i.e. ||| = [|Uy|| V¢ € H, and RanU = H.

U(H) = {U € B(H) | U unitary} will denote the group of all unitary
operators on H. For the applications is worth recalling the fact that the
following assertions are equivalent [39]:

1. U is a unitary operator.

2. RanU =H and (U, Urp) = (¢, 1)) Vo, € H.

3. U*U = UU* = 1d, where Id denotes the identity operator in H.
4. U* is a unitary operator.

As an immediate consequence we have that U is bijective and U~! = U*.
We observe that U(H) can be equipped with the relative topology with re-
spect to B(H), i.e. the operator norm topology, but this choice is too strict
for physical application. Indeed, if we consider for example a one-parameter
group of unitary operators R > t — e~ € /(H), this group is continuous
in the norm topology if and only if H is a bounded operator [39]. Hence,
if we require our operators to be continuous in the norm topology, we can-
not consider unitary transformations associated with unbounded operators.
Therefore it is useful to define the following topologies:

1. The strong topology: it is the initial topology induced by the following

maps:
Ey:B(H) = H, E4(T):=T¢, ¢ € H. (1.1)

We have the following equivalence for strong convergence [39]:
T, 5T < |[Top —TY|| -0 Y€ H, (1.2)

where {T,}, is a net in B(H) and the ’s’ "means “strong convergence”.

2. The weak topology: it is the initial topology induced by the following
maps:

Ewﬂs : B(H) — C, w, ¢ S H, Ewﬂg(T) = <QZ§, T2/1> (13)
Weak convergence is equivalent to require that [39]

(6, Toat)) — (¢, TY)| = 0 Vo, € H. (1.4)
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We observe that these topologies are weaker than the norm topology, indeed
the map B(H) x B(H) > (A, B) — AB € B(H) is continuous in the norm
topology, but it is not in the weak and in the strong topology [39].

If we restrict our attention to U(H), it is worth mentioning that, in such
a case, the weak and the strong topologies coincide [39]. Lastly, recall that
U(H) equipped with strong topology is a completely metrizable space.

1.2 Unitary representations

Definition 1.2.1. Let G be a l.c.s.c. group. The map 7 : G — U(H) is a
unitary representation if it is a strongly continuous homomorphism.

In order to have proper representations, we demand H to be a nonzero
space; the latter is usually called the representation or carrier space and its
dimension is called the dimension of the representation. Observe that, due
to unitarity, 7(g~!) = 7(g9)"! = 7(g)*.

It is also worth mentioning that a group homomorphism = : G — U(H)
is strongly continuous iff it is weakly Borel, namely the map G > g —
(p,m(g)¢) € Cis a Borel map Vo, € H [45].

Definition 1.2.2. Let m; : G — U(Hn,), T2 : G — U(H,,) be two unitary
representations. We will say that m,m are intertwined if there exists a
bounded linear operator T : H,, — H,, such that T'm(g) = ma(g9)T Vg € G,
operator that will be called the intertwining operator.

We will denote with %'(7,m2) the set of all the intertwining operators
between 7 and m; we also observe that if T € € (m,m), then T €
€ (79, ™), because

T*my(g) = (ma(g™H)T)" = (Tmi(g™))" = m(g)T™".

Definition 1.2.3. We will say that the representations are unitarily equiv-
alent if € (m, m2) contains a unitary operator U, so that my = UmU*. The
set €(m) = € (m, ) will be called the commutant or centralizer of the rep-
resentation 7.

Example 1.2.4. Let us consider the left and right translations (L, f)(h) :=

flg7h), (Ryf)(h) := f(hg), where f: G — C.
Let H = L?(G, \,C), where ) is the left Haar measure on G. The map

7L G = ULHG, A, C)),  (mo(g)f)(h) = f(g~"h) (1.5)
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is a unitary representation, called the left reqular representation. Indeed we
have:

(mL(9192) f)(h) = f(g5 g7 "h) = mr(g2) f (g1 " h) = mr(gr)mr(g2) f(h).

Moreover, it is unitary, because L, is a surjective map and 7, is an isometry
due to the left-invariance of the Haar measure.

In a similar way, (7r(g)f)(h) := f(hg), where f € L*(G,p,C) and p is
the right Haar measure on G, is a representation, called the right reqular
representation.

We can also define a right regular representation on L?(G, A, C) thanks to
the modular function, as

r: G = UG AC)),  (Tr(9)f(h) = Ag)"*f(hyg).

Obviously, we can do the analogous on L*(G, p,C).

The right regular representations mr and 7g are unitarily equivalent. In-
deed, recalling that the map M, : L*(G,\,C) — L3(G,p,C) such that
(Myf)(g9) == A(g)'/%f(g) is an isomorphism between Banach spaces [1§],
by direct calculation we have that

(M3 '7r(g)Maf) (h) = A(g)' 2 f(hg) = (7r(9)f) ().
A similar proof will show that 7, and 7 are unitarily equivalent.

We can now discuss of the notion of irreducibility of unitary represen-
tations.

Definition 1.2.5. If 7 : G — U(H,) is a unitary representation, a closed
subspace .# < H, is invariant with respect to 7 if 7(g).# C .# Vg € G.

We notice that, if .# # 0, the strongly continuous homomorphism

7y G—=>UH) | ms(9) =7(g) VY e H (1.6)
is a unitary representation, called the subrepresentation of .

Definition 1.2.6. We will say that the unitary representation 7 : G —
U(H) is reducible if admits a non-trivial invariant subspace, i.e. there exists
an invariant subspace .# < H, different from H and {0}; otherwise the
representation is called irreducible.
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An easy way to obtain reducible representations is via a direct sum of
representations: let {m;},cr be a sequence of unitary representation with
carrier space H,,. The map

T = @ﬂ'i | W(g)(z ;) = Zﬂ—i(g)wia (L.7)

el i€l i€l

where 1); € H,, is called the direct sum representation. This representation
is reducible, since each H,, is an invariant subspace for m; therefore each m;
is a subrepresentation of 7. Another useful fact worth mentioning is a way
to decompose the representation space. Indeed it is easy to prove that if
# is an invariant subspace of H, then .#* is invariant too [18]. Therefore,
if 7 is a reducible representation with invariant subspace ., we can write
T =1mys@®nT s, where m, and 7,1 denote the respective subrepresentations
on .# and .#*.

We can now introduce Schur’s lemma, one of the most important results in
unitary representation theory [18]:

Theorem 1.2.7 (Schur’s lemma). Let w1, 7o, 7 be unitary representations
of a l.c.s.c. group G. Then the following sentences hold:

o 7 is irreducible iff € (m) = {cld}.cc.

e Suppose m, o are irreducible. If they are also unitary equivalent, then
€ (m1, ) is one-dimensional. Otherwise, the commutant is empty.

Proof. Suppose firstly that M is a closed subspace of H, and let P be
the orthogonal projection onto M. If P € ¥(n) and v € M, then we
have m(g)v = n(g)Pv = Pm(g)v € M, hence M is invariant. Conversely,
if M is invariant, we have n(g)Pv = 7w(g)v = Pm(g)v if v € M and
m(g)Pv = 0 = Pr(g)v if v € ML, Hence P € €(w). Therefore we have
proven that M is invariant iff P € €(r).
Now let us suppose 7 is a reducible representation. Then %'(7) contains a
nontrivial projections. Conversely, if T € €(7w) where T # cId, then the
self-adjoint operators A = (T + T*) and B = o-(T — T*) are elements of
% () and at least one of them is different from a multiple of the identity
operator. Suppose for example A # cId. Thus €' (7) is reducible, because it
contains nontrivial projections. Indeed, spectral theory guarantees us that
every operator that commutes with A, commutes with all the projections
xe, E CR[I8,39)], where xg is the characteristic function of FE.
Suppose now T € € (71, ms), hence T* € € (my, m). Then we have T*T €
% (), because

TT my = TmT" = mTT".
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A similar argument shows that 7T € %'(m;), so we have T*T = cld and
TT* = ¢1d, hence we must have T = 0 or ¢ /2T is a unitary operator.
Thus if m; and 7 are inequivalent, (7, m) = {0} and it consists of
scalar multiples of unitary operators. Therefore, if T}, Ty € € (7, m2), then
T, Ty = T3 Ty € €(m1), so we have Ty 'Ty = cld, so dim €' (7, m) = 1. O

The following corollary is fundamental in physics:

Corollary 1.2.8. If G is an Abelian group, its irreducible unitary repre-
sentations are one-dimensional.

Proof. If m © G — U(H) is a unitary irreducible representation, then
7(g1)m(g2) = 7(g2)m(g1), which means 7(G) C €' (). Thus, we have 7(g) =
cgld Vg € G, therefore every invariant subspace is one-dimensional. O

As a last topic of this section, we present a first way to decompose a
unitary representation into a direct sum of cyclic representations.

Definition 1.2.9. Let 7 : G — U(H) be a unitary representation and let
Y € H,. Then

Sy = clos(span{m(g)¢ | g € G}) (1.8)
is a closed subspace of H,, called the cyclic subspace of H,. generated by
1.

We notice that ., is an invariant subspace. Indeed let us consider
Y onen EnT(gn)s Do en enT(99n)?b € Fy. Then we have

W(Q)(Z Cnﬂ'(gn)d}) = chﬂ'@gn)w S fw,

neN neN

where the apex means the sum converges in the norm sense. If ., is a cyclic
subspace such that %, = H,, then we will say that ¢ is a cyclic vector and
the corresponding representation will be called the cyclic representation of

0.

Theorem 1.2.10. A unitary representation ©: G — U(H) can be written
as a direct sum of cyclic representations.

Proof. Let us consider the following poset of cyclic subspaces:

{ I3} sen < {SJatacn = P I c P s (1.9)

BeB acA
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Now let {{Z"}acatiezr be a chain. Then it is possible to show that

Uiez @a,en, fogf) = Hp is an upper bound for that chain. By Zorn’s
lemmalj_:]7 there will exist a maximal family of mutually orthogonal sub-
spaces, denoted by {Z,}aca. Now suppose there exists v € H, ¢ # 0
such that ¢ L .#, Va € A. Hence .%;, = span{n(g)¢ | g € G} is or-

thogonal to ., Va € A. Therefore we have ¢ € (@aeA fa)L and, by

invariance of each .#,, %, C (@ae A fa)l, but this is in contradiction with
the maximality of {.%,}aca. Hence we must have

M.=P I 7=Pra. (1.10)

acA a€A

[]

1.2.1 Unitary representations of compact groups

We now discuss the case of compact groups, whose representations possess
the “complete reducibility” property, namely an arbitrary representation
can be decomposed into a direct sum of irreducible ones.

Let GG be a compact group with Haar measure dg normalized in such a way
that fG dg = 1. In the following G will denote the set of equivalence classes
of irreducible representations of G, and will be called the dual of G. We
can observe that, in the compact case, the only important representations
are the unitary ones. Indeed, if V : G — GL(V) is a representation, where
V is a finite dimension vector space and (-, -)o is a scalar product in V, we
can define the inner product

(6,10) = /G dg(V(9), V(9)¥)o (1.11)

with respect to V' is unitary. Indeed,
V)6,V (W) = [ dgtV (19)6. V(b))
= [ ds{v ()6, Vig)o)a = (6.,

where we have used the left invariance of the Haar measure g — h™'g.
Lastly, with respect to the topology induced by V' is still continuous
[10].

! Suppose a partially ordered set X, i.e. a set endowed with a reflexive, antisymmetric
and transitive binary relation, has the property that every chain in X, that is a totally
ordered subset, has an upper bound in X. Then X contains at least one maximal element
[15].




CHAPTER 1. BASIC FACTS ON REPRESENTATION THEORY 18

For each unitary representation U : G — U(H), let us consider a vector
Y € H : ||| = 1 and define the following operator:

Ty = /G dg(U (), YU (g) = /G dgU(g) |0) (0| UGg).  (112)

Observe that Ty is a positive linear operator:

(T, ¢) = / (6, U(g)0) (U g), 6)dx = / (6, U(g)) 2z > 0,

Hence, Ty is self-adjoint, since it is positive [39]. Moreover, it belongs to
% (U). Indeed, let ¢’ € G and ¢ € 5. Then we have

U(g)Tvo = /G

).

- /G U9y, U(d) AU gk = TuU(g)o,

dg(U(g), 9)U (g ) U (g)3
dg(U(g")U(9), U(g")o)U (g’ 9)¢ (1.13)

where we have used the unitarity of U(g) and the left invariance of the
Haar measure with the substitution ¢’¢g — ¢. Lastly, we notice that T is a
compact operator |18, [10].

As a consequence, if 7 is an irreducible unitary representation, then T, =
cld, ¢ > 0. Thus, we deduce the representation space H, must be finite
dimensional, because the identity operator is not a compact operator in
infinite dimension. Therefore, we have proven that the following fact holds
true:

Theorem 1.2.11. If G is a compact group, every irreducible unitary rep-
resentation m: G — U(H,) is finite dimensional.

By the properties of the operator and an application of Zorn’s
lemma as in the proof of [1.2.10] we also have that the following fundamental
fact holds [18]:

Theorem 1.2.12. If G is a compact group, its unitary representations are
fully reducible. Namely, if U : G — U(H) is a unitary representation, we

have that
U=@P . H=EPMH-. (1.14)

aEA acA

where m, 1s an irreducible representation of G on H,,.
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Such decomposition is far from being unique. Indeed, if we consider the
trivial representation ¢ : G 5 g — Id € U(H), dimH > 1, any orthonormal
basis of H gives a decomposition of H into irreducible invariant subspaces.
Anyway, there is a way to make the decomposition unique in the following
sense. We will denote with irrsp(U) the set of all the invariant subspaces
# of U such that U|, are irreducible. Moreover, let

My = M5 (U) := spanc{Z € irrsp(U) | U| , € [r]} (1.15)

be the set of complex linear combination of .# such that the subrepresen-
tation of U is still equivalent to the irreducible representation m. Then, it
can be shown that M, L M; if [r] # [7] and

"= M., M. =P L. (1.16)

[x]ed acA

where L, is an irreducible subspace of M, (the decomposition of M, is
never unique, unless we have only one addend in the direct sum) [I§].
With these notations, it is possible to prove that the cardinality of A is
the same for all the decompositions [I.I6} moreover, it is also true that
8(A) = mult(m, U) = dim(€' (7, U)) [18].

We now sketch the contents of Peter-Weyl’s theorem, which concerns
the link between the aforementioned decomposition and the left regular
representation 7y. Let U : G — U(H) a unitary representation. The maps

oo G229 (U9, 0) €C, ¢, € H (1.17)

are called matriz elements or coefficient functions of U. Then, the set

& = span({c}, | .1 € H}) (1.18)

is a subspace of LP(G) for each p [18, [10] and depends only on the unitary
equivalence class of U. Indeed,

U'lg) =TU(9)T" = (U(g), ¢) = (U'(9)T%,T9).

The latter set is also an invariant subspace for the left (and right) regular
representation [I8]. The coefficients will give us an orthonormal basis
in L?(@). Indeed, the following orthogonality relations discovered by Schur
hold true [I§]

Theorem 1.2.13. Let w, 7" two irreducible representations of a compact
group G and let us consider the associated subspaces &, &y of L*(G). Then
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o If [r] # [r'], then & L &.

dr}

=1,...,
andﬂm =

o If{1;} is an orthonormal basis for Hn, then {\/d.m; ;| i, ]
is an orthonormal basis for &, where d; = dim(H,)

(m(g)wi, ¥5).
Moreover, if ¢1, 02,101,109 € Hy, the following orthogonality relations hold:

/d9<¢1vﬂ(g)¢1><ﬂ<g)¢2,¢2> = (Czl,@aczg,@ﬁ?(a) = d;1<¢1,¢2><¢2,¢1>-
(1.19)

In section we will introduce square integrable representations, which
satisfy some orthogonality relations similar to [1.19; these representations
will play a fundamental role in the construction of quantum mechanics on
phase space.

Let now ¢ € H be a nonzero normalized vector: ||| = 1. The isometry
WE:H 2 ¢ dPc, € LX(G) (1.20)

intertwines 7 with the left regular representation of G [18]. Indeed, let us
consider the following equivalence:

oo = (T mL(g)9) = (mp(g™ (), ¢).
Then we have
C;,ﬂ(g)qﬁ = <7T(gil<'>)z/}7 ¢> = 7TL(9>CZ7¢'
We now observe the following facts [18]:

e Ran Wg < & is an invariant subspace of m. The restriction 7| 6. is
unitarily equivalent to 7.

o If 41,1y € H are such that ¢; L 99, then Ran Wy L Ran W .

Therefore if we consider an orthonormal basis {wj}?gl in H, we have the
following decomposition:

dﬂ'
& = P Ran(W]), (1.21)

J=1

where dim Ran(Wjj ) = dx Vj.
With these ingredients, we can enounce the Peter-Weyl’s theorem [I§]:
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Theorem 1.2.14 (Peter-Weyl). Let G be a compact group and let 7 : G —
U(H,) an irreducible representation. Let us consider an orthonormal basis
{®; ;»l;l in Hr. Then we have

L*G) = & =P (@ Ran(W{;j)> . (1.22)
[rleG

[rleG \J=1

Moreover, R
{dm = C%ﬁwg | g k=1,...,d, [7] € G}, (1.23)

is an orthonormal basis in L*(G) and Ran(Wy) is invariant under the

action of the left reqular representation. Lastly, defining the restriction

) = 7T|Ran(w,g_): we have the following definition for the left reqular rep-
J

T = @ (é} 7r<j>) , (1.24)

[rleG \i=1

resentation:

where 79) is unitarily equivalent to @ for each j. Therefore, each [7] occurs
with multiplicity d,. in the decomposition [1.24).

Example 1.2.15. We want to sketch the representation theory of SU(2),
i.e. the group of unitary matrices whose determinant is 1. Recall that the
most general element in SU(2) is of the form

U= (_“B 2) . a,beC, |a)*+ o> =1. (1.25)

Let P be the space of the complex polynomials in two variables P(z,w) =
Zj,k cjrz?wk and let P, be the space of homogeneous polynomials of de-
gree m, i.e. the space of the polynomials which can be written as P =
Z;":l c;zw™ . If we look at P as a subset of L?(c0), where o is the surface
measure of the unit sphere S® such that o(S?) = 1, we can endow P with
the following inner product:

(P.Q) = [ QPdo, (1.26)
53
with respect to P is not complete, but so it is each P,,, because they are
finite dimensional. Observe that a suitable choice of orthonormal basis of
P is {A(m, j)z7w™ 7} [18], where A is a normalization constant depending
on m and j. We observe that

2\ _ [ az+bw
U (w) o (—bz—i—éw)’
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where (z,w) € C*> and U is as in Then we can define the representation
7 of SU(2) onto P as follows:

(m(U)P)(z,w) := P(U Y(z,w)) = P(az — bw, bz + aw). (1.27)

P, is invariant under 7 by definition, hence we can consider the subrep-
resentation T, = |, 1 SU(2) — Py, which is unitary because we are
considering a rotational invariant inner product. For each m > 0, m,, is
an irreducible representation and {m,, },, form a complete list of irreducible
representations of SU(2). Lastly, the matrix coefficients of these represen-
tations {m20 | 0 < j < m} span P, [18]. If we compute the matrix elements
of m,, with respect to the basis {A(m, j)z/w™ 7}, we see that the functions

7%a,b) = A(m, ))Pa™ 7, 0<j<m (1.28)

span P, [18].

1.2.2 Direct integral of representations

We now briefly review how the decomposition of a generic unitary represen-
tation of a l.c.s.c. group into a direct integral of irreducible representations
is performed. The construction requires several ingredients concerning mea-
sure theory which are beyond our aims, so we will sketch only the most basic
facts.

Let (A, M) a measurable space. The family of nonzero separable Hilbert
spaces {Ha }aca Will be called field of Hilbert spaces over A and the map
[+ A= T],ca Ho will be called vector field over A. Due to separability, we
can consider the countable set {e;(a)}52, in H; the couple ({Ha}, {e;(a)})
will be called measurable field of Hilbert spaces if:

1. The maps A > a — (e;j(), ex(a))a € C, where the subscript means
the scalar product is in the o’s Hilbert space, are measurable for all
7,k € N.

2. span{e;(a)}52, is dense in H, for each a.

We will say the vector field f on A is measurable if, given a measurable
field of Hilbert spaces ({Ha}, {€;(a)}) on A, the map f — (f(a),e;j(®))q is
a measurable function on A for each 7. We also notice that, if f and g are
two measurable vector fields, then (f(«), g(«)), is a measurable function
[18]. This fact allows us to give the following
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Definition 1.2.16. Suppose ({H.}, {e;(«)}) is a measurable field of Hilbert
spaces over A and suppose p is a measure on A. The direct integral of the
H, with respect to the measure y, denoted as f@ Hodp(a), is the space of
measurable vector fields f on A such that

12 = / (@) 2du(a) < oo, (1.29)

where ||-||, denotes the a’s Hilbert space norm.

In particular, such space is complete under the following inner product
18], [19]:

(f,g) = / (f(), 9())adp(a), (1.30)

hence it is an Hilbert spacef]

Example 1.2.17. Let #H be a separable Hilbert spaces and let {e;} be an
orthonormal basis in H. The constant field is a measurable field of Hilbert
spaces over A, where we have set H, = H and ej(a) = e; Vo € A. Hence
f$ Hadu(e) is the space of measurable square integral functions from A to
H with respect to u, sometimes denoted by L*(A, u, H).

Example 1.2.18. Now we can see that the direct integral is a correct
generalization of the direct sum of Hilbert spaces. Indeed, suppose A is a
discrete set so that its o-algebra is simply the power set P(A) and let {H,}
be an arbitrary field of Hilbert spaces over A. For each o € A, {ej(a)};l(:l) is
an orthonormal basis for H,. {H,} is a measurable field if we set e;(a) = 0
for each j > d(«). Now, because A is discrete, we can choose p as the

counting measure on A, hence f@ Hodp(a) is nothing but @, 4 Ha-

Let now ({Ha.},{e;j(«)}) be a measurable field of Hilbert spaces over
the parameter space A. The element T : A — Il,caBB(H,) is called field
of operators over A. We will say T is measurable if the maps a € A —
T(a)f(a) € HyeaH,s are measurable.

Let now p be a measure on A with respect to the measurable field of op-
erators 1" is such that ||T|| . < oo. Hence ||T'(a)f(a)|, < T I f(a)ll,,
which means T defines a bounded operator on ff Hodp(a), denoted by

f@ T(a)dp(e), and called the direct integral of the field T

2 This definition depends on the equivalence class of the measure p, indeed, if '
is another measure on A such that p,p’ are mutually absolutely continuous, the map
f = /dup/dp is a unitary isomorphism between f® Hadp(o) and f@ Hodp! (o) [18].
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Definition 1.2.19. Suppose G is a l.c.s.c. group and let 7, be a unitary
representation of G on H,, where a € A. Suppose the map a — 7,(g) is
a measurable field of operators for each g € G. The set {7, }aca is called
measurable field of representations of G.

Since the 7, are unitary representations, we can form the direct integral

w(0)i= [ malo)in(e), (131)

which is still a unitary representation of G on [ H,du(a) [I8). is
called the direct integral of the representations 7,. Then, the following fact
holds:

Theorem 1.2.20. If G is a l.c.s.c. Abelian group and if U : G — U(H) is
a unitary representation, then U s unitarily equivalent to a direct integral
of irreducible unitary representations.

When G is non Abelian, we must fulfill stricter conditions. In particular,
if 7 is a unitary representation of a l.c.s.c. group G, we will say that 7 is
primary if €' (m) coincides with scalar multiples of the identity (hence every
irreducible representation is primary thanks to Schur’s lemma). If every
primary representation of G is a direct sum of copies of some irreducible
representation, then G is a type I group. In this setting, it is possible to
prove that, in order to have a unique direct integral decomposition (up to
unitarily equivalence) of a unitary representation of a group G, G shall be a
type I group [18], otherwise terrible things happen. Indeed, in such a case,
a primary representation ¢ may be such that

aw/@ﬂadu(a)w/@frﬁdu(ﬁ), (1.32)

where all the m,’s and the 75’s are irreducible and no 7, is equivalent to
any 75 [18]. Thus, the direct integral decomposition would not be unique
anymore.

1.3 Induced representations

In this section we show a way to build up unitary representations of a locally
compact (second countable) group starting from unitary representations of
its closed subgroups.

Let G be a locally compact group, H a closed subgroup and ¢ : H —
U(H,) a unitary representation of H. We denote with ¢ the canonical
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quotient map of G on G/H. We will suppose G/H admits a Radon measure
p, which is invariant under the following left-action of G on G/H [18, 28]:

9lgH) = (99)H, g€ G, §H € G/H. (1.33)
The inducing construction starts considering the following space of function:

Fo:={f € C(G,H,) | q(supp f) compact, f(g€) =0c(E")f(g), (1.34)
geG, € H},

where C(G, H,) denotes the space of continuous functions from G to H,.
Observe that all the functions of the form

£alg) = /H o(h)a(gh)dh, (1.35)

where a : G — H,, is continuous with compact support, are in Fy. Indeed,
because q(supp fo) C q(supp «), we have g(supp f,) is compact. Moreover,
by definition,

falg) = /H o(h)a(geh)dh = /H o(6  h)algh)dh = o (61 fa(g),

where we have used the left-invariance of dh and the substitution h — £~ 1h,
thus f € Fy. We can also prove the converse, but we have to recall the fol-
lowing fact: if f € C.(G), there exists a unique function f e C.(G/H) such
that f(gH) = [, f(gh)dh ¥g € G [28].

Therefore, if ¢ € C.(G/H), there exists f € Co(G) such that f = ¢ [28]
(the correspondence is still true if we replace C.(G/H) with C.F(G/H) and
C¢(G) with CF(G), where CF(G) denotes the set of strictly positive func-
tion with compact support [1§]).

Now let us suppose f € Fy. Then there exists ¢ € C.(G) such that
[y #(gh)dh =1 for g € supp f. If we set a = ¢ f, we have

falg) = /H o(gh)o (k) f(gh)dh = /H b(gh) (9)dh = f(9).

thus f = f,. We also remark these functions are left uniformly continuous
[28].

Now we can naturally consider an action of G on Fy by left translation
f(h)+ Lyf := f(g~'h). Indeed, L, f € Fy, because

Lyf(g€) = f(h™'g€) = a(€7") f(h™"g) = a(€7") Lnf(9)-
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Moreover, recall these maps are surjections, hence we have to find an inner
product with respect to such translations are isometries in order to obtain
unitary operators. If f g € Fy, we observe that (f(g),h(g)),, where o
denotes the inner product in H,, depends only on the coset ¢(g) of g since
o is unitary, thus it defines a function in C.(G/H). Recalling that if u is
a left Haar measure then [ fdu > 0Vf € CH(G) [18], we can define the
following inner product in Fy:

(f.9) = /G 1(6) hig))odu(gH), (1.36)

which is preserved under left translation thanks to left invariance of the
Haar measure [28]. Finally, denoting with F the Hilbert space completion
of Fo, the translation operators L, extend to unitary operators on F. We
also note that g — L,f is continuous from G to F Vf € Fy. Moreover,
the maps L, are strongly continuous on F [28]. Consequently, we have a
unitary representation on G, called the representation induced by o which
will be denoted by ind% ().

1.3.1 The Mackey machine

We now give a brief introduction to the Mackey machine [45], a technique
that is very useful to analyze the irreducible representations of a semi-direct
product group [45] [I8]. Because most of the proofs require the notion of
systems of imprimitivity, which are beyond our interest, we only expose the
main results of the theory without demonstrations (we refer to [I8], 28] [45]
for them).

Let G be a lcs.c. group and suppose N # {e} is a closed Abelian
normal subgroup of G. We can consider the action of G on N by conjugation
n +— gng~*, which induces an action of G on the dual group N as follows:

(n,gv) == (g 'ng,v), g€ G,veN,ncN. (1.37)

where (n,v) = v(n). Let G, := {g € G | gv = v} be the stabilizer of v
for each v € N and let O, = {gv | g € G} the orbit of v for each v € N,
Nevertheless, the action of G on N is never transitive and the structure of
the set of all the orbits could be very hard to analyze, since, for example,
we have that O, = {e} [18]. Thus we shall introduce a less strict condition
for such action.

Definition 1.3.1. We will say the action of G on N is reqular if:
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e There exists a countable family of G-invariant Borel set {E;} in N
such that each orbit in N is the intersection of all the £}’s that contain
it.

e Vv e N the map G/G, 3 ¢G, — gv € O, is a homeomorphism.

We remark that, for second countable groups, these two conditions are
both implied by requiring that there exists a Borel set in N which intersects
each orbit in exactly one point [I§].

With these notations, if 7 : G — U(H) is an irreducible unitary represen-
tation, there exists v € N and an irreducible representation o of GG, with
o(n) = (n,v)Id Vn € N, such that 7 is unitarily equivalent to ind% (o)
[18, 28] 45]. Observe that the choice of v in the orbit O, is arbitrary, al-
though O, is uniquely determined. Indeed, if v/ € O,, namely v = gv,
we have that G, = G, since G, = gG,g~" [18]. Moreover, if 0,0’ are
representations respectively of G, and G/, where o/(h) = o(g 'hg), then
there exists a bijection between these representations and the induced rep-
resentations indgy(a), indgy/(a’ ) are unitarily equivalent [I8§].

The converse is also true. Namely, if v € N and ¢ is such that o(n) =
(n,v)Id, Vn € N, then the representation © = indgy(a) is irreducible.
Lastly, if ¢’ is another such representation of G, such that indgy(a) =
ind$ (0’), then o and o are unitarily equivalent [I8] 28, 45].

We have to remark that these results are not satisfactory when the

representations of (G, are not easy to analyze. In such cases, however, we
can restrict the analysis to G/N. Indeed, if v € N, we can extend v to a
representation of G,, which will be denoted by o : G, — T, such that 7|, =
v. If p is an irreducible representation of G, /N, then o : G, — U(H,)
with o(y) = o(y)p(yN) and o(n) = (n,v)Id for n € N, is an irreducible
representation, because p is irreducible [18].
Observe that every representation of G, is of this kind. Indeed, if ¢ is an
irreducible representation of G, with o(n) = (n,v)Id, n € N, we have that
the representation ¢, which is such that o/(y) = v(y) ‘o (y), is irreducible
and it is trivial on N by construction, thus o’'(y) = p(yN) and o(y) =
v(y)p(yN).

This phenomenon occurs every time we analyze semi-direct product
groups. Let G = N x H where N is a closed normal subgroup and H
is a closed subgroup of G and suppose G acts regularly on N. Recall that
the composition law in G is given by the conjugation, i.e.

(nlhl)(thg) = (nl(hmghl—l)) (hlhg),
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where ni,no € N, hy, ho € H. Now suppose N is an Abelian subgroup and
let us call the irreducible representations of N (which are one dimensional
due to Schur’s lemma) characters. For each v € N we define the little
group H, := G, N H. Hence we have H, = G,/N, because G, O N
and G, = N x H, [I8]. Moreover, by definition of left action of G on N,
every character v can be extended to a homomorphism v : G, — T with
p(nh) = v(n) = (n,v). Therefore, if v € N and p : H, — U(H,) is a
unitary irreducible representation of H,, then

(vp)(nh) = (n. V)p(h), (1.38)

is an irreducible representation of G, and every irreducible representation
of G, is of this form [I8] . Moreover, observe that vp is equivalent to vp/,
where p’ is an irreducible representation of H,., iff p is equivalent to p'
[18]. Hence we can sum up our results in a complete classification of the
irreducible representations of G = N x H, where N is Abelian, in terms
of the characters v of N and the irreducible representations of their little
groups H,.

Lastly, observe that, since N acts trivially on N , the G-orbit of the character
v € N is the same as its H-orbit. Moreover, if v/ = gv, where g € H, then
the little groups of v and v/ are such that H,, = gH,g~', then we have
H, = H, [1§].

Example 1.3.2. We sketch the classification of the irreducible represen-
tations of the Poincaré group, which was firstly done by Wigner in his
remarkable paper [49]; more details can also be found in [I0].

Recall that the Lorentz group SO(3,1) is the group of matrices in A €
My (R) such that

1 0 0 0
o o -1 0 o0
0O 0 0 -1

or, equivalently, the group of transformations that leave the Lorentz pseudo-
inner product invariant. SO(3,1) admits two non trivial homomorphism
in {+1}, the determinant A +— det A and the sign map A — sgn A.
We usually prefer to use the proper orthochronus Lorentz subgroup, de-
noted by 803(3, 1), whose matrices are such that det A = 1, sgn A =
1, A € SO/(3,1). In literature we often see the SL(2,C) group instead
of SOJ(3,1), because it is its universal covering group [10]. The Poincaré
group is therefore given by the semi-direct product between the proper or-
thochronus Lorentz group and the group of translations 7(4) in R* which is
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Abelian and therefore is normal; hence, we will write P = T (4) x SO(3,1).
The group composition law is the natural composition given as follows:

(a,AN)(a',\') := (a+ Ad', AN). (1.39)

As in the case of the Lorentz group, we can also consider the universal
covering of the Poincaré group II := T (4) x SL(2,C). Observe that this
group is simply connected, because T (4) and SL(2,C) are, therefore II is
properly the universal covering group of P [10].

We can now sketch how representation theory works for II. Observe that
we can identify 7(4) with 7(4). The characters are given by the pairing
(n, i) = 2™ M = 0,1,2,3, where n € T(4), 7 € T(4). We can then
write the action of IT on 7 (4):

(Am, i) = (AR AT L) (1.40)

therefore the action of A is such that 7 — A=/, Hence we have that every
orbit is contained in the following hyperboloids:

n2—n? —n2 —ni=m? m?eR. (1.41)
We can now distinguish three cases, which will require to analyze the irre-
ducible representations of different stabilizer groups:

e Case m? > 0. In this case describes a two-sheet hyperboloid.
The stabilizer group is SU(2) (SO(3) for P) and the irreducible rep-
resentations of II are labelled by a integer or semi-integer numbers.

e Case m? < 0. In this case describes a one-sheet hyperboloid and
the stabilizer group is SL(2,R).

e Case m? = 0. In this case describes a cone which will consist
of three possible orbits: the origin, the upper cone and the lower
cone. These orbits are stabilized by the Euclidean group F(2), whose
representations can be studied again with the theory of induced rep-
resentation [10].

1.4 Projective representations

We now introduce the theory of projective (unitary) representations, which
are fundamental for the phase space description of quantum mechanics.
Roughly speaking, projective representations arise in physics because uni-
tary representations are not always the most suitable ones to describe phys-
ical simmetries. Indeed, due to Wigner’s theorem, we know that simmetries
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in quantum mechanics are represented by unitary (or anti-unitary) trans-
formations, which are uniquely determined up to phase factorﬂ [35]. We
will analyze such representations using a standard procedure: starting with
a group, we will “lift” such group via the central extension and we study
the irreducible unitary representations of the latter. Then, we restrict such
representations, obtaining the projective ones.

Firstly we need to define the projective group. Let H be a separable
Hilbert space and let U(#H) be the group of unitary operators on H and let
Z(U(H)) :={zId | z € T} = T(H) be its center.

Definition 1.4.1. The quotient group Z(H) :=U(H)/T (H) is called the
(unitary) projective group.

It can be shown that such group is a polish second countable group [45].
In the following, p : U(H) — P (H) will denote the canonical projection
epimorphism. Now let ) € H be a normalized vector, then set 1) = [ ¥)]
and define the following maps:

730 P(V)) 1= Te(QVIV*) = [(6, Vi) Vo, € Py(H), ¥p(V) € 2 (H)
(1.42)

(here we denote with P;(H) the set of rank 1 projectors). The quotient

topology is equivalent to the initial topology given by the maps [45]

{7'(2)712) : @(H) — R}J),JJE?%(H)' (1.43)
We can now introduce the notion of projective representation.

Definition 1.4.2. Let G be a group and K be an Abelian group. The map
i: G x G — K such that u is Borel and

1091, 9293) (g2, g3) = 1(g192, 93) (g1, 92), (1.44)
plg,e) = ple,g) =1 VgeG.
is called K-multiplier. If K =T, we just say u is a multiplier.

We denote with Mg (G) the group of the K-multipliers, where the
composition law is given by the pointwise product. If up,us are two K-
multipliers and there exists a Borel map B : G — K such that

12(9.9) = B(99)8(9) ' B(9) '11(9.9) V9.9 € G, (1.45)

3 To be fair, it is possible to prove that we can also consider unitary transformations
and transpositions instead of unitary and anti-unitary transformations [35].
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then py, po are said to be equivalent and we will write gy ~ po; if p ~ 1,
then p is exact. Exact K-multipliers form an Abelian group with the point-
wise product, denoted by Ex(G), which is a normal subgroup of M (G).
Therefore we can consider the group Mg (G) := Mg (G)/Ex(G), called the
K-multipliers group.

Definition 1.4.3. Let G be a l.c.s.cc. group and let p: G xG — T a
multiplier. The map U : G — U(H) is a p-representation if:

1. g — U(g) is weakly Borel.
2. U(e) =1d.
3. Ulgh) = (g, W)U(g)U(h), ¥g,h € G.

We will say that U is a projective representation if there exists a y-multiplier
such that U is a p-representation.

Observe that if p is the projection epimorphism, then U= polU:G —
P(H) is a homomorphism, because

V]

U(gh) = p(u(g, U(9)U(R)) = p(U(g))p(U(h)) = U(g)U(h).

Moreover, U is continuous [45]. Viceversa, if U is a Borel homomorphism,
U is continuous and there exists a projective representation U such that
U = p(U). The following fact also holds [45]:

Proposition 1.4.4. If U,V are projective representations with multipliers
w, v respectively, such that V(g) = U(g) Yg € G, then u~ v.
Conversely, if v ~ p, there exists a v-representation V' such that U(g) =

Y

V(g) Vg € G.
Another important fact is the existence of a u-representation:

Proposition 1.4.5. If p: G x G — T is a multiplier, then there exists a
p-representation U.

Proof. Let us consider H = L?(G, \,C), where ) is the left Haar measure,
and consider U : G — U(H) defined as follows:

(U(g)f)(h) :==u(h™',9) g~ h), feL*G). (1.46)

Hence we have

(U(9g)f)(h) = u(h™",99) " f(G g "h). (1.47)
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and
U(g)U(g)f(h) = p(h™", 9) " p(h™"g,5) " f(g 97" h). (1.48)
By and we have

Ulgg) = u(h™",99) ' u(h™, 9)u(h™ g, 9)U(9)U(9)
=pu(h™", 99) " (g, g ) (b1, 99)U(9)U(9)
= u(g,3)U(9)U(9)-

O]
The previous results lead us to the following important corollary [45]:

Corollary 1.4.6. If U is a u-representation, p is an exact multiplier iff
there exists a unitary representation V : G — U(H) such that the projec-
tions poV, poU coincide. Moreover, if V, V are two unitary representations
of G on H such that poV = p oV, then there exists a continuous homo-
morphism x : G — T (which we will call a character in the future) such
that V(g) = x(9)V(g) and viceversa.

Therefore, if we have an exact multiplier, we can always find a unitary
representation projectively equivalent to the projective one.

We now introduce the notion of group extension. Let G, K be two
l.c.s.c. groups, K Abelian, let Mk (G) be the group of K-multipliers and
let us consider a topological group H.

Definition 1.4.7. If + : K\ — H is a monomorphism which restrict to an
isomorphism from K to K = i(K) < H and if j : H — G is a continuous
epimorphism such that K = ker(j), the triad (H,i,j) is called the group
extension of G via K.

If im(K) = K C Z(H), the extension is central.

Notice that, in general, we may consider equivalence classes of group
extension defined as follows. If (H,4,j), (H',7,j') are group extensions of
G via K, they are equivalent if there exists an isomorphism ¢ : H — H’
such that ¢(i(k)) = i'(k) Yk € K and j'(¢(h)) = j(h) Yh € H.

A fundamental result due to Mackey plays a central role in the analysis of
projective representations; roughly speaking, its statement gives the stan-
dard form of the central extension of a group [45]:



CHAPTER 1. BASIC FACTS ON REPRESENTATION THEORY 33

Theorem 1.4.8 (Mackey). Let u: G x G — K be a K-multiplier and let
us consider the group K x, G of pairs in K x G such that

(k, 9) (k. §) = (kku(g. ), 99), (1.49)
(k,g) ™' = (k'ulg, g7 "), 97", (1.50)

where (1,e) is the identity element. Then there ezists a unique topology,
called the Weil topology, with respect to K x,, G is a l.c.s.c. group and
the Borel structure induced by the Weil topology coincides with the Borel
structure of the product topology.

Furthermore, if io : K — K %, G, jo: K x, G = G are such that io(k) :=
(k,e) and jo(k,g) := g, then (K x, G,ig,jo) is a central extension of G.
Each central extension of G is of this kind and the central extensions are
equivalent iff the respective K-multipliers are.

It is easy to show that the Haar measure on K X, G is given by the
product kK ® p, where  is the Haar measure on H and p is the left Haar
measure on G. Indeed, for each f € L'(K x, G,k ® \) we have

| k@) (Fa) k) = [ dNo) [ d(nf(Fbul.9). ) =
Kxd G K
- /K i) /G IN9)f (k. g) = /K dx @ A(k.9)f(.9)

where we have used Fubini-Tonelli’s theorem and the left invariance of the
Haar measures k, p. Moreover, it is still a Radon measure because the prod-
uct of two Radon measures is still Radon.

Finally, let us briefly discuss the link between projective representations
of the l.c.s.c. group G and unitary representations of its central extensions
via the Abelian group K.

Proposition 1.4.9. Let v : G x G — K be a K-multiplier and leth : K —
T be a group homomorphism. Then,

p=vp:=hov:GxG—T (1.51)
18 a multiplier.

Proof. Observe that h is a Borel map, because it is a homomorphism be-
tween polish spaces [45]. Then, since v is a multiplier, holds, hence

(g1, 9293)11(92, g3) = h(v(g1, g2g3)v (92, g3)) =
= h(v(g9192,93)v(91, 92)) = 11(9192, 93)11(91, g2)-
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Similarly,

1(g,e) =h(v(g,e)) =h(e) =1=h(v(e g)) = ule, g).

Moreover, pu is a Borel map, because it is the composition of the Borel maps
v and h [45]. O

Similarly, we also have the following fact:

Proposition 1.4.10. If U : G — U(H) is a p-representation, where p =
Un, the map

VK x,G53(kg)— h(k)'U(g) € U(H) (1.52)

is a unitary representation. Conversely, if U : G — U(H) is such that
U(g) :==V(1,9) and if V(k,e) = h(k)~'1d, then U is a pu-representation.

Proof. By a direct computation we have:

V((k, 9)(k,3)) = h(kkv(g,§) " U(g9)
=h(k)""h(k) 'h(v(g,3)) (g, )U(9)U ()
=h(k)""h(k)'U(9)U(G) = V(k,g)V (k. )

Moreover, V' is a weakly Borel homomorphism from K x, G to U(H ), hence
it is a strongly continuous map.

Suppose now U : G — U(H) is such that U(g) := V(1,g) and suppose
V(k,e) = h(k)'Id. Then U is a p-representation, because

U(gg) =V (1,99) = V((v(g.9)"9)(1,7) = V((v(g, )", e)(1,9)(1,3))
=h(v(g,9)") "'V, 9)V(1,9) = uly )

Such a map is continuous iff the multiplier y is continuous [45]. O
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Chapter 2

The Heisenberg-Weyl group and
Weyl systems

In this chapter we will study the Heisenberg-Weyl group, a fundamental
tool in the description of quantum mechanics on phase space, which helps
us in the classification of the irreducible projective representations of the
phase space translations group. In particular, in order to study the discrete
Heisenberg-Weyl group, it is convenient to consider the standard one at
first, because the classification of their irreducible unitary representations
can be done in a similar way thanks to the Mackey machine.

The chapter is structured as follows. In the first part we introduce the stan-
dard Heisenberg-Weyl group, both in its unpolarized and polarized form,
the last one which is useful for generalizations. We will also review the
latter from a symplectic point of view.

Then, we will study the projective representations of R?", which, by cen-
tral extension with R, will lead to the irreducible unitary representations of
the Heisenberg-Weyl group. Next we will deal with Weyl systems and the
canonical commutation relations and we will discuss the celebrated Stone-
von Neumann’s theorem.

In the second part we will consider the discrete version of the Heisenberg-
Weyl groups. In particular, by mean of an interesting example, we will see
that it is convenient to consider a general phase space in the form G x @,
where G is a l.c.s.c. Abelian group (these phase spaces are very interesting
for many physical application, for example in many body systems and in
quantum information [1]).

Finally, we will concentrate our attention on the discrete case Zy X Zy,
studying the irreducible unitary representations of the discrete Heisenberg-
Weyl group. In this context we will also point out an interesting difference
with respect the standard Heisenberg-Weyl group, which is due to the finite-

35
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ness of the group considered. As a last topic, we will discuss of the discrete
analogue of Weyl systems and Stone-von Neuamnn’s theorem.

2.1 Some fundamentals on the
Heisenberg-Weyl group

In this section we define the Heisenberg-Weyl group, which play a crucial
role in the classification of the projective representations of the phase space,
since it is its central extension (see section [2.2.1)). We will illustrate different
realizations of such a group, which are equivalent to each other.

Definition 2.1.1. The set of upper triangular matrices

1
M(Tvc.va) - 0 S M(n+2)(R)7 (2]—>
0

o3
— Q3

where ¢,p € R" and 7 € R, is a group with respect to the standard ma-
trix product, called the polarized Heisenberg-Weyl group and it is usually
denoted as HPOL(R).

We will also write the composition law in the form
M(r,q,p)M(7',q" . p) = M(T+ 7' +pd,qa+d,p+1), (2.2
hence the inverse element of (7, ¢, p) is given by
M(qp —7,—q,—p) (2.3)

Observe that HY9L(R) is decomposed as NPOL x! HFPOL where a,(T, q
(7 + qp,q) is the semi-direct product action and NFOL = {(7,¢,0) | T,
R,q € R"} and H"°" = {(0,0,p) | p € R"}.

The polarized Heisenberg-Weyl group admits another equivalent realization:

m 1l

Definition 2.1.2. The (unpolarized) Heisenberg-Weyl group H,(R) is the
group of triples (7,q,p), 7 € R, q,p € R™ with respect to the composition
law

1

(t.q,p)(7, ¢, p) = <T + 7'+ §(qp' —pq),q+ ¢, p+ p’) , (2.4)

and where the inverse element of (7, ¢, p) is given by

(1,q,p)"" = (=7, —q, —p). (2.5)
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Indeed, it is straightforward to prove the following fact:
Proposition 2.1.3.

1

j:HYOMR) 3 (1,4, p) = (ﬁqp —~ T,q,p) € H,(R), (2.6)

1S a group tsomorphism, whose inverse is

1

j_l : Hn(R) =] (TJQ7p) = <§qp - T:Qap) € HEOL(R)

We remark that
Z(H.(R)) ={(7,0,0) e H,(R) | T € R}
is the center of the Heisenberg-Weyl group. Indeed, (7,¢,p) € Z(H,(R)) iff

(r,q,p) = (7.4, P) (1, ¢, p) (7', ¢, p)) " =

1 1
= (7” +7 =7+ 50 —ap) + 5ld (0 =) —P(a— ), qap) 7

hence we must have ¢ = p = 0.

We can now highlight the semi-direct product structure of H,(R). In
particular, let us consider the subgroups

N ={(1,4,0) e H,(R) | T € R, ¢ €R"}, H={(0,0,p) € H,(R) |p€R"}.

(2.7)
Of course N is a normal subgroup of G since it is Abelian. Moreover,
observe that the following decomposition holds:

1
(Ta Q>p) = (7— - §qp7Qa O) (Ovoap>7

thus

1 1
(r.q,p)(7'. ¢, p") = (T = 54P:4; 0) (T’ — iq’p’ -pq.q, 0) (0,0,p+7p').

Hence, a,(7,q) = (7 — ¢qp,q) is a semi-direct product action, therefore
Ha(R) = N x H.
Lastly, observe that the map

i :H,(R) =N x H 3> nhw (n,h) € NPOL x! HPOL — HPOL(R)  (2.8)
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such that
(r.q,p)(7".¢".p)=(r+7 —pd,qg+d . p+D)

is a group isomorphism. We notice that HZ?%(R) is another polarization of
the Heisenberg-Weyl group, which is isomorphic to HE9Z(R) via the map

ioj:HEOMR) 2 (1,4,p) = (—7.q,p) € HEOE(R). (2.9)

We also remark that the semi-direct product decompositions given above
are not the unique ones possible for the Heisenberg-Weyl group. Indeed,
we can also choose as a normal factor the Abelian subgroup N = {(r,0,p) |
7 € R, p € R"} and as a homogeneous factor the subgroup H = {(0,¢,0) |
q € R"}; the decomposition still holds (the same holds for the polarized
realization).

2.1.1 The symplectic point of view

Now we clarify some facts concerning the polarizations of the Heisenberg-
Weyl group which are related with the standard symplectic form defined on
the phase space.

Let us consider a symplectic space (V,w), where V is a vector space
and w : V xV — R is a symplectic form, namely an antisymmetric, non-
degenerate bilinear form. Given a set S C V, we will consider

S i={veV|ww)=0vwe S}, (2.10)

which is the set of “symplectic orthogonal” vectors of S. We will say that S
is a lagrangian set if S“ = S. Moreover, we recall that a symplectic space
must be of even dimension [44].

Definition 2.1.4. If (V,w) is a symplectic space (dimV = 2n), the set
{e1, - ,en U{el, ... e} is a symplectic basis if

w(ej er) = w(e)er) =0, wlej,e) =0 Vi, k (2.11)

We notice that, if (V,w) is a symplectic space, there exists a symplec-
tic basis in V [44]. Now, if {e},...,en, €},... €.} is a symplectic basis
of V with dimV = 2n, then the subspaces L = span{ey,...,e,},L" =
span{e}, ..., e, } are lagrangian and they are such that LN L' = (), hence
V =L+ L with dimL = dimL’" = n. Moreover, these two lagrangian
subspaces are isomorphic, since

Lo>wr w(,w)=w* el
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is a linear isomorphism [44].

If we now consider a symplectic space (V,w), dimV = 2n, we have that
H, =R x Vis a group with respect to the composition law

(r,0)(7,v) = (T +7'+ %w(% V), v+ U’) , (212)

where the inverse element is (—7, —v) [44].
Hence, we can define a polarization by the choice of a pair of lagrangian
subspaces (L,L’). Indeed, observe that V> v =Q+P, Q €L, PeL' =L*
Then let us define P(Q) = P-Q = Q- P := w(Q,P) = —w(P,Q). Thus,
the composition law [2.12] can be written as

(1,Q+ P)(7, Q' + P') =

— (7474 Q@ RQ P Q4 @)+ (P4 )

= <r+7’+%(Q-P’—P-Q’),(Q+Q/)+(P+P’)) .
Moreover, since @ € L, P € L', we have Q = > | gie; and P =" | p;el.
Proposition 2.1.5. The map
Ny :Hy, 2 (1,Q + P)— (7,q9,p) € H,(R) (2.13)
18 a group isomorphism.
Proof. By direct calculation and setting ¢-p = >, ¢;p;, we have that
n.[(r, Q@ + P)(r', Q" + P)] =

(7474 5@ P - P Q@+ @)+ (P4 )

1
= (T+T'+§(q-p’—p-q’),q+q’,p+p’)

= nu[(1,Q + P)]HW[(T/> Q' + P/)]'
O

Thus, H,, is a generalized form of the Heisenberg-Weyl group.
Therefore, we have two possible polarized forms of the Heisenberg-Weyl
group, denoted with HPOL™ HPOL™ with the following respective product
laws:

(rQ+P)T . Q+P)=(+7-P-Q(Q+Q)+(P+P)), (2.14)
(rQ+P)(Q+P)=(T+7+P-Q.(Q+Q)+(P+PF)). (215
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2.2 Weyl systems

In this section we will discuss the irreducible representations of the additive
group of phase space translations R” x R® = R?". Since this is an Abelian
group, by Schur’s lemma [1.2.7] its irreducible unitary representations are
all one-dimensional, hence physycally trivial, thus we will concentrate on
the projective ones.

In particular, we will study the multipliers of the vector group R?*" and its
central extension via R, which will lead us to the (generalized) Heisenberg-
Weyl group H,,, whose irreducible unitary representations will be discussed
by means of the Mackey machine. Finally, we will deal with Weyl systems
and Stone-Von Neumann’s theorem.

2.2.1 The projective representations of the phase
space translations group

Let v : R? x R?® — R be a R-multiplier. Observe that, if v is exact, then
v is symmetric. Indeed, since R*" is an Abelian additive group,

v(z,y) =Bz +y) — Bx) - B(y) =v(y,x) Vz,yeR™

Furthermore, if v : R?® xR?® — R is a bilinear form, then ~ is a R-multiplier.
Indeed, if z,y, 2 € R?",

Y@,y +2) + 7, 2) = y(z,y) + (2, 2) +7(y,2) = v(z +y,2) +v(2,9),
v(x,0) = v(0,z) = 0.

Besides, we also have that a bilinear symmetric form o : R?® x R — R is
an exact multiplier. Indeed, if we set 5 = %a(x, x), we have that

Blx+y) — B(x) — By) = % (c(z+y,x+y) —o(r,r) —0o(y,y) = o(z,y).

Therefore, we can analyze v by observing the behaviour of its antisymmetric
component, defined as

alz,y) = %(v(fﬁ,y) — (Y, x));

if v is not null, then the multiplier is not exact.

Let us now consider the covering homomorphism h: R 3 ¢t — e € T,
which is a Borel map because R and T are polish spaces [19, 45]. Therefore,
following the general construction seen in section we have that

hov:R™ xR T
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is a multiplier. In particular, by the previous discussion, the latter is non-
exact if v is non-exact, hence if it is an antisymmetric bilinear form. Thus,
we can consider the group of multipliers

M(R®™) = {[hoaq] | a is a bilinear antisymmetric form} (2.16)

(in particular, E(R?") := [1] is the set of the exact multipliers of R?").
Hence, the most generic non-exact multiplier R?® x R?" — T is given by

p(z,y) = Blay)B(x) " Bly) e, (2.17)

where « is a bilinear antisymmetric form. Therefore, if « = 0, we have an
exact multiplier.

Definition 2.2.1. We will say that the multiplier x4 : R*™ x R — T is
non-degenerate if the corresponding bilinear form is a symplectic form, i.e.
it is an antisymmetric non-degenerate bilinear form.

Observe that yu is a non-degenerate multiplier of R?" if and only if
Vo € R? 2 #0, 3y € R* | u(z,y)u(y, »)* # 1. (2.18)
Indeed,
e y)plysa)” = 00D — (D) ¢ [(2a),).

Let now u be a multiplier related to the antisymmetric form « as in [2.17]
and let us consider the left radicals

rady(a) := {z € R* | a(z,y) = 0}. (2.19)
Due to antisymmetry, we have that the set of right radicals
radg(a) == {y € R*" | a(z,y) =0}

will coincide with rady(«), thus we set Vo = rady(a) = radg(«). Let now
W : R?™ — U(H) be an irreducible projective representation with multiplier
i defined as in The projective representation V' defined as

V(z) := B(x)*W(z) VxecR™

is still irreducible, with multiplier oy, = €**). Let us now consider v € V,
vy € Vg, then we have

V(vg +v) = IV (0)V (v) = V(0)V (vp),



CHAPTER 2. THE HEISENBERG-WEYL GROUP AND WEYL
SYSTEMS 42

because vy € rad(«). Conversely, if vy, vs € V, then
V(vy 4 v) = e“WV (0))V (0y) = e @20V (1) V (vy),
where w := «af, is a symplectic form. Hence, we have that
Vly, : Vo = U(H)

is a unitary representation such that V5(Vy) C €(V) = {zIdy | z € T} due
to Schur’s lemmall.2.7, so Vo (vg) = e**°Idy. Conversely, the representation
U= V|, :V— U(H) is projective, with multiplier wy, = ¢*(+) hence

V(vo +v) = e*U(v), Yy € Vg, Vo € V.

In other words, V' is projectively equivalent to the irreducible projective
representation with multiplier wy. In summary, we can always disregard the
phase factor given by rad(«) and we can focus our attention onto multipliers
related with symplectic forms.

Now, following Mackey’s theorem [1.4.8 we can consider the group H,/; =
R X, /2 V, where w/2 is the symplectic form associated with the multiplier
(/2. The composition law of H,» is given by

(1,0)(7,0) = (T+%+ %w(v,@),v—l—f}), (2.20)

which is exactly the product law of the generalized Heisenberg-Weyl group
associated to a symplectic form. Therefore, the projective representations
of R*™ can be analyzed via the irreducible unitary representations of H,, s,
which is isomorphic to H,(R). Just for completeness, we explicitly display
those representations that will be studied in the next paragraph:

{Sh i Ha(R) = U(L2(R™)) her, U{Ruw : Ha(R) = U(C) buwere,  (2.21)

where
Ryo(7,q,p)z =exp(i(u-q+v-p))z, V2€C (2.22)

and . .
(Su(T.q,p) f) (@) = e THIPReEr T f (g — g, (2.23)

with f € L*(R") and where ¢-p= 3" ¢;pi.
Hence, it follows that the map

R™ x R" 3 (¢,p) = Si(0,¢,p) = Su(q,p) € U(L*(R™)) (2.24)



CHAPTER 2. THE HEISENBERG-WEYL GROUP AND WEYL
SYSTEMS 43

is an irreducible projective representation of R** [4 45]. In particular, by
direct calculation,

Su(g+d,p+p) =en P08, (¢ p)S(d,p)

o - 2.25
= W@ @G, (g p)SL(d, P, (2:25)

thus the multiplier p associated with the representation is
i ((q.p), (¢, p)) = e @rP0) = ¢ifelan(@r), (2.26)

Lastly, we remark that the representation [2.24] can also be expressed in the
form [4]

Si(g,p) = €' Pa=oD), (2.27)
where ¢ and p are the canonical position and momentum operators, which
satisfy the canonical commutation relations [, p| = ih.

2.2.2 The irreducible representations of the
Heisenberg-Weyl group

We now reconsider the classification of the irreducible unitary representa-
tions of the Heisenberg-Weyl group H,(R) from the point of view of the
Mackey machine. Recall that H,(R) can be written as N x H, where
N ={(1,4,0) | T€R, peR"} 2R xR"and H = {(0,0,p) | p € R"} ¥R"
and the action is a,(7,¢) = (T — ¢ - p, q).

Observe that, since N is an Abelian group, the maps

Xae : N3 (7,4,0) — 2Tt e C. ¢ eR", A €R, (2.28)

are the only irreducible unitary representations, called the (unitary) char-
acters of N. N will denote the group of characters of N. Hence, acting
with H on N, we have

(0,0,p) xae(T,0)] = x0e (T + -1, @) = Xaexm(7,0),  (7,9) € N, (2.29)
Thus we have two cases:

e If A\ =0, we have that (0,0, p)[xo0.e] = Xo¢, hence we have a singleton
orbit [6, 28] and the stabilizer is all H, which leads us to the family
of one-dimensional representations of H, (R) [2.22]

o If A # 0, the orbits O, = {xa¢ | £ € R"} are homeomorphic to H and
the action is regular [28]. Moreover, observe that the latter group-
action is free. Thus, for each orbit O, there is only one irreducible
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unitary representation, which is induced by the character xo. There-
fore, we can consider the induced representation S* = ind]HV”(R)(XA,O)

[28], which can be realized on L*(R") as [42]
SNr,q.p)f(p) = PN (5 — ), f e LAR). (2.30)
Therefore, we have completely characterized the irreducible representations
of H,(R), hence its dual group:

Ho(R) = {Ru, | u,v € RV U{S [ A € R, =R\ {0}}. (2.31)

As we already pointed out, the first class of irreducible representations
of the Heisenberg-Weyl group are physically trivial, since they are one-
dimensional, hence we will focus only on the infinite-dimensional ones.

We also observe the following fact: the representations built by the Mackey
machine act on the momentum space instead of the configuration space.
However, this will not bring any trouble. Indeed, we can construct the
Schriodinger representations acting on the configuration space by swapping
q and p (namely, considering the decomposition of H,(R) in {(7,0,p) | 7 €
R, p € R"} and {(0,¢,0) | ¢ € R*}), and via the Mackey machine (and
setting A = 1/h) we obtain the representations which act on the con-
figurations space. Moreover, such representations are unitarily equivalent to
[2.30] since the Mackey machine gives us a complete set of unitarily inequiv-
alent irreducible representations. In particular, the intertwining unitary
operator is the Fourier-Plancherel operator on L*(R") [6l, [42], which we will
discuss in section

We can also investigate the intertwining properties of the representa-
tions Sy, S_p. By the previous discussion, we know that they are unitarily
inequivalent. Equivalently, we can say that they are anti-unitarily equiva-
lent. Indeed, if J : L>(R") > f — f € L*(R") is a complex conjugation, we
have that

(JSu(r,q,p)T*f) (z) = e F Dt Tre( 1 ) (2 — q)

_ 6i%—f(¢+q~p/2)e—i2,—fp~xf(x . q) _ (S_h(T, q7p)f)(93).
hence
S_n(t,q,p) = JSu(7,4,p)J*, (2.32)

Lastly, we remark that the equivalence classes of irreducible representa-
tions of H,,(R) are identified by the central characters, namely by the maps
of the form

Z(Hx(R)) 3 (7,0,0) — V(r,0,0) = ¢ "7 71d, (2.33)

which are all phase factors due to Schur’s lemma [1.2.7]
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2.2.3 Canonical commutation relations (CCRs)

The Schrédinger representation plays an important role in the abstract
formulation of the CCRs

(G, p] = ihld, (2.34)
which entails non trivial mathematical issues in this “infinitesimal form”.
In order to illustrate this point from a very abstract point of view, let us
consider a unital Banach algebra A and suppose A, B € A are such that
[A, B] = cld, for some ¢ € C. Then we have that [1§]

0(AB)U{0} = o(BA)U {0},
where o(A) denotes the spectrum of A € A. Hence,
0(AB) = o(cld+ BA) = c+ o(BA),

and

o(BA)U{0} = (c+ o(BA)) U{0},
which implies ¢ = 0.
From this general argument, since the set of bounded operators forms a
unital Banach algebra, it follows that a pair of bounded operators in an
infinite-dimensional Hilbert space cannot satisfy the CCRs, since h > 0.
Besides, even if ¢ or p is an unbounded operator, it is still troublesome
to give a formal infinitesimal formulation of the CCRs, since not all the
operators which satisfy are canonical pairs of position and momentum
operators.
For example, let us consider the operators

Q: L*([0,1]) > f(z) = xf(x) € L*([0,1]),
d
P:D>fr —md—f e L*([0,1]),
x
where D := {f € C'([0,1]) | f(0) = f(1) = 0} is a dense domain. Then
we have that D is invariant under the action of @ and [Q, P] = ih1d|p,
but they are not “true” position and momentum operators (we can also find
more abstract formulations of this kind of operators, see [4, [39]).
Therefore, we are led to an alternative definition of the CCRs, an “expo-
nentiated version”, which relies on the definition of Weyl systems:

Definition 2.2.2. For each h € R, a h- Weyl system is a family of 2n unitary
representations

R > p; = "M;(p;) € U(H), (2.35)
R > q; — "Tj(q;) € U(H), (2.36)

where j = 1,...,n, such that
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e The representations M; and T are jointly irreducible, namely, if H, <
‘H is a closed subspace with hMjHO C Hy and th”Ho C Ho for each
J, then Hy = {0} or Ho = H.

e The integrated form of the CCRs holds:

"M;(p;) "Ti(qr) = €7 o2s% M (g ) "M (p;), (2.37)
["M;(p;)," My (pr)] = 0 = ["T;(q;), "Ti(qn)] (2.38)

Note that n denotes the number of degrees of freedom of the system.
Moreover, the operators

{glu' "7qAn7hﬁ17'-~hﬁn} (239)

denotes a canonical system of position and momentum observables in the
Schrodinger representation, where

qu : LQ(Rn) > f(Q17 cee 7qn) = QJ'f(QD <. ’QH) € L2(Rn)>
"p; = hF*q;F,

where F is the Fourier-Plancherel operator defined as

FNO = [ dafem
(in section [3.3.1)we define such operator for a generic l.c.s.c. Abelian group).

Observe now that, since the Schrédinger representations [2.23| are con-
structed ultimately via the Mackey machine, these are the only irreducible
non-unidimensional representations of the phase space. This is nothing but
the contents of the celebrated Stone-von Neumann’s theorem [18, 20 35],
which we report below:

Theorem 2.2.3 (Stone-von Neumann). For any h > 0 let us consider a
h-Weyl system as in [2.2.3. Then there exists a unique unitary operator
U:H — L*(R") - up to phase factors - such that

(N
U"M;(p))U™" = eXp(ﬁPij); (2.40)
_ i pa
U"Ty(q;)U™" = exp (_Eq‘j rpj)- (2.41)

Hence, we notice that the operators "T'(q) and "M (p), which define the
h-Weyl system, are respectively the displacement operators in position and
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momentum coordinates (or, equivalently, in the language of time-frequency
analysis, they are the translation and modulation operators) [4, 22]. There-
fore, we can also define a Weyl system as an irreducible projective represen-
tation of R” x R". We also remark that the projective representation [2.24]
can be expressed in terms of the translation and modulation operators as
14, 22]

Sn(g,p) = e~ 5P "M (p) "T (). (2.42)

Observe that Stone-von Neumann’s theorem holds in the case h < 0
too. Indeed, let us consider the map (7,0,0) — e"QTWId, which is the central
character of S_;, and recall that S_;, and S} are anti-unitarily equivalent.
Then, by and theorem we will have that the unique operator
which intertwines the representations will be unitary in the case h > 0, and
anti-unitary in the case h < 0, since W = UJ, where U is a unitary operator
and J is a complex conjugation, is an anti-unitary operator [39] 35].

We also observe that if we drop the joint irreducibility in definition 2.2.2]
everything still works, but the unitary (or anti-unitary) operator which
appears in theorem will be such that

_ (SN
U"M;(p))U™" = Pexp (Equj ) (2.43)
acA
_ L haa
Uth(Qj)U b= EBGXP (_E% hpj), (2.44)
acA
where A is a denumerable set and, for each a, {q,...,q%, hpe ,hﬁz‘} is

a canonical system of Schrédinger operators in L*(R™),, [4].

Finally, we remark that it is possible to define a Weyl system without

refering to a particular choice of position and momentum variables (namely,
without the choice of a polarization).
Indeed, let us consider a real vector group V, dimV = 2n, n € N, and let U:
V — U(H) be a projective representation with non-degenerate multiplier
(i.e. it is similar to the multiplier u° : V x V 3 (vy,vy) + e™@v2) ¢ T
where w is a symplectic form on V). Hence, we can consider a representation
U° : V — U(H) with multiplier x° which is projectively equivalent to U
[4]. Then the choice a polarization of V allows us to recover the standard
symplectic form on the phase space and, consequently, the Schrodinger
representations [4].

Therefore, we can also identify a Weyl system with an irreducible projec-
tive representation of a real vector group, whose multiplier is nondegenerate

).
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2.3 From continuous to discrete phase space

In this section we want to discuss why it is useful to consider a general
phase space of the form G x G, where G is a L.c.s.c. Abelian group. In par-
ticular, we will sketch with an interesting example how a straightforward
discretization of the Heisenberg-Weyl group will not be the best choice, since
its irreducible representations, which are formally similar to the Schrodinger
representations have a very different behaviour (the latter discretiza-
tion would also implie some issues in the definition of a discrete Wigner
function, see [25], 37]).

Recall that (Z,4) is an Abelian group which becomes a ring when
equipped with the multiplication. We will consider the group H(Z), i.e.
the discrete Heisenberg-Weyl group of matrices

1
01 k|, jkiez
0 01

with the composition law namely

(L, k), 5 k) =0+ 1 4+ 5K, 5+ 5 k+F).

We remark that H(Z) is a proper subgroup of the polarized Heisenberg-
Weyl group HP9L(R) = HP9L(R) = H,(R) = H(R) and its center is given
by the group Z(H(Z)) :={({,0,0) | [ € Z}.

Since H(R) is the central extension of the phase space R x R via R, by
analogy, we could also say that we are essentially considering a “discrete
phase space” Z x Z (thus, positions and momenta are discrete variables)
and H(Z) is its central extension via Z.

Let us consider the following representation of H(Z) on L%*(R), defined in
such a way that

(Pl 5, k) )(E) = ™ f(t + ). (2.45)

We remark that is the discrete analogous of the Schrodinger represen-
tation [2.23] (in the “momenta coordinates”) and can be considered as the
restriction of the latter to H(Z) [18, 21} 20]. This representation is reducible
and will reveal a pathological behaviour, as we are going to sketch.

Due to Stone-Von Neumann theorem [2.2.3] the analysis of such repre-
sentations will follow the central characters x,,(I) = e®?™'Id, where w € R,
which are the irreducible representations of Z(H(Z)) (since it is an Abelian
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group, they are the only irreducible ones by Schur’s lemma [1.2.7)). In par-
ticular, we will see how the representation [2.45] acts in different ways with
respect to the Schrodinger representation depending on the nature of
the label w.

Let us firstly consider the case of trivial central characters, namely w =

p, p € Z. In such a case, let us consider the one-dimensional representations
of 72

Ruo(l, 4, k) = Ryy(k, ) = 270wt gy 4 € R, (2.46)

Hence, the representation p,—, is unitarily equivalent to the direct integral

representation
o
/ R, ppdudv,
[0,1]%[0,1]

which acts on L*(]0, 1]?) = f[ga,ux[o,u Cdudv [21].

A second decomposition arises when w is of the form p/q, where
ged(p,q) = 1 and ¢ > 1 (ged means here ‘greatest common divisor’). In
such a case, we have p,,—,/,(l,0,0) = Id if ¢ divides [, hence it is convenient
to analyze the group H,(Z) := {(l,4,k) | j,k € Z, | € Z,}, i.e. a discrete
Heisenberg-Weyl group where the variable [ is an integer modulo ¢ (the
composition law is still like [2.2).

A complete list of irreducible representations of such a group is given by an
application of the Mackey machine [18], and these are of the form

Tuw(l, J, k) f(m) = ei2”lp/qei2”k(”_(p/Q)m)f(m —7), (2.47)
where f is an element of the ¢-dimensional Hilbert space
Ho = {f:Z—C| f(m+nq) = e ™™ f(m) Ym,n € Z}.

We can again intertwine the representation [2.45] with w = p/q with the
2.47] In particular, p,/, is unitarily equivalent to [21]

@ @
/ dudv 7y, - D dudv T, ,.
[0,1/q) b times ” [01/4)

The last case is when w is a fixed positive irrational number. Here things
are very different, since it cannot be possible to fully use the Mackey ma-
chine, and the irreducible representations have a very different behaviour.
Indeed, if we decompose H(Z) as a semi-direct product N x H, where N :=
{(1,0,k) | I,k € Z} and H :={(0,4,0) | j € Z}, we will have that the action
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of H on N, whose element are of the form v, (I, k) = ¢2"P*1) 3 v € R\Z,
is not regular [18]. We remark that this is a consequence of the fact that
H(Z) is not a type I group [21].
In such a case, the maps o, : H(Z) — U(L*(Z)) = U(I*(Z)), v € R such
that

[0(1, 5, k) f](m) = 2T 12T f(m — ) (2.48)

are irreducible unitary representations of H(Z) [18] and p,, is unitarily equiv-
alent to [21]
+
o= / o,dv.
[07(1.))

The point here is that the representations o, are not all inequivalent, hence
the direct integral decomposition is not unique. We can illustrate this fact
by an application of the Stone-Von Neumann theorem Firstly, recall
that we are considering p, as a restriction of an irreducible representation
of Hy(R), which we now denote with S,,. Moreover, let us consider an auto-
morphism ¢ of H(R) that leaves the center fixed pointwise and suppose that
¢ is an automorphism of H(Z) too. Then we have that S, o ¢ is another ir-
reducible representation with the same central character of S,,, thus, by the
Stone-Von Neumann theorem [2.2.3] they are unitarily equivalent. There-
fore,
® ®
/ 0,dV ~ Py, ~ Py O G~ 0,0 ¢ dv
[0,w) [0,w)

(~ means here “unitarily equivalent”), but each o, o ¢ could be inequivalent
to all the 0, v € R |21] (this is a consequence of the fact that H(Z) is not
a type I group [18]).

In conclusion, we cannot make a “straightforward discretization” of the
Heisenberg-Weyl group H(R) in order to obtain a description of quantum
mechanics on discrete phase space, because the “discrete Schrodinger repre-
sentation” behaves in a deeply different way from the continuous one.
The turning point here is the group-theoretical structure, since Z x Z is not
of the form G x G (indeed, A= T, see section , which is, on the other
hand, what we expect, due to the dual nature of position and momentum
coordinates in the description of physical systems [I]. In the next sections
we will see that this choice will lead us to representations which have the
same behaviour of the Schrodinger representations [2.23]
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2.3.1 The discrete Heisenberg-Weyl group

The previous discussion leads us to consider a general phase space in the
form G x G, where G is a L.c.s.c. Abelian group; here G may be regarded
as the space of “positions”, whereas G is the space of “momenta”. We now
choice to focus our attention on the discrete phase space, which has nu-
merous applications in physics, e.g. in quantum information theory and
many-body systems (see [25] [I] for a discussion on the phase space Z x T
t00).

We now observe the following fact: since we suppose that G x G is a dis-
crete group (i.e. it is endowed with the discrete topology), we have that G
and G shall be discrete groups too. Then, let us now focus on the discrete
group G and recall that G denotes the group of (equivalence classes of) ir-
reducible unitary representations of G. We also recall that a discrete group
G is compact if and only if it is finite. Then, we have that G is a compact
Abelian group, since G is a discrete Abelian group (see proposition [3.2.3).
However, G is also discrete by hypothesis, hence it is finite.

Conversely, we can consider the dual group of C? namely G which can be
identified with G itself (see Pontrjagin’s theorem [3.3.12)). Therefore, since
G is discrete, we also have that G is compact (and discrete by hypothesm)
hence it is a finite group. As a consequence, the discrete group G x G,
where (G is Abelian, is a finite group.

As a next step, we can observe that we can focus on the finite group

Z/NZ = Zy only. Firstly, recall that Zy is the Abelian group of equiv-
alence classes of remainders modulo N with respect to the addition law.
In particular, we will say that a is congruent a’ modulo N if a — d’ is an
integer multiple of NV, and we Wlll write a = o/ mod N. We also observe
that ZN >~ Zn (see section . Moreover, Zy is a ring when endowed with
the product law defined as the product of the representatives [a][b] := [ab].
The addition and multiplication are well-defined, since they do not depend
on the choice of representatives [I5]. We also remark that (Zy,+,-) is in
general a ring and it is a field if and only if N is a prime number (or it can
be extended to a field if and only if N is a power of a prime) [I5]. In the
future we will drop the square bracket, and we will identify the equivalence
classes with their representatives.
We can now notice that, when dealing with a discrete phase space, we can
restrict our attention to Zy x Zy only. Indeed, by the structure theorem
for finite Abelian groups, we have that, if GG is a finite Abelian group, the
following decomposition holds [15]:

G =Zpm X X Lpyni,
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where py,...,p, are prime numbers (not necessary distinct between each
other).

It is also important to point out the fact that we will work with a
N-dimensional Hilbert space, which can be identified with CV with a peri-
odicity property (namely, the space L*(Zy) [17]). In particular, the “config-
uration” space (this is not effectively a positions space, because we cannot
give a direct physical interpretation |1, [34]) will be spanned by the standard
orthonormal basis {1, }nez, C CV, where each v, enjoys the periodicity
property, i.e. ¥,(j +IN) = ,(j) ¥l € Z, 7 = 0,. N — 1. In Dirac
notation, this is the basis of vectors {|n) | n =0,..., N — 1} with the pe-
riodicity property |n + [N) = |n), which is often called the computational
basis |11, 134].

The “momenta” space can be introduced via the discrete Fourier transform,
which is defined as

(Ff)(k Z NI (G), feLFZy)

JEZN

(we will discuss the latter in section [3.3| example [3.3.8)). In particular, the
basis vectors can be written in terms of the positions basis vectors as

U ( f S e Ry, () (2.49)

JEZN

We also remark that in this finite space it is not possible to define position
and momentum operators, since they will not satisfy the CCRs, as we have
seen in section [2.2.3] hence we must introduce the notion of (finite) Weyl
system.

An important remark: since we have to consider the irreducible projec-
tive representations of Zy x Zy (because the unitary ones are physically
trivial), we have to find its group extension and classify its irreducible uni-
tary representations. However, we will obtain the right projective represen-
tations restricting our attention to the ones associated with the antisymmet-
ric, non-exact multipliers, as we have seen for R® x R™. Thus, if we extend
Zyn X Zy via Zy, the extended group will be the discrete Heisenberg-Weyl
group H(Zy), which is the group of triples such that

(Tujuk)( >j k) :(T+T/+jk/7j+j/7k+k/)7 (250)
(7—’]7k) ! (]k_T ja_k)7 (251)
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(1,7, k), (7", 7', k') € H(Zx). Here, the addition and multiplication shall be
intended modulo N. Notice that the order of H(Zy) is N3. Here j and k
play respectively the role of labels in positions and momenta space.

In order to analyze its irreducible representations, we notice that - as in

the continuous case - H(Zy) may be written as a semi-direct product group
A x H, where

A={(r,0,k) | 7k € Zy}, H:={(0,7,0)|j € Zn}

and the semi-direct product action is defined as (0, 7,0)[(7,0,k)] = (7 +
jk,0, k) (the second decomposition with j and k swapped obviously holds
t00).

In the next section, analyzing the irreducible representations of H(Zy), we
will see that Zy X Zy provides a good description of a discrete quantum
system.

We conclude this brief presentation mentioning an interesting fact con-
cerning the discrete phase space: it turns out that the order NV of Zy plays a
crucial role in Z X Zx, which has some remarkable consequences in physics.
For example, in the study of the mutually unbiased bases, it is known that
there are exactly IV 4 1 bases of this kind if we are dealing with a field,
while in the general case of a ring we can only say that there are at most
N + 1 mutually unbiased bases [46]. However, we will not investigate these
facts any further, since they are beyond our aims.

2.4 Representation theory of the discrete
phase space translations group

In this section we will discuss the irreducible representations of the discrete
phase space translations group Zy xZy - obviously the projective ones since
it is an Abelian group - and discrete (or finite) Weyl systems. Thence, as in
the continuous case, we will firstly analyze the irreducible representations
of its central extension via Zy, namely the discrete Heisenberg-Weyl group
H(Zy), next we will introduce finite Weyl systems.

2.4.1 Irreducible representations of the discrete
Heisenberg-Weyl group
The classification of the irreducible unitary representations of H(Zy) is very

similar to the case of the continuous group described in section [2.2.2] but
there are some slight differences, since we are considering a finite group.
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We will consider H(Zy) decomposed as A x H, as we have seen in the
previous section.
In the finite case we have N? characters for A, since A is of order N2, which
are given by

Xag A3 (1,0,k) = (1,k) — i N ATHER) ¢ T, MNE&eln. (2.52)

Hence, the action of H on A, which is formally analogous to the action m
is given by
(07 Js 0) [X%E(Ta 0, k)} = XA&-Nj (7—7 0, k)» (2'53)

and the following fact holds:

Proposition 2.4.1. The orbits of the action of H on A are given by
Oy ={xre | {=r mod ged(N\, N)} (2.54)

Proof. Recall that, if a,b € Z and n > 1, the congruence ma = b mod n
has a solution m > 1 if and only if b = 0 mod ged(a,n) [12]. Therefore,
since X, and xy,¢ belong to the same orbit if and only if Ay = Ay = A
and there exists a € Zy such that & — a\ = & mod N; the latter as a
solution iff & = & mod ged(\, N). O]

We notice that, for a fixed character in /1, the stabilizer of its orbit is
the following set [12]:

. . N
GXA,& = {(Oa]ao) €eH|j=0 mod m} = Zgcan,N) (2.55)

Thus, we have the following cases [43], 12]:

e A\ =0(<= gcd(\,N)=N). In such a case, we have N orbits of
order 1, which are stabilized by Zy.

e gcd(A, N) = 1. Then we have one orbit of order N, stabilized by the
trivial subgroup {(0,0,0)}.

e 1 < ged(A, N) < N. In such a case, for each A, there are ged(\, N)
orbits of order N/ ged(A, N), whose stabilizer group is isomorphic to

Zycd(AN)-

Observe that the ged(\, N) characters of G, . are given by

XX.€

oMY e T (2.56)

Gy, . 2 10,7 N 0
Oxa - Uxae ’ngd<)\, N)a
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We can now define the little groups H,,, := A X Gy, , as

. N :
HX/\,g = {(T,jm,k) | 0 S ] S ng()\, N) — ]_,T,k € ZN} (257)

and we extend x)¢ and oy, to H,, .

{Prae = ndiZY (e000) N € Zy, @€ €40, ged(A, V) — 1}

’ (2.58)
is a complete set of irreducible, inequivalent, unitary representations of
H(Zy) [12, [43]. Each representation py . has dimension ﬁ.

Now recall that the Euler totient function, which counts the numbers which
are coprime with N, is defined as [40]

o(N)=N]] (1 - %) , (2.59)

pIN

Therefore, the family

where the product is over the set of prime numbers which divide N. Then
the following fact holds 12, [43]:

Proposition 2.4.2. For each divisor d of N, H(Zy) has (5)%p(d) irre-
ducible inequivalent representations of dimension N/d.

In particular, there are o(N) N-dimensional representations and N? one-
dimensional representations.

As in the continuous case, we will focus our attention on the represen-
tations pj 0,0 induced by the characters x) o, which will be denoted with Sy
from now on. In this way we will be able to obtain the irreducible projective
representations of Zy x Zy associated with antisymmetric multipliers from
the unitary ones of the extended group H(Zy). In order to give an explicit
formula for those representations, let us consider the following operators on

Lz(ZdA), dy = —gcd&m:
° ’\Tj, defined by
Mp(n) == (In] — [1]),  Aj€Zy, &€ L*(Zyy) (2.60)
A matrix representation of these operators is given by
01 0 ... ...0\’

0O 01 0 ...0

N S |
T, = L ) € Mgy, (C). (2.61)

0o ... : 00

0 : 0 1

1 0 0 0
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e *M,, defined by
MMap(n) = 2 VH () N ke Zy, ¥ € L3(Zy,),  (2.62)

whose matrix representation is

1 0 0 C 0
0 ei27r%1-k 0 .
AMp =10 0 22k : € Mgy, (C).
: 0 0
0 0 .. 0 ei2rn(d—Dk

(2.63)

We remark that such operators - which are the position and momentum
displacement operators - are often called, in the context of signal analysis,
the translation and modulation operators |22, 17].

Example 2.4.3. In the case N = 2 and A\ = 1, the matrix representation

for the operators [2.60] is

01 1 0
e (0 - (18 oo

hence, if {0y,09,03} are the Pauli matrices, we have that o, = 7} and
03 — Ml-

We can realize the representation Sy on L?(Z,,) as [12] [43]

[Sx(7, 4, k)d] () := e "R AM AT (n) = e 2mNTe2mx Wy (1] — [));
(2.65)

in the future we will drop the square brackets that specify the modular
arithmetic operations (which are on Z,, ) if there are no ambiguities. Notice
that is a proper unitary representation of H(Zy), indeed:

(S((r,4 k), (7,35 KD (n) = (S(7 + 7"+ 5K, j + 5 k + E)¢) (n)

— 67i27r%(T+T/+jk/)€i27r%(k:+k/)n¢<n . ] . j/)7
(2.66)
(S(T,j, k)S(T/,j/, ]{3/)’17[))(71) — 6_7;2”%(T+TI)eiQﬂ—%knGQW%k/(n_j)@/J(n _,] o ]/)
(2.67)

Here we have to highlight an important fact: every S, can of course be
realized on L%*(Zy), but they will not be all irreducible, because the only
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N-dimensional irreducible representations of H(Zy) are the ones where A
is coprime with N, If ged(A, N) # 1, we have that the dimension of S} is
strictly less than N, in particular it is equal to dy. Thus, in such a case, we
obtain a N-dimensional reducible representation - which we denote with S,
- if we consider the direct sum of ged(A, N) copies of Sy, namely

Sy=1S8 : 2.
A N B Sy (2.68)
ged(A,N) times

Therefore, we have that the value of A (which is the finite analogous of
h) fixes the “scale” of the system. More specifically, the fact the A is not
coprime with N means that the system must be rescaled in order to recover
the irreducibility.

Example 2.4.4. Let us consider the simple case of H(Z,) and recall that
we denote with {¢,}, n =0,...,3 the standard basis in L?(Z,). Here we
have that the representations with A = 1, 3 are irreducible on L?(Z,), while
for A = 2 we have that Sy acts on L*(Z,) as

[So(7, 7, k)] (n) = e ™ ™M p(n — §), 71,7,k € Zy, p € L*(Zy).

Therefore, the 4-dimensional representations will be given by 52 =S9® 5y
and L?(Z,) is decomposed as L?(Zy) ® L*(Z,). In particular, observe that

span{is, v}, where

1 1 1 ]
V4 = E(LO’ 1,0) = E(% +1hg), b = E(O, 1,0,1) = 7

is an invariant space under the action of Sy. Indeed, for j, k € Z4, we have
that

(Y1 + 13),

Wy, j even,

Mk¢+:77/}+7 7}¢+:{¢_,j0dd )

Y-, j even,

My = —p_, Tpp_ = {% o

In a similar way, span{¢,, ¢_}, where

1 1
¢+ = E(LQ _170) = E(Q/}O — w2)7
b= (0,1,0,-1) = = (thy — i),

Sl

2
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is an invariant subspace for Ss.
At the same time, we can also consider the representation

(S3(7,J, k)) (n) = e~ 7w My (n — ged (N, 4)j), 7.,k A € Zs,
(2.69)
which acts on ¢ € L*(Z,). In the case A = 2 the latter is a reducible unitary
representation which is unitarily equivalent to S, (the unitarily equivalence
1

is realized by the dilation j — ged(\, N)j, k — mk). In particular,

we have that span{y, 12} and span{iy, 13} are invariant subspaces for S5.

Lastly, we have to remark two facts. Firstly, we have analyzed the
irreducible unitary representations of H(Zy) on the space of “positions”.
However, as in the continuous case, we can also construct these representa-
tions on the dual space of momenta; the link between the two point of views
is given by the discrete Fourier transform acting on the W]Y\,N)—dimensional
space of the representation S, [43].

Secondly, we remark that these representations are identified uniquely by

the central characters of H(Zy), i.e. by the maps

Z(H(Zy)) > (7,0,0) — e 2"~"1d. (2.70)

2.4.2 Finite Weyl systems

We can now introduce finite Weyl systems, namely, following the discus-
sion in section the irreducible projective representations of the discrete
phase space Zy x Zy. We will mostly focus on the case ged(A,N) = 1,
where A € Zy, in order to consider irreducible representations which are
N-dimensional only. Later on, we will briefly sketch what occurs when
1 < ged(A,N) < N.

As in the continuous case, the CCRs (in their exponentiated version)
hold true. Indeed,

/\fzﬁj )\fz"tj/ :)\frj’ A]}, )\Mk)\Mk’ :)\Mk’ )\Mka (271)
are trivially satisfied, while, for each ¢ € L?(Zy) and j,k, \,n € Zy,
A

PMAT0)(n) = € — ), PTAMis)(n) = €2 R0 D — j),

thus e
)\Mk )\fIWj — el?ﬂﬁjk )\7}‘ )\Mk- (272)
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Moreover, if F is the discrete Fourier operator such that

s

N
=S G T, ge LX(2Zy)
k=0
(see section [3.3] example [3.3.8)), the translation and modulation operators

satisfy the following intertwining properties:

Proposition 2.4.5. The discrete Fourier transform intertwines the trans-
lation and modulation operators, namely

FMy ="M_;F, F*M; ="T\;F,
F Dy = M FY, FUAM = T F

Proof. Indeed, for 1) € L*(Zy), we have that

CMFP) (n) = 289" 3 e Ry (m)

mEZN
_ eiQW%jn Z e—izﬁ(m+>\j)n¢(m+A‘j)
meZyn
— Z e IR (AT 1) (m) = (FAT_y, f) (n).
meZy
In the same way,
( T)\]J—_'w Z e —i2rd Sm(n— )\])w( ): Z e szn ]w) (m)
meZn meZy
= (F M;v) (n).
The proof of the other intertwining relations is straightforward. ]

We remark that this is exactly what happens in the continuous case too,
where the operator F is the Fourier-Plancherel operator in L?(R™) [22].

Let us consider again the irreducible N-dimensional unitary representa-
tion (recall that we are considering the case A coprime with N).
Then we have that

S/\(ja k) = S)\(O7j> k) - )\Mk Ajjj (273)
is an irreducible projective representation of Zy x Zy such that

Sa(j + §' k4 ) = e % 5, (5. k)SA (7 k), (2.74)
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hence its multiplier is given by

s (G, k), (51 k) = e~ (5 k), (. k) € Zy x Zx. (2.75)

Observe that the latter is similar to the (formal) symplectic multiplier,
which is given by

15 (3, k), (7, K)) = eimw Gk =ki") (2.76)

Indeed, it is sufficient to consider the Borel map 8 : Zy x Zy > (j, k) —
e~ %% € T and relation is trivially satisfied:

N ) -y
—im 5 [jk+jk'+5 k+5K]
e~ 2n gk in (K —kj')

€ =e€

ik g—im 3 'k

e—iﬂ'
Therefore, by proposition [1.4.4] there exists a projective representation pro-
jectively equivalent to Sy (namely, the projections defined via the canonical
projection epimorphism coincide). In particular, we notice that

Dy(j, k) = e " NUIHANL AT G ke Zy (2.77)

is the aforementioned representation (as already discussed in the previous
section, we will drop the square bracket and identify the equivalence classes
with their representatives). Indeed we have that

(DA(j +j’, k+ k’)w)(n) _ e—iw%(jk+jk:’+j’k+j’k’)ei2n%(k+k’)n¢(n ]/)’
(2.78)
(DA k)DA(j', K')0) (n) = e~ mwikeimand ¥ gizmipkn 2m il (n=d)y) (1 — j — j)
(2.79)
implies
N1 .y
Dy(j+ 7, k+ k) = ™~ UMD, (5, k)Da(j', k). (2.80)

Also observe that this fact can be understood by looking at the commutation
relations of the representations [17], for which we have:

Sa(j, k)SA(7, k') = TR UK RS, (5 k) S (5, k),
Da(j, k) DA, k) = "N K=K Dy (5 K'Y Dy (4, ).

Because the (formal) symplectic structure is more evident in its multiplier,
we will mostly consider the representation D), instead of S\ hereinafter.
Furthermore, when we deal with the discrete Wigner function in chapter
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we will see that the choice of D, is more suitable for some physical appli-
cations. However, until then, choosing D, instead of Sy will not cause any
relevant difference in light of Stone-Von Neumann’s theorem too, which we
are going to review in the discrete case soon.

We are now ready to define discrete Weyl systems. Infact, since *M,
and *7T} are jointly irreducible representations on L?(Zy) [I7] and satisfy
the CCRs, we can give the following

Definition 2.4.6. If A is such that gcd(\, N) = 1, then a discrete (or finite)
A-Weyl system is a pair of jointly irreducible representations

Zy 2= Ty €U(LA(Zy)), Zn k= M, cU(L*(Zy))  (2.81)
which satisfy the relations
(M, My] = [T, T;] =0, M T = e 8F AT A0, (2.82)

Equivalently, a finite A\-Weyl system is an irreducible N-dimensional pro-
jective representation of Zy x Zy.

Stone-von Neumann’s theorem holds true in the discrete case too, and
it can be formulated in the following way [17]:

Theorem 2.4.7 (Stone-von Neumann). Let us consider a A-Weyl system
D, for Zy x Zy defined as in where X is such that ged(A\, N) = 1.
If p is another projective irreducible representation of Zy X Zy, then p is
unitarily equivalent to D).

Equivalently, if U and V are jointly irreducible representations on L*(Zy)
which satisfy the CCRs, then there exists a unitary operator W - unique up
to a phase factor - such that W*UW = ’\Tj and W*VW = M,

Lastly, let us consider the case 1 < ged(A, N) < N, which corresponds
to drop the hypothesis of joint irreducibility of the translation and modu-
lation operators. If I' is a denumerable index set, then D, = D D! is
a reducible representation on a complex separable Hilbert space H, where
cach DA(j, k) = e "33 *MLAT}! acts on a different L2(Zy,), dy = m.
Observe that, since each L?*(Z,) is disjoint from the others, we have the
following slightly generalized form of the CCRs:
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In such a case, by Stone-von Neumann’s theorem, if U and V' are unitary
representations which satisfy the above CCRs, there exists a unique unitary
operator W such that

wuw* =@, wvw* = M. (2.84)

ler lel’



Chapter 3

Harmonic analysis on Abelian
groups

This chapter aims at introducing some fundamental tools of harmonic anal-
ysis on lLc.s.c. Abelian groups (and, in particular, on phase space), an
important topic in representation theory (the theory still works if we drop
the second countability, but proofs become trickier [18, [40]). Since we will
mostly deal with Abelian groups, we recall that such groups are unimodu-
lar, thus the left and right Haar measures will coincide [I§]. The chapter
is structured as follows. We will briefly recall the notion of group algebra
and function of positive type at first. In this way, we will finally be able
to introduce rigorously the group G of (equivalence classes of) irreducible
unitary representations of the Abelian group G, called the characters of G.
Next, we will define the Fourier transform and the Fourier-Stieltjes trans-
form and we will study the most important theorems, such as Fourier’s
inversion formulas and Plancherel’s theorem.

In the second part of this chapter we will briefly deal with harmonic analy-
sis on phase space, introducing some tools which will play a relevant role in
the discussion of the Wigner function. We also remark that this is a topic
of great interest in signal analysis too, since it corresponds to the time-
frequency analysis [22]. In particular, we will firstly define the symplectic
Fourier transform on phase space. Next we will introduce the twisted group
algebra, an “alternative” Banach x-algebra, which can be defined for every
group which admits non-exact multiplier and it is connected with the no-
tion of x-product of functions. Then we will define the Gabor transform in
the continuous case of R™ and in the finite case of Zy.

As a last topic, we recall the notions of square integrable representation of
a l.c.s.c. group (dropping the Abelian hypothesis) and wavelet transform,
two fundamental tools in harmonic analysis on phase space and, in general,

63
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in the discussion of the Weyl-Wigner correspondence.

3.1 Some basic facts

In this section we introduce some preliminary notions before we discuss
Fourier analysis. At first, we will not assume the group to be Abelian, since
the concepts we will recall are quite general.

In particular, in the first part of this section we will recall some facts con-
cerning the Banach space of complex Radon measures [19], then we intro-
duce an important subspace, i.e. the group algebra L'(G,\,C) (A is a left
Haar measure on (). In the second part we will briefly recall the link be-
tween functions of positive type and cyclic representations.

3.1.1 The group algebra

Let us denote with M(G) = M(G, C) the space of complex Radon measures
on a lLc.s.c. group G. Recall that, by Riesz’s theorem [19], if

Fld) = [ dutg) [ dv(yolgh). v e M(G), o€ Ci(G.C). (3.)

is a bounded linear functional, we can find a unique complex Radon measure
i * v such that

[dwsi@oto) = [dutg) [ dviiyolgh) = Fuute) (32

which will be called the convolution measure of i and v. This operation is
associative and it is commutative if and only if G is an Abelian group [I§].
Moreover, the Dirac measure defined as

5,(€) = {é z;i (3.3)

where £ is a Borel set of G, is the identity element with respect to the
measure convolution.
Lastly, we can endow M(G) with an involution defined as

/ 0y (€) = n(ED). (3.4)

Hence we have that M(G) is a unital *-algebra with respect to the convo-

lution [3.2] and the involution [3.4] [19].
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We now recall that L'(G) can be embedded in M(G) via the following
map:
LYG,)\,C) 5 fr fg)dg € M(G), (3.5)
where dg = dA\(g), g € G is a left Haar measure on G. Hence the following
fact holds:

Proposition 3.1.1. The space L*(G, )\, C) of C-valued integrable functions
on G is a Banach x-algebra when equipped with the convolution

(f1 = f2)(h) == /Gd)\(g)fl(h)h(h_lg), fi, f2 € LYG, ), C) (3.6)
and the involution T which maps f € L*(G,\,C) in

f(g) =Alg ) f(g™) (3.7)
(A denotes the modular function on G).

Definition 3.1.2. The Banach x-algebra (L'(G,\,C),*,Z) is called the
group algebra of G.

We notice that the convolution B.6] does not admit a unit element un-
less G is a discrete or compact group [20]. Moreover, observe that the
convolution between functions coincides with the convolution measure (the
correspondence is given by [18].

We also remark that f € L'(G, \,C) is positive if it can be written in the
form f’x f* for some f' € L'(G,\,C) [18].

Lastly, we observe that there is a correspondence between the unitary
representation of G and the representations of L'(G) by virtue of the fol-
lowing fact [18]:

Proposition 3.1.3. If 7 : G — U(H) is a unitary representation, we have
that

#(f) = / aAg) f(g)nlg), f e L'(C), (3.8)

is a x-representation of the group algebra into the x-algebra B(H), i.e. it is
an algebra homomorphism and 7(f*) = 7(f)*.
Conversely, if & is a non-degenerate *-representation of L'(G), it arises

from a unique unitary representation of G as in[3.8

We remark that the operator 7 is defined in the weak sense; namely if
(-,-) is the inner product in H, then [3.8]is to be intended as

(6.7 (F)) = / dA(9) 1 (9) (6 (g)).

G
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Example 3.1.4. If 7, is the left regular representation, we have that the
convolution is the corresponding *-representation, indeed

(o) fa) (9) = /G AL (' g) = (i f2)(9), o fo € LG,

We remark that is essentially the prototype of the Weyl quantiza-
tion map. Indeed, if we consider a group which admits square integrable
representations (see section [3.5), then [3.8)is well-defined even for L*(G). In
particular, in the latter case, the image of the s-representation © will be a
Hilbert-Schmidt operator [7], while in general it is only a bounded linear
operator [1§].

3.1.2 Functions of positive type

Suppose G is a l.c.s.c. group and d\(g) = dg is a left Haar measure on
G. Then ) is o-finite, since A is regular on compacts. Hence we have that

L=(G) = LM(G) ] 9]
Definition 3.1.5. A function of positive type is a positive linear functional

x on L'(G, \,C), i.e. it is a function x € L>®(G) such that

[ o) x5 D) 20 i € 1), (3.9
Proposition 3.1.6. If 7 : G — U(H) is a unitary representation, and if
Y € H, then the map ¢y : G 3 g — (¢, m(g)9) is a function of positive type.

Proof. Observe that c4 is a continuous map. Then, if f € L'(G), we have

/ INg)AN(R) £(g)FRes(hg) = / IN(g)AA() (F(R)n(h)o, f(g)m(9)d)

= Ix(N)el® = o,
where we have used the definition [3.§ and the unitarity of . O

These functions are important for our aims since it is possible to asso-
ciate a cyclic representation to a function of positive type in the following
way |18, 40]:

Theorem 3.1.7. If x is a function of positive type, and if 7, : G — U(H,)
is a unitary representation, there exists a cyclic vector v of m, such that

x(9) = (¥, 7, (9)Y) locally a.e..

! Recall that L>®(G, u,C) = L>®(G) is a Banach space with the norm |[|f]| =
inf{a € R u({g € G ||f(9)l < a}) =0},
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This fact leads us to two interesting properties of functions of positive
type, which we summarize in the following [18]

Proposition 3.1.8. Every function of positive type agrees locally a.e. with
a (bounded) continuous function in L>°(G).
Moreover, if x is a function of positive type, then we have

Il = x(e), x(g7") =x(9). (3.10)

Therefore, we can always consider our functions of positive type to be
continuous. In particular, we will denote with P(G) the set of all continu-
ous functions of positive type on G.

A last remark on the link between functions of positive type and cyclic rep-
resentations; with the same notations of theorem [3.1.7] the representation
7, is canonical in the following sense [18] 40]:

Theorem 3.1.9. If 7 : G — U(H) is a ciclyc representation with cyclic
vector 1 such that x(g) = (¥, m(g)Y), then m and m, are unitarily equivalent.

Observe now that, thanks to proposition we can consider the set
of normalized functions of positive type

B(G) = {x e P(G) | Ixlc =1} (= {x € P(G) | x(e) =1}),  (3.11)

which is a convex set, as well as P(G) [18]. Thus we can consider the set
of its extremal points. The following result holds |18 [40]:

Theorem 3.1.10. If x € Pi(G) and y : G — U(H,,) is the canonical cyclic
representation associated with x, then x is an extremal point in Pi(G) if
and only if my is irreducible.

Lastly, recall that L'(G) C L>(G)* via the embedding

LY(G) 5 [ Fy(6) == o(f) = / IN9)6(9)f(g) € L¥(G) (3.12)

G

for each ¢ € L*°(G). Hence we can define the weak™* topology on L>*(G).
This is the initial topology given by the maps

F;: L™(G)—=C, felL'(G). (3.13)

Thus we can induce this topology on P(G) and P;(G) [18]. Observe that
in the case of Pi(G) the weak™ topology is equivalent to the compact con-
vergence topology, whose neighbourhood basis is given by the open sets of
the form N, (e, K) := {€ € G | |€(g) — &(g)| < € Vo € K} where K is a
compact subset of G [I8].
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A

3.2 The dual group G

Let G be a l.c.s.c. Abelian group. By Schur’s lemma [1.2.7] if 7 : G —
U(H) is an irreducible unitary representation, then H = C, thus 7(g)z =
£(g9)z, Vge G, Vz€C, (g eT:={z€C||z| =1}

Definition 3.2.1. With the above notations, the continuous homomor-
phism £ : G — T is called the (unitary) character of the group G.

The set of all characters of G will be denoted with G. We notice that
this is an Abelian group with respect to the pointwise product, because the
Torus group is Abelian. We can also observe that, if £ € G, € is a function
of positive type normalized at 1, since we can write £(g) = (1,7(g)1) and
of course £(e) = 1. Thus we have G c Pi(G); in particular, since each
character is an irreducible representation of G, G coincides with the set of
extremal points of P;(G). Therefore we can endow G with the compact

convergence topology, with respect to it is a L.c.s.c. Abelian group [18].

Definition 3.2.2. The group G of all characters of G, endowed with the
compact convergence topology, is called the (unitary) dual group of G.

We can now observe that, if G is a compact group with a normalized
Haar measure A (A(G) = 1), then G is an orthonormal set in L2(G).
Indeed, if £ € @, then [¢]* = 1, hence ||€]l, = MG)Y? = 1, where X is
the Haar measure on G such that A(G) = 1. Now let us consider &,&; €

G, & # &. Then there exists gy € G such that (go, &7'€) # 1. Therefore
we have

[ X0 §@) = [ o) 0.6
G
— (.67 [ dNG) (55966
If we now apply the substitution g — gog we have
[ o) &leats) =t 676) [ NG (0.6

for <£17€2>L2 7£ 0. Hence, if 51 7& §2, then <€17€2>L2 = 0.

We will say the group G is discrete if it is endowed with the discrete
topology. Then the following fact holds [18]:
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Proposition 3.2.3. Let G be a l.c.s.c. Abelian group. If G is discrete, G
18 compact. R
If G is compact, G s discrete.

In the following examples, we list some dual groups which we have al-
ready encountered in chapter [2]

Example 3.2.4. R = R with (z,£) = ¢2™¢ [18]. Indeed, let us consider
f € R. Hence, there exists a > 0 such that

A:/Oad:c f(x) #0.

Moreover, since f is a continuous homomorphism and f(0) = 1, we have
that the expression

« a+t
Af(t):/ dx f(x+t):/ dx f(x)
0 t
is differentiable, thus f is differentiable and we have

fla+t) = flz)

/
xTr) =
') .
Therefore, setting a = %, we have that f(z) = e*. Moreover, since
|f| = 1, we must have a = 27§ for some £ € R and so the assertion is
proven.

Example 3.2.5. Let us consider the torus group, i.e. the group of elements
z € Csuch that |z| = 1, and the set of integer numbers Z, which is a group
with respect to the addition.

Hence, T = Z with the pairing (o, n) = o, o = 2™ € T, n € Z. Indeed,
everything works the same as in the case G = R, but the character f must
satisfy the condition f(x + 27) = f(z) too, since T can be identified with
R/Z |18, 140].

Conversely, we have that Z 2 T via the pairing (n, a) = o, because, given
¢ € Z, we have a = ¢(1) € T and é(n) = ¢(1)" = a™.

Example 3.2.6. Let us consider the group Z/NZ = Zy, i.e. the group of
equivalence classes of numbers which are congruent modulo N with respect
to the addition [a + b] := [a] + [b].

Hence, Zn = Zy via the pairing (m,n) = e"QWﬂm", because the characters of
Zy are the characters of Z which are trivial on NZ [18, [40], therefore they
are of the form ¢(n) = o”, where « is the Nth root of 1.
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Lastly, if Gy,...,G,, are l.c.s.c. Abelian groups, we can consider the
dual group of G X --- x G,, which is isomorphic to Gi x - x G
Indeed, & = (&1,...,&) € Glx, ey x G, is a character of Gy X - - x G, via
the natural pairing

(9153 9n), (15, 60)) = (91,61) - - (G, En) (3.14)

and each character € of G1 X - -+ x G,, is of this form, since each & can be
defined as

<gi7€i> = <(€,-..,6,91',67...,6),5).

Therefore, we have that every finite Abelian group is self-dual, i.e. G~q@.
Indeed, since by the structure theorem for finite Abelian group

G — Zplnl X e X Zpknk7

and since Z, is self-dual for each n € N, the assertion follow from [3.14]
Moreover, we will also have that R* = R", T" = Z" and Z" = T".

3.3 The Fourier transform on l.c.s.c. Abelian
groups

Definition 3.3.1. Let G be a l.c.s.c. Abelian group and let dg = d\(g) be
its Haar measure. If f is a function in LY(G) the Fourier transform of f is
the map F : L'(G) — Cy(G) such that

Gﬁ@ﬁﬁszjdg@@ﬂm, (3.15)

G

Observe that f is a continuous function. Moreover, F is a norm-
decreasing linear map and the Riemann-Lebesgue lemma holds, i.e. Ran F
is a dense subspace of Cy(G) [I8]. We can also observe that F is a %-
homomorphism, since CO(G) is a x-algebra, where the convolution is the
pointwise product and the involution is f*(¢) = f(g~'). Indeed, if f, f1, f2 €
LY(@), we have F(f, * fo) = (Ff1)(Ffy) and F(f*) = Ff, since

L@@@%&M@ZL@@&LMMMMWW
_ /G dgdh Thg,€) (1) falg) = F(F)F(f),



CHAPTER 3. HARMONIC ANALYSIS ON ABELIAN GROUPS 71

/G dg 9. 6) () = /G dg @O G = /G dg GO @)
Z/Gdg (9.€)f(g) = FFf.

It is useful to extend the Fourier transform on L'(G) to M(G):

Definition 3.3.2. The Fourier-Stieltjes transform of a Radon measure p
is the map F : M(G) — BC(G), where BC(G) is the set of continuous
bounded function on G, such that

AE) = /G du(g) (7.6 (3.16)

It is still true that i * v = a0, where u, v € M(G), since

A = / dyu(g)dv(h) Tgh, &) = / dyu(g)dv(h) (g, E) T €) = A€ (€).

We can also define a Fourier transform on (' instead of G (this is possible

since we can identify G with G, as we will see in theorem [3.3.12)): this will

N N

be a map M(G) — BC(G) such that

bulg) = ilg) = / du(€) {9.€) € BC(O). (3.17)

G

Observe that Bochner’s theorem holds [18]:

~

Theorem 3.3.3. € MH(G) <= ji=¢, € P(G).

We remark that, if p is a probability measure and x € P;(G), then i = x
for some 1 € M*(CA?) such that M(G) = 1. Hence, functions of positive type
play an important role in physics, since they are nothing but the Fourier-
Stieltjes transform of probability measures, which are the classical states in
classical statistical mechanics (we will return on this fact in section [4.4)).
Let us now consider B(G) := {jt € BC(G) | p € M*(G)} (we remark that
B(G) contains all the functions of the form f; * fo, with f1, fo € C.(G) [18])
and define

BP(G) = B(G)NLP(G), p< oo, (3.18)

which is a dense set in LP(G) [18]. Hence the following Fourier’s inversion
formula holds [18]:
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Theorem 3.3.4. If f € B'(G), then f e LY(G). Moreover, if the Haar
measures dg € M(G), du(§) € M(G) are suitably normalized, we have that

du(§) = f(&)d¢ < ji=f. (3.19)
Hence
f@=é@@@ﬂ=é%@@éﬁmaw)WGF@%MW

If we now fix dg to be an Haar measure on G, there will exist a unique
normalization of the measure d§ on G such that m holds. In such a case,
we will say that the Haar measures (dg, d€) are conjugate.

We also point out the following interesting result [I8], 40]:

Proposition 3.3.5. If G is a compact group and its Haar measure is nor-
malized in such a way that |G| = 1, then the dual measure on G is the
counting measure. Conversely, if G is discrete and the Haar measure is the
counting measure, then the dual measure on G is normalized to the unit.

Example 3.3.6. The Lebesgue measure on R is self-dual [I8] if R = R with
the pairing (z, &) = €2™¢; in such a case we have

fwzfmamvm,ﬂwzfﬁﬁﬁM»
then we have

f(l’) :/Rdg 62m‘m§/RdI/ 6_2mm/£f(l’/).

Observe that, if we identify R with R via the pairing (x,&) = €%, the dual
measure of dr will be (27)~1d¢, hence

R 1 —ix _ L eix £
f@iﬁﬁmﬁwfwwﬁﬁfwﬂ

Example 3.3.7. Let us consider G = T, hence T' = Z. If A = (2r)~'d0
is the normalized Haar measure on T, then the dual measure on Z is the
counting measure. Therefore, by Fourier’s first inversion theorem [3.3.4] we
have

foy = [ so)e g (3.21)
+

FO) =3 ke,

k=—00
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Example 3.3.8. We now consider G = Zy, thus ZAN = Zn. Since Zy 18
a finite compact group the dual of the counting measure is still a counting
measure up to a rescaling factor that preserves the normalization. Hence
we will have

N
Zf —2Wijk/N7 (322)

=0
LN

‘ :_Z ) e2midk/N
N =0

Of course, the normalizing factor can be placed in the Fourier transform,
it is a matter of choice (as well as the choice 1/4/N both for the transform
and the anti-transform). In such a case, the first Fourier’s inversion formula

is given by
fG) =~ Z TN e R p(1)

kEZN leZy

3.3.1 Other useful theorems
Let us consider f € L?(G). Then f * f* € P(G), since

(f 7ulg)f) = / ah T f(g~'h) = / dh TR ig) = T 1.

Thus, if f € LY(G) N L3(G), we have that f* f* € L'(G) N P(G) C BYQG).
Moreover, since the Fourier transform on L'(G) is a *-homomorphism, we
have that f * f* = |f] *. Now, if f € LYG) N L*G) and if dg and d¢ are

conjugate measures, we have

/ dglf(9)? = / dg F(g)f(eTg) = ( * I*)(e) =
G G

:/édg <e,£>f*f*(£)Z/édff*f*(é)zfédi @)
Therefore

112y = /G dg 1f(9)? = /G 46 11O = 17 poces. (3.23)

Hence we have proven that f — f is an isometry in the L? norm. The latter
extends uniquely to an isometry from L*(G) to L2(G), which is also sur-
jective, hence it is a unitary map [I8]. Thus, we have that the Plancherel’s
theorem holds:
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Theorem 3.3.9 (Plancherel). If f € L'(G) N L*(G), then F(f) = fe
L*(G) and this is true Vf € LY(G)NL*(G) if dx and d§ are conjugate Haar
measures. Moreover, the map

LNG)NLYG) > f— feL*G) (3.24)

extends uniquely to a unitary operator F : L*(G) — L2(C¥), which is called
the Fourier-Plancherel transform.

Corollary 3.3.10. If G is a compact Abelian group and X\ is its Haar
measure such that \(G) = 1, then G is an orthonormal basis in L*(Q)

Proof. We have seen in the previous section that G is an orthonormal set
in L?(G). Observe that, if f € L*(G) L £ V€ € G, we have that

0= / aN(g) E(9)(g) = / INg) 0.8 f(g) = f(€) Veed,

hence, by Plancherel’s theorem, we have f = 0 and G is an orthonormal
basis in L*(G). O

As a last topic of this section, we consider the dual group of G, namely

~
~

G.

Theorem 3.3.11 (Gelfand-Raikov). Let G be a locally compact group. The
irreducible representations of G separate points, i.e. if g,h € G,g # h,
hence there exists an irreducible unitary representation m such that m(g) #

7(h).
Suppose now g € G and let us consider the map (g,-) : G 3 € — (g,£) =
&(g) € T and observe that (g,&&) = (g,&1)(g, &). Hence we have that g is

a character of G. If we now consider the map ® : G 3 g — (g,-) € G, we
have that

D(9192) = (9192, ) = (91, ) (g2, ) = P(91)P(92) V1,92 € G,

hence ® is a group homomorphism from G to G and it is injective due to
the Gelfand-Raikov’s theorem It is also possible to prove that ® is
a continuous surjection , hence we have the following duality theorem, due
to Pontrjagin [18]:

Theorem 3.3.12 (Pontrjagin). The map ® : G > g — (g,-) € G is an
isomorphism of topological groups.
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Therefore we will identify G with G from now on and we will not pay
attention to the pairings (g,¢) and (¢, g).

We have various interesting corollaries and here we present two of them.
The first is a second inversion formula:

Theorem 3.3.13. If f € LY(G) and f € L'(G), then f(g) = jg(gfl) a.e.,
i.e.

= [ d¢ (g,6)f (&) = [ d< (g, dh (h, &) f(h). 3.25
to)= [ de00f© = [d 0o [ mTarm. )
If f is also a continuous function, the equivalence is true pointwise.

Proof. Observe that, by Bochner’s theorem [3.3.3 for each f € L'(G) we
have that f € B(G), because

ﬂo:[yg@aﬂmzzyg@%@ﬂmzzyg@aﬂgw

Hence we have that i = f = f(/(-F), where du(g) = f(g~")dg and
f € LY(G), then f € B(G). Suppose now f € L'(G) (and f € BYG)).

Then, by the first Fourier’s inversion theorem |3.3.4, we have that g = f

implies f(g~!)dg = du(g) = f(g)dg, hence f(g7") = f(g) a.e.
If f is a continuous function, f is also continuous, therefore flg™h =

~

fg) Vg € G. O
The second one is the so called Fourier uniqueness theorem [18]:

Theorem 3.3.14. If p, v are two complex Radon measure such that i =1,
then p = v. In particuar, if fi, fo» € L'(G) are such that fi = fs, then

fr=fo

3.4 Harmonic analysis on phase space

Harmonic analysis on phase space is at foundation of the phase space de-
scription of quantum mechanics. In this section we will introduce the most
important facts regarding this topic, which are related with the symplectic
structure of the phase space, and will be used in the next chapter to define
the Wigner function.

In particular, after we have defined the symplectic Fourier transform, we
will briefly recall the notion of twisted group algebra, which is strictly re-
lated with the x-product of functions [7]. Then, we will introduce the Gabor
transform, which is at foundation of time-frequency analysis and it is an
interesting tool due to its link with wavelets and coherent states [2].
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3.4.1 The symplectic Fourier transform

The symplectic Fourier transform, as the name suggests, is strictly inter-
twined with the symplectic structure of the phase space (the link will be
explicit in examples [3.4.2] and [3.4.3). Recall that the symplectic structure
arises from the underlying group structure, as we have seen in chapter [2|

Let G be a l.c.s.c. Abelian group. If we consider the (abstract) phase

spaceAGxCA?, then, by Pontrjagin’s duality theorem|3.3.12) G x G =GxG
G x GG. Hence we can give the following definition:

Definition 3.4.1. The symplectic Fourier transform is the unitary operator
Fesp : L*(G x G) = L*(G x G) such that

Fal)(tow) = [ dods Tl (0F @0, feLHGxC). (320

GxG

The quantity

((2,€), (t,w)) = (z,w)(t, &) = {(t,w), (z,£)) (3.27)
is called the symplectic character of G x G.

We will also denote Fg, f as f.
We remark that it is also possible to give an alternative definition of the
symplectic Fourier transform, given by the complex conjugate of the sym-
plectic character as (z,w)(t,&) = ((x,§), (t,w)). The alternative definition
of Fgp is analogous to [3.26]
We observe that, due to Pontrjagin’s duality theorem and due to the
second inversion formula , we have that fszp = Id. Indeed,

—_ ~

Faol)a.&) = [ dtdo T2 (1.0)

GxG !
_ / dtdw Tt )z, w) / dv'de’ @)t € (o €)
GxG GxG

= f(x,6),

Therefore, since it is a unitary and self-inverse operator, the symplectic
Fourier transform is a self-adjoint operator. We remark that the Fourier
transform does not enjoy this property, because it is such that F* = 1d,
while F? is the parity operator [19].
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Example 3.4.2. Let us consider the continuous phase space R™ x R".
Hence, since the characters on R" are given by (¢,p) = €¢?™?, the sym-
plectic character will be

<q,p’)<p, q’} — e~ i2r(gp —pd) — 6—i2ﬂw((q,p)7(£1’,p’))’ (3.28)

where w is the standard symplectic form on R* x R" and ¢-p = > | ¢ip;.
Hence, the symplectic Fourier transform is defined as

(Fspf)(@.0) := / dddy DI f( o), f e LR x RY).
R™ xR™
(3.29)

Example 3.4.3. For the finite phase space Zy x Zy, since the characters
.o . .

on Zy are of the form (j, k) = e!~7%, the symplectic characters are defined

as

(G R (k, ') = e KU, (3.30)
and the discrete symplectic Fourier transform is given by

N

(fSpf ]a Z Wﬁ (K =k3") 7k/)7 f € L2(ZN X ZN) (331)
k!

3.4.2 The twisted group algebra

We can now see how it is possible to endow L'(G) with an algebraic struc-
ture alternative to the group algebra (namely, the twisted group algebra)
in the case of groups which admit projective representations. In particular,
we see that the twisted convolution plays an important role in the phase
space description of quantum mechanics, since it is strictly related with the
x-product of functions [5 [7, 42] 52].

Definition 3.4.4. Let G be a l.c.s.c. group and let p: G x G — T be a
multiplier. If ¢, 1y € (LY(G),d)\(g) = dg, C), then the function defined by

(1 @, 1) (g) = /G dh gy (Do (h i lg) (3.32)

is called the twisted convolution of ¥, and s.

We remark that the integral is well-defined since u is a bounded, weakly
Borel function [16].

Proposition 3.4.5. (L*(G),®,) is a Banach algebra.
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Proof. for ,1s,13 € L'(G) we have

(11 ®y ) ®,93) (9) = /dhdk U1 (K)o (k™ h)ps(h™tg)-
’ ,u(h7 hilg)ﬂ(kv k‘lilh)

and

(61 @, (s @, 153)) (g) = / dhdk: (ki) E g):
~p(h, bk g)p(k, k1 g).

Hence, by the substitution h +— kh in the first expression, we have

(e @ 3) @ s) (g) = / dhdk (k) ()s(h 'k g)-
- pu(kh, h='k=1g) u(k, h).

Then, since p is a multiplier, we have
pu(kh, D=k gk, h) = pk, k™ g)u(h, h k1)

and the equivalence is proven.
Moreover,

‘ / dgdh ¢y (h)a(h~" g)u(h, h‘lg)‘ < / dgdh [1(h)ipa(h™ g)u(h, h=1g)]

_ / dgdh [t (R)tba ()] = 1]l o |0al] 1

[
We can also define the map I, : L'(G) 2 ¢ — ¢®+ € L'(G), where
Ve (g) == Alg)ulg, g7 (g ™), (3.33)
which is an involution, because we have [7, 16]
9=l = lell, - (@)™ =, V4 € LY(G). (3.34)

Moreover [16],
(U1 @, )™ = (2) ™ @, (1),

hence we can give the following definition:
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Definition 3.4.6. The Banach *-algebra (L'(G), ®,, ) is called the twisted
group algebra of G.

Observe that in the case of exact multipliers, the twisted convolution
reduces to the ordinary one, as well as the twisted involution, hence the
twisted group algebra coincides with the group algebra of G.

We also note incidentally that the twisted group algebra is a unital algebra
if and only if G is a discrete group [16]. Moreover, it is a commutative
algebra if and only if y ~ 1 and G is an Abelian group.

Hence, we can observe that twisted convolution is a good candidate to
“mimic” the product of operators on the space of functions on the phase
space. In particular, it turns out that twisted convolution is involved in the
Weyl-Wigner scheme, which we will discuss in the next chapter, because
it arises when we consider the x-product induced by a square integrable
projective representation of the phase space [7]. In such a case, if 1, ¢ €
L*(G x @), then ¥ ®, ¢ € L*(G x G) [5, [, 20, 22]. Moreover, L*(G x
é) becomes a non-commutative x-algebra when equipped with the twisted
convolution and the twisted involution [3 [7].

Example 3.4.7. Let us consider the continuous phase space R” x R"™ and
an irreducible projective representation with multiplier u((q,p), (¢,p")) =
i@’ =rd) (b = 1). The twisted convolution is given by

(f ®.9)(q,p) = / dg'dp’ f(d,p)g(q—q,p—p)e™ P P4 (3.35)
R"LXRTL

where f,g € L'(R" x R"). We again remark that it is the “standard” *-
product of functions, which is well-defined in L*(R™ x R™) too.

Example 3.4.8. We now consider the discrete phase space Zy X Zy,
and a finite Weyl system with symplectic multiplier u((j,k), (j/,k")) =
i (4, k), (5, k') = e UKk (X = 1). Then,

(f@u9)U k)= D fUK)g( =5 k= K)ewUFRD - (3.36)

7K' EZN

where f,g € LY (Zy x Zy)(=2 CV*N = My(C)). We also observe that,
by construction, the twisted group algebra on Zy x Zy coincides with the
matrix algebra My (C), where the latter is a Banach x-algebra with respect
to the trace norm ||A|% := tr(AA*) (in the finite case all the operator
norms are equivalent [39]) and the involution is given by the adjoint map
[17].

Finally, by compactness of Zy x Zy, we also have that the irreducible
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projective representations of Zy x Zy D, (j,k) defined in form an
orthonormal basis for the twisted group algebra L'(Zy x Zy) [17].

A last remark on twisted group algebra: it turns out that a projec-
tive representation of a l.c.s.c. group G gives rise to a *-representation
of its twisted group algebra, in the same way as we have seen for unitary
representations and #-representations of the group algebra in section [3.1.]]
[16, [17].

3.4.3 Gabor analysis on finite Abelian groups

In the context of signal analysis it turns out that the Fourier transform is
not the best tool. Indeed, let us consider for example the signal ¢ — f(¢)
in L'(R) N L*(R). We are often interested in both the time and frequency
information of such signal, but we cannot “select” the spectral information
for a fixed frequency w, since, by F, it is related to all times. In other
terms, in order to evaluate f(w), we need to know f(t) Vt € R.

Moreover, we also find out that the uncertainty principle holds, hence the
concept of “istantaneous frequency” is also troublesome [22].

To accomplish this task it is necessary to introduce time-frequency analysis
and the Gabor transform, which is, roughly speaking, the Fourier transform
of f restricted to an interval by a smooth cut-off g, often called window
[13, 22]. We remark that the time-frequency plane is nothing but the phase
space, since it can also be identified with the direct product of an Abelian
group for its unitary dual [17, 22].

Hence, we now define the Gabor transform on discrete phase space Zy X Zy;
we will briefly discuss the case R™ x R™ too, bearing in mind that, in such
a case, things can be trickier because of convergence issues (in particu-
lar, some facts require the notion of square integrable representations, see
section [3.5]). For convenience, in the following we will set the label of the
projective representations of the phase space (both discrete and continuous)
to 1.

Definition 3.4.9. Let D(j, k) = D;(j,k) = e '~*M,T; be the projec-
tive irreducible representation of Zy x Zy defined in The short-time
Fourier transform or Gabor transform of f € L*(Zy) with respect to a
fixed window 0 # w € L*(Zy) is the map G, : L*(Zy) — L*(Zy x Zy)
such that

gwf(j7 k) = <D(ja k)w7 f>L2(ZN) = Z ei%jke_i%klw(l - j)f(l) (337)

leZn
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We notice incidentally that the discrete Gabor transform can be ex-
pressed as a convolution product as follows:

e inIk (f * Mpw™) —e_ZNJka ) (Mpw*) (j —1) =
leZn
_e—ZNJkZ f(he 25 k(j— ZW:
leZn
= N @Rk (Dl — ) = Guf (. ).
leZn

We also observe that Schur’s orthogonality relations hold, namely:

(Gun f1, Gun f2) 12z x23) = (J1, [2) p2(280) (W15 W2) 127 - (3.38)

In the context of analysis on phase space, the latter identity is often called
the Moyal’s identity.

In the case of G = R things are not much different, but proofs become
trickier since we have to deal with the domain of the Gabor operator (see
e.g. [22]). For future reference, the Gabor transform with respect to the
window w is usually defined as

Gutlan) = [ " de flayule = ge (3.30)

[e.o]

(the generalization to R™ is straightforward). Obviously, if we consider
the projective representation S(g,p) of R x R given in , we have that
Guf(q,p) = (S(q,p)w, f) (up to a phase factor). We can also give an-
other simple, but interesting, equivalent expression for Indeed, by the
substitution z +— z + 4, we will have

—+00

dt f (m + g) w (m — g)e_%mp. (3.40)

Guf(q,p) == e ™% / 5 :

—00

This expression is also known as the Fourier Wigner transform [20] (or,
in time-frequency analysis, as the cross-ambiguity function [22]) and will
return (as its discrete counterpart) in the definition of the Wigner map on
the continuous (respectively, the discrete) phase space. Indeed, we will see
that the Wigner map is given by the symplectic Fourier transform of the
Fourier Wigner transform.

We also remark that the Moyal’s identity holds in the continuous case
as well [22] 20] (see next section).
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3.5 Square integrable representations and
wavelets

In the discussion of harmonic analysis on phase space we have understood
that the notion of square integrable representation is an invaluable tool in
the phase space description of quantum mechanics. Moreover, in the next
chapter, we will see that the Weyl-Wigner correspondence solely relies on
the existence of square integrable representations. Thus, as a last topic of
this chapter, we will give some basic results regarding the latter concept
and we will introduce the wavelet transform. We will also sketch how the
(standard) wavelet transform, which is an alternative tool to time-frequency
analysis [13], 22], arises from group theoretical considerations.

Let G be a L.c.s.c. group with left Haar measure dA(g).

Definition 3.5.1. Let U : G — U(H) be a unitary (projective) representa-
tion and let ¢y 4 : G 3 g — (U(g9)¥, ¢) € C be its matrix coefficients. The
set

AU) ={veH|TpeH, 6 #0:cpy € L*(G,\,C)} (3.41)

is called the set of admissible vectors for the representation U. In other
words, 1) € H is an admissible vector if

/G IA(9) |(U(9), )2 < oo. (3.42)

If A(U) # {0}, the representation U is said to be square integrable (or,
equivalently, U is in the discrete series).

Observe that A(U) is always nonempty, since 0 € A(U). The elements
¢ € A(U) such that ||¢]] = 1 are often called wavelets. We notice that
everything works the same if we consider right invariant measures. Indeed,
recall that if d\(g) is a left Haar measure, then d\(¢g™') is a right Haar
measure, [18]. Hence, from the admissibility condition we have

/ aN(g) |(U(9)6, &) = / aA(g) (6, U6}
G G
_ /G Mg (6, U(9)9)

Thus we can restrict our attention to left Haar measures only.
Moreover, A(U) is also a stable under the action of U(g). Indeed, if ¢ €
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A(U), then
/ IN) (U9 (9)6, U(g)d)] = / IN) (U5 d'9)0. )"
G G

_ /G d\(¢) |(U(g'9), &)’

1

- /G d\(¢) |(U(g)¢, d) ",

where we have used the left invariance of A, A is the modular function on
G, and d\(g7') = A(g71)d\(g) [18]. Tt is also remarkable that A(U) is a
dense linear span in H [2].

The next theorem, due to Duflo and Moore [14] (see also [6]), will provide
us some orthogonality relations that are analogous to Schur’s orthogonality
relations [I.19] which holds for compact groups:

Theorem 3.5.2 (Duflo-Moore). Let U : G — U(H) be a unitary (projec-
tive) representation. Then for any pair of vectors ¢ € H and ¢ € A(U),
the coefficient c4 is an element of L*(G,\,C). Moreover, there exists a
unique positive selfadjoint, injective linear operator Dy such that its domain
corresponds with A(U) and the following orthogonality relations hold:

<C7JJ17¢17 C¢2,¢2>L2 = <¢17 ¢2><DU¢27 DU¢1> v¢1> ¢2 S H? v1/}17 ¢2 € A<U)
(3.43)
Lastly, Dy is a bounded operator if and only if G is a unimodular group; in
such a case we also have that Dy = dyld, where dy is a positive constant.

Notice that the Duflo-Moore operato Dy is linked to the normalization
of the Haar measure. In particular, recall that a Haar measure on a lo-
cally compact group G is unique up to positive factors [18]. Hence, if we
rescale the Haar measure by a positive constant £ > 0, Dy will be rescaled
correspondly by the square root of k [2] [7].

As a consequence of the Duflo-Moore’s theorem, we have that, for 0 #

v e AU) and ¢1, o € H,

(b, b2) = | Dy /G 0A(g) (60, U(9) ) U (9)1, ) (3.44)

or analogously, in the Dirac notation, the following resolution of the identity
holds:

1d = | Dy |? /G dA(9) [U(GENT (g)] (3.45)

Moreover, theorem [3.5.2] allows us to introduce the following concept:
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Definition 3.5.3. If U : G — U(H) is a square integrable representation
of G and if ¢» € A(U), then the linear operator

WY H S ¢ ———cy € L*(G,\,C) (3.46)

HD all

is called the (generalized) wavelet transform generated by U with fiducial
(or analyzing) vector 1.

Observe that is an isometry. We can also easily compute the adjoint
operator, which will be a map from L?*(G,\,C) to H; if f € L?(G) and
¢ € H, we have

b
1Dy

||DUwr|/ dN(g) (U(9)0: d)nf (9)
- et [0 .U @)

(&, W) [a = WES, fire = (Cyor 12

Hence we have the following reconstruction formula:

¢ 2
WS f = HDWII/ U(g)w, YfeL*G,\C).  (3.47)

We can now stress the strong analogy with some results that hold for
compact groups. Firstly, observe that, since the irreducible representation
of a compact group G are finite dimensional, we have that they are also
square integrable, since the Haar measure on G is finite and every coefficient

of such representations is a bounded function. Moreover, if A is normalized
in such a way that A(G) = 1, then, from theorem

Vi [ dMg) (61,06 0n) U a)im ) = {61,020 ),
where ¢1, 09 € H, 1,109 € A(U), and dy = dim H. Hence we have

1
Dy = —=Id. 3.48
v= (3.45)

As a consequence, we have that the wavelet transform and the isometry
1.20| (which we will refer as the prototype wavelet transform) coincide.
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Example 3.5.4. We now define the standard wavelet transform which is
often encountered in time-frequency analysis [13].
Recall that R x R} = G is the affine group with composition law

(b,a)(b, @) := (b+ ab, ad); (3.49)

the inverse element is given by (b,a)™! = (—a~'b,a™') [2]. This group is
not unimodular, since

1 1
dA(b,a) = ?dadb, dp(b,a) = adbda

are the left and right Haar measures 2], hence the Duflo-Moore operator is
unbounded. The maps

U -G = ULARL)) | (U (b,0)f)(€) = a ™ f(ag),  (3.50)
UD G = ULARY)) | (UD(b,a)f)(€) = a?e® f(af), (3.51)

are irreducible, inequivalent square integrable representations of R x R
[2]. The function f € L*(R%) is an admissible element of U™ if and only
if R 5 & €] (O € LA(R%) [2]. The same holds for A(U)).

If we now consider the representation U : G — U(L*(R)) such that U :=
US) @ UM and if F is the Fourier-Plancherel transform, we have that

O0.0)0)0) = (FUBDF V@) = 70 () we PR,
(3.52)

The quantity

Uba(T) = %w (m ~ b) (3.53)

is often called the core of the wavelet transform. The isometry W, :
L*(R) — L*(R x R*, X\ = a %dbda) defined in such a way that

W,0)(b, a) := /Rdwa,a(x)gb(x), ¢ € L*(R) (3.54)

is called the (standard) wavelet transform with analyzing vector 1. In par-
ticular, ¢ is a mother wavelet for the representation U if the following
admissibility condition hold:

RE ¢ ¢!

o | g

Fo)Q)| e L'RE),
Foe) d =2 [ 167 |Fone

2
¢ = 1.
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Lastly, we briefly return to the projective representations of R™ x R”.

In particular, it turns out that the projective representations|2.24|are square
integrable |2l 4 [6| 20], hence orthogonality relations hold (we remark
that this is true only for the projective representations of the continuous
phase space, since the irreducible representations of H,(R) are not square
integrable [2] [6]; in such a case we say that the Schrodinger representation
is square integrable modulo its center). Hence, the Moyal’s identity
holds even for G = R™ x R", since it is nothing but a restatement of the
orthogonality relations for square integrable representations. Moreover, we
also have that the Gabor transform is the (generalized) wavelet transform
with respect to the Schodinger representation, since it is defined as the
coefficient of the representation (as we have seen in section [3.4.3)).

Lastly, we remark that the square-integrability of representations is the key
property to define coherent states [2]. For instance, as it is well known, the
(canonical) coherent states are generated by the displacement operators
acting on the ground state of the Hamiltonian operator of the harmonic
oscillator as |2, [41]

la) = D(q,p) |0), (3.55)

and satisfy the resolution of the identity which is a consequence of
Duflo-Moore’s theorem. This scheme is suitable for the study of coherent
states over groups different from the phase space R™ x R™ (see [2]); however,
this is beyond our aims and we will not investigate this facts hereafter.



Chapter 4

Quantum mechanics on phase
space

We are now ready to introduce quantum mechanics on phase space exploit-
ing the tools developed in the previous chapter; here we will review the most
important facts of quantum mechanics, paying more attention to quantum
states, both in continuous and in finite cases.
The chapter is structured as follows. At first, we will describe the general
quantization-dequantization (or Weyl-Wigner) scheme: given a square in-
tegrable projective representation of a l.c.s.c. group G, we will define an
isometry - called the (generalized) Wigner transform or dequantization map
- from the space of Hilbert-Schmidt operators on the space of the represen-
tation to the space of square integrable functions defined on G. Then, the
Weyl transform (or quantization map) will simply be the adjoint of the
latter. In such a scheme we have that the Wigner transform is in general
only an isometry, thus its adjoint is a partial isometry, while in the original
Weyl-Wigner scheme of G = R" x R" they are unitary operators [20), 38].
Since we are mostly interested in the continuous and the discrete phase
space, we will focus our attention on the case of unimodular groups. Thereby,
we can define the *-product of functions by means of the Weyl-Wigner
scheme, and we will be able to clarify the link with the twisted group al-
gebra (in the general case of non-unimodular groups the x-product is not
equivalent to the twisted convolution, see [7] for further details).

Next, we will describe the Wigner function on R” x R™ and Zy x Zy.
In particular, we will see that the standard Wigner function associated
with the Hilbert-Schmidt operator p, which appeared for the first time in
[50], is recovered if we consider the symplectic Fourier transform of the
dequantization map; we will also review some interesting properties of the
Wigner function.

87
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The discrete Wigner function will be defined in analogy with the standard
one as the discrete symplectic Fourier transform of the discrete Wigner
transform. Furthermore, we will study some fundamental properties and
we will compare it with the Wigner function defined by means of phase-point
operators [2], 34], which, roughly speaking, can be regarded as the quantum
counterpart of the phase space points. In particular, we will observe that
the latter is not well defined for phase space of even order, unlike the discrete
Wigner function defined by means of the Weyl-Wigner correspondence.
Eventually, thanks to Weyl-Wigner correspondence, we will be able to study
quantum states on discrete phase space by means of functions of quantum
positive type, a generalization of functions of positive type encountered in
section In this way, we will be able to discuss of some criteria which
establish if a state is separable.

4.1 The Weyl-Wigner correspondence

In this section we will introduce the generalized Wigner transform (or de-
quantization map), the basic tool in the phase space approach to quantum
mechanics. By means of a given projective representation of a l.c.s.c. group
G, the dequantization map associates a square integrable function on G to
each Hilbert-Schmidt operator on the space of the representation.

Thus, let us briefly recall that a bounded linear operator T' € B(H) is a
Hilbert-Schmidt operator if tr T*T < oo; we will denote with By (H) the set
of such operators. We also need the following facts [39]:

o By(H) is a *-ideal in B(H), namely Bo(H) is such that if T € By(H)
and S € B(H), then T'S, ST and T* are still Hilbert-Schmidt opera-
tors.

e 55(H) is a Hilbert space, where the inner product is defined as

(A, BY = tr(A*B), A,B € By(H). (4.1)

e The norm ||T||, := vVtr T*T, T € By(H), is such that ||T|| < ||T,.
Moreover, the finite rank operators are dense in By(H) (with respect

to [|-[l,)-

Let us consider a l.c.s.c. group G (which it is not necessary unimodular
yet), a left Haar measure d\(g) on G and a square integrable projective
representation U : G — U(H) with multiplier p. In order to give a proper
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definition of the Wigner map, let us consider the rank one operators in H
of the type

|UXp|, e H, ¢ € Dom(D;),

where Dy is the Duflo-Moore operator associated with the representation U
normalized according to the left Haar measure d\ of the group. The linear
span of such operators corresponds to the set of finite rank operators in H
[39], hence it is dense in By(#H). Therefore, a finite rank operator F' in H
admits a canonical decomposition of the form F = Zgzl |tk X Pk|, where N
is a natural number, {¢;}_, and {¢;}_, are linearly indipendent systems
in H and each ¢ belongs to Dom(D").

Let us now consider the quantity

(P [¥Xel)(g) =tr(U(9)" | XDy ¢|) = (U(g9) Dy 6, 9),  [¥)el € 5’2((71))-

4.2
Then, if |11 )(¢1] and |12)(@s| are rank one operators, by the orthogonality
relations [3.43] we have that

/Gdk(g)(% V1) 1]) (9) (Do [92)(¢2l) (9) =

= /Gd)\(g)<1/11, U(9) Dy ¢1)(U(9) Dy 2, 2)
= (1, 92) (2, $1) = (|1 )1], [V2XP2) By (30)-

Therefore, we can extend 2 to finite rank operators by linearity and to
the whole By(#H) by continuity, so that we are allowed to give the following

Definition 4.1.1. Let G be a l.c.s.c. group, let U : G — U(H) be a square
integrable projective representation with multiplier u, and let Dy be the

associated Duflo-Moore operator.
Then, the map Py : Bo(H) — L*(G) such that

(Zup)(g) = tr(U(g)"pDy"), p € Ba(H), (4.3)

is called the generalized Wigner transform or the dequantization map in-
duced by the square integrable representation U.

If G is a unimodular group, since Dy = dyld, dy > 0, the Wigner
transform becomes

(Pup) (g) = %mwg)*p), p € Ba(H). (4.4)

We also remark that, due to orthogonality relations the dequantiza-
tion map is an isometry [7].
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In the following, we will denote with Ry the range of the Wigner trans-
form, which depends on the unitary equivalence class of U only [7]. We also

observe that, if Wg is the generalized wavelet transform with analyzing
vector ¢ € H defined in the following relation holds [7]:

Ry = span{y € Ran W, | ¥ € A(U), 1 # 0}. (4.5)

Proposition 4.1.2. If U : G —U(H) and V : G — U(H') are two square
integrable unitary representations, then the ranges Ry, Ry are orthogonal.

Proof. Let us consider the generalized wavelet transform Wg, WY with an-
alyzing vectors ¢ € ‘H and n € H'. Recall that such transforms intertwine
the representation U and V with the left regular representation 7. Thus,
we have that W{}*WZZ; : H — H intertwines U and V. However, U and V
are inequivalent, hence, by Schur’s lemma , W{Z—*Wg must be identi-
cally zero. Therefore,

0= WP Wi.6) = Wio, Wie) Vo e H, Y et
and thanks to the proof is complete. O
Corollary 4.1.3. If G is a compact group, then L*(G) = @yee Ru-
Proof. Recall that, by Peter-Weyl’s theorem

dy
1*(@) = D PRan(Wy),

UeG j=1

where dy; is the dimension of the representation. By the previous consider-
ation, we also have that

du
@Ran Wﬁj = span{cy 4 | ¥, ¢ € H} = Ry,

Jj=1

where ¢y 4 are the coefficients of the representation and the proof is
complete. O

We can now study the intertwining properties of the Wigner transform;
from now on, we will focus on the case of unimodular groups only in order
to simplify some proofs, hence Dy = dyld, dy > 0.

Let us consider the unitary representation

UVU : G — U(LXQ)), UVU(9)A :=U(g)AU(g)*, Yge G, A Bso(H),
(4.6)
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which can be regarded as the symmetry action of the group GG onto quantum-
mechanical operators.
We also consider the map

Tu: G = ULG) | (TDNHY) =1 (9,9 f(g dg),  (47)

where 1= (g,9") := (g, 971g" ) (g7 'g’, g), which is a unitary representation
too.

Proposition 4.1.4. Let G be a unimodular l.c.s.c. group and let U be a
projective square integrable representation of G with multiplier p. Then,

PvU NV U(g) =Tu(9) P, Vg€ G (4.8)

(namely, the dequantization map intertwines UV U and T,). As a conse-
quence, Ry is an invariant subspace for T, and UV U is unitarily equivalent
to the subrepresentation 7,;|RU.

Proof. Observe that

(ZuU VNV U(9)A) (") = (ZuU(9)AU(9)") (') = — tx(U(g')"U(9)AU(g)")

We notice now that, since U is a projective representation, we have

Ulg'g'9) =nulg ", da)uld . 9)U(g " U()U(g).

Thus,
(T9)Zu ) (o) = Tulg) 3 (U ()" 4) =
— i—u@, e e (g L g9 ug 9) tr((U(g™U(g)U(g)) A)

- %mﬂ(glg’, 9rlg~, g9y’ 9) tr(Ug) U(g)Ulg™")"A)

By the defining property of the multipliers, we have that

1(g,97r9\ulg™'g', 9)ulg~L, g'9)uly’s 9)

1(g.97'9) ,g‘lg’)u(g 9, 9)ulg~g', 9ulg™, g
1(9: 97199, q')

(997", ")y, g‘l) (g, 974)-
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Now, recalling that Id = U(gg™"') = u(g,g7")U(g9)U(g™"), we see that

1

(T.(9)2uvA) () = @ tr (U(g)"U(g')"U(g)A) .

Let us now consider the map J, : L?*(G) — L*(G) such that

(Juf) (9) =g, 97 ") f(g7), VfeL*G) (4.9)

(recall that we are considering unimodular groups only), which is a well-
defined involution in L?(G). We also remark that the latter is a selfadjoint
anti-unitary map.

Proposition 4.1.5. Let G be a l.c.s.c. unimodular group and let U be a
square integrable projective representation of G. If J is a standard complex
conjugation in the Hilbert space By(H), namely J maps A € Bo(H) to
A* € By(H), then the dequantization map Dy induced by the representation
U intertwines the involution [{.9 with T, i.e.

DT = 1, 9. (4.10)

Proof. Observe that

(90T 4) (9) = (90A')g) = o (U (g) 4') = (U ) A).
Moreover, we have

(1, Z04) (g) = Ty t2(U(9)" A) = %mg,g—wtrw(gl)%).

Again, since U(g~')* = (g1, 9)U(g)*, we have that

(1, ZuA) (g) = %trw(gm).

We can now introduce the adjoint map of the Wigner transform.

Definition 4.1.6. Let U be a square integrable projective representation
of a l.c.s.c. unimodular group G and let &y be the corresponding Wigner
transform. The adjoint map

2y =9y*: L*(G) — Ba(H) (4.11)
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such that
PvPy =1d, Dp2y = Pr,, (4.12)

where Pg,, is the orthogonal projection on the range of the Wigner map, is
called the Weyl transform (or quantization map).

We remark that, since the Wigner transform is an isometry, the Weyl
transform, which is the pseudo-inverse of &, is a partial isometry such
that Ry = ker Zy |7, B9]. As we briefly mentioned at the end of section
we can observe that the following fact holds [7]:

Proposition 4.1.7. If G is a l.c.s.c. unimodular group, U is a square
integrable projective representation of G and f = Dy |)¢|, then the integral

1

7= [ A9 f(9)U(9) (4.13)
U JaG

converges weakly to |)X¢|. Therefore, if f € Ry(G), we have

1

20f = /G N9 F(9)U(9). (4.14)

Proof. If /', ¢/ € H and L*(G) > f = Zu ||, |¢'X'| € Ba(H), by
orthogonality relations [3.43, we have that

- [ N@) 0.V 0) = di /G IA(9) (6. U(g)) tr(U ()" |6/
_ di /G aN(9)(6, U (g U (g1, &)

= (0, ¢) (¥, ).

Moreover, we have

/Gdk(g)iw,U(g)Wf(g)’ < (1l &Nl (4.15)

Therefore the integral
1

/. d\(9)U(g)f(9)

can be interpreted in the weak sense. O
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4.1.1 The star-product

We can now introduce the x-product of functions fi, fo € L*(G) induced
by the Weyl-Wigner scheme, which, roughly speaking, will be given by the
dequantization map of the product of the operators associated to f; and f,
via the quantization map.

We will focus our attention on the case of unimodular groups only, because
we are interested in the case of the Weyl-Wigner correspondence in the
phase space. Besides, in the general case of non unimodular groups, it is
much more difficult to give explicit formulas (see [7] section 5).

Definition 4.1.8. Let G be a l.c.s.c. unimodular group and let U : G —
U(H) be a square integrable projective representation. If 2y (2y) is the
associated dequantization (quantization) map, then the bilinear map

() *u () L(G) x L(G) 3 (fi, fo) = Du((Luf1) (Lufo)) € LQ((Z)w)
is the x-product induced by U. .

We can easily prove that the x-product is associative. Indeed, let us
consider f1, fo, f3 € L*(G) and recall that 2y 2y = Id. Hence we have

(fr#v fo) v f3 = ([o%%( (2uf) (2vf2))] (2vfs) )
= 2 ((2vh) (2uf>) (2uf3))
- %( (20 h) [2090((20 ) <£Uf3>)])
= Ju((2uh) (2uf2) (2ufs)) = fixu (faxu fo)-
Next, we can observe that
1fi5v fall e < N fillzllfell 2 Vi, fo € LH(G). (4.17)

Indeed, since Z is an isometry and 2y is a partial isometry, we have

120 (2 [)( 2o f2)ll 2 = (2o [1)(2u f2)ll 5,0
< 12v fillg, a9l 20 all gy 3y < 1l g2 Ml f2l -

Let us now consider a multiplier i of the representation U and recall that
the involution J,, defined in is such that 2y J = J,%y, where J is the
complex conjugation in By(#H). As a consequence, we have that [7]

NI (4.18)
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Thus, for each fy, fo € L*(G) we have that

Ju (fixv f2) = 1,20 (v f1)(Luf2) = 2vT (Lufi)(Luf2))
= Du ((TLv [ )(T2v f1)) = Pv (Lvuf2)(LuJufr))
= (Juf2) *v (Juf1).

Therefore, since L?(G) is an algebra with respect to (-) *p (+) (due to bilin-
earity), we have proved the following

Proposition 4.1.9. The space (L*(G),*y, J,) is a Banach x-algebra.

We also notice that Ry is a closed two-sided ideal in such algebra,
namely f1 xy fo € Ry [1].

The *-product of functions admits an explicit formula in terms of inte-
gral kernels. However, we will not investigate this property (see [7] section
5 for further details), but we will focus on the case of unimodular groups,
where we can recognize the formal expression of the twisted convolution

3.32] Indeed, the following fact holds true [7]:

Theorem 4.1.10. Let G be a l.c.s.c. unimodular group and let U be a
square integrable projective representation. Then, for any fi1, fo € Ry and
for almost all g € G, we have that

1 [

(oo 2(0) = 7 [ @AW Ol TTg), >0, (4.19)
For compact groups the following fact also holds [7]:

Corollary 4.1.11. Let G be a l.c.s.c. compact group and let A be an Haar

measure normalized in such a way that N(G) = 1. Let U be a square inte-

grable representation of G with dimension dy. Then, Vfi, fo € L*(G), we
have that

639 [ ORI = X duhiew £ (1.20)

UeG

where the sum on the right hand side converges in the norm sense, is a map
in L*(G).

4.2 Wigner function on continuous phase
Space
We now apply the general formalism developed in section to R® x R™.

We will focus on the case of a Weyl system S = 57 defined in whose
symplectic multiplier yx is given in [2.26]
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Firstly, let us briefly review the intertwining properties, so let p be a
Hilbert-Schmidt operator on L?(R™). Then, the generalized Wigner trans-
form (also called the Fourier-Wigner transform or the characteristic func-
tion in this context) Ps : Bo(L*(R™)) — L?(R™ x R") is given by

(Zsp)(q,p) = tr(S(q,p)"p) (4.21)

(the Haar measure is normalized in such a way that the Duflo-Moore op-
erator is Dg = Id). Let us consider the unitary representation SV S :
R™ x R" — U(L*(R" x R™)) such that (SV S)(q,p)p = S(q,p)pS(q,p)* and
observe that

1((q,p), (@ — ¢, —p)u((d — ¢,0" = p),(¢;p)) =
=exp{—im(q- (0" =p) —p-(d —q)}explin (¢ —q)-p— (' —p)-q)}
=exp{—i27(q-p' —p-q)}.

Thus, SV S is intertwined by Zs with the representation [4.7, which turns
out to be defined in such a way that

(Tu(g,p)f) (¢, p)) = 277D (g pf), Vfe LR xR"). (4.22)
Similarly, bearing in mind that
u((g,p), (q.p)~") = em@ PP =, (4.23)

where p is the symplectic multiplier the generalized Wigner transform
9 intertwines the involution

J : Bo(L*(R™) 3 A A* € By(L*(R™)) (4.24)

with (see proposition [4.1.5)
(JH)(a,p) = (Juf)a,p) = F(=q,—p), Vfe L*R"xR").  (4.25)
We now observe that, in order to recover the standard Wigner function

[50]

v = /n dx e~ 2™ %), (q — g)w (q + %) , Y€ L*R"), (4.26)

it is necessary to consider the symplectic Fourier transform of the char-
acteristic function Indeed, let us consider the finite rank operator
[UX9|, ¥, d € L*(R™) at first. Then, we see that

(Zs [¥)Xo) (g, p) = tr(S(q, p)" [WNP]) = (5(q,2), ¥) 12(Rm)

= /n i (2) P EPTG (5 — g). (4.27)
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Hence, mapping x — x 4 £, we obtain

(Zs [W)ol) (g, p) = /R dai) (a: + g) ¢ (:c —~ g>eﬂ‘2”p'x (4.28)

(notice that the latter is essentially the Gabor transform of ¢ with respect
to the window ¢ [20], 22]).

Thus, by an application of the symplectic Fourier transform we recover the
“right” Wigner function. Indeed, observe that the first Fourier’s inversion
formula can be realized as

v = [ dy e [ dn et v e PR
Then,

(Fsp(Zs [¥)0]) (¢,p) =

:/ dq'dp’ €i27r(q’-pp’-q)/ de ¢ |z — 2/ v x+ 2/ e~ i2mp’x
RnXRn n 2 2
q A —
— d / 1 1 127p’-q )
/ qsb(q 2)¢<q+2)6

Therefore, we can give the following definition:

Definition 4.2.1. The standard Wigner function is a map from By(L*(R™))
to L?(R™ x R™) such that

V/SP = fspgsp, pE BQ(LQ(Rn)) (429)

We remark that definition can be written in Dirac notation as

Ve (q,p) = /

—i2np-x _ L
Jdre <q 2’p‘q+2>'
We also notice that, since Zs is a unitary operator on L*(R™ x R") [38|, #5
is unitary too.
Moreover, orthogonality relations hold true, because S(q, p) is a square
integrable projective representation. Thus, by the unitarity of the operator
Fsp, we have

Theorem 4.2.2. If 11,1y, ¢, do € L2(R™), the Wigner function satisfy the
Moyal identity, namely

(PO KON o oy = (1,0 12y (B2, B1) 2rey (4.30)
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Another brief remark concerning the intertwining properties: let us con-
sider the unitary representation

V:R"xR" = U(L*(R* xR"), V(q,p) := FspT, Fsp, (4.31)
which is intertwined with SV S, because
WS = ]:Spgs — WSS VS = fSpnFSpWS = V%

Observe that V is the translation operator on the phase space, because

Vg, ), p) = (FspTuFspf)(d,p) =

d(]1 dpl 6i27r(q/.p1—p/.q1) (ﬁ(q, p)fspf) (C]l ’ p1) _

_ /dQ1dp1 e’i27‘r(q’.p17p/.ql)efiQW(q-plfp-(Il)(Fspf) (thl) —

Thus, the simmetry action on Hilbert-Schmidt operators is intertwined with
translations on phase space. In other terms, the latter unitary equivalence
means that the Wigner function behaves “well” under position and momen-
tum translations, namely [9]

(g) = V(g —d) = #(a.p)— 5 (qa—d,p),
U(q) — e U(q) = WS (q,p) = W (a0 — D),

where ¢ is a function on the configuration space.

Before we go any further, let us briefly review an alternative expression
of the Wigner function that relies on the definition of the following
self-adjoint operators, often called the phase-point operators,

A(q,p) :==25(¢q,p)TIS(¢,p)", (¢,p) €R" xR" (4.32)

where IT = F? is the parity operator such that f(z) — f(—z), f € L*(R")
(F is the Fourier-Plancherel operator on L*(R™)); the factor 2 will be neces-
sary in order to retrieve exactly #s. Observe that we have an operator for
each point (¢,p) € R™ x R"; in this sense, these operators are the quantum
mechanical counterparts of the phase space points. Moreover, each phase-
point operator A(q,p) can be interpreted as a displaced parity operator,
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namely as a parity operator around the phase space point (¢, p) [46]. Since
the translation and modulation operators are intertwined by the Fourier
transform on L?(R™) as in proposition [22], we also have the following
equivalent expressions, which highlight a dilation involved in the definition
of the phase-point operator:

A(q.p) = 25(q,p)11S (g, )" = 2¢~*" P M (p)T (q)1IM (—p)T(~q)
= 2¢72" P M (p)T(q) M (p)T(q)11 = 2¢~"7% M (2p) T (2¢)11
= 25(2¢, 2p)11,

or, in a similar way [34],
A(g, p) = 2¢"™PT (2q)11M (- 2p).
Hence, the Wigner function can be written as [2]

#{(a.p) = tr(Alg.p)p), p € Bo(L*(R")). (4.33)
For instance, if ¢ € L*(R™), we have

tr(A(g, p) [PXY]) = 2 / dr eI (q + x)e” TP NP(q — x)

n

N R O R

Finally, we review some well-known facts concerning quantum states.
Recall that an operator p is a quantum state if

pEBI(H), trp=1 p>0, (4.34)

where B (#) denotes the set of trace class operators on the Hilbert space
H (namely, A € Bi(H) if tr|A] < oo, where |A| = vV A*A). We will denote
with S(H) the convex set [35] of quantum states on H. Furthermore, we
recall that every quantum state p admits the decomposition

p= Zpipia Zpi =1,

i€l i€l
where I' is denumerable index set and each P, is a rank one projector, hence
it can be written as |[¢; vy, ¥; € H [35].

Firstly, as it was already noted by Wigner [50], the Wigner function m
is not positive deﬁniteﬂ Indeed, as a trivial example, let us consider an odd
non-null function ¢ € L*(R™). Then we have

1200 = [ o (-3)0(3) =~ [ @v(3)e(5) -2l

! Rigorously, it is remarkable that the only (pure) states whose Wigner functions are
non-negative are the gaussian states [20].
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which is a negative quantity, since the norm is positive definite. Hence it
cannot be interpreted as a probability density and the correspondence with
quantum states is not “genuine”.
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25 0384
& 00 . 0320
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-25
0192
-5.0
0128
-15 0.064
-10.0 0.000
-10.0 -75 -50 -25 00 25 50 75 100
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10.0 100
15 0.03 75 0210
.o 0.00 0168
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-015 .
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-10.0 r T r - : : T -10.0 - - - - - - -
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q a
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Figure 4.1: Some example of Wigner functions, generated with the QuTiP
module of Python [26 27]. (a) is the ground state of the harmonic oscil-
lator; (b) is a superposition of the following eigenstates of the harmonic
oscillator: [1),3),|9),|13); (c) is a superposition of the coherent states
lar), |ag) , |as), where oy = 17.45 +420.01, ap = 14.24 + 14, a3 = 16.52.

However, it enjoys some other remarkable properties:

Proposition 4.2.3. Let [¢)X¢| € S(L2(R)n)) be a pure state. Then, #<
is a real function. Moreover, if 1, Fi € LY(R™) N L*(R™), where F is the
Fourier-Plancherel operator in L*(R™), the marginal distributions

| o 7 = (@)l (4.35)

| ao @) = 1FO ) (4.30)
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hold true.
Lastly, given two pure states |11 Y11, |12 )bs| € S(L*(R™)), we have that
sl = [ dudp 9 @) @D
R™ xRn™

Proof. We firstly observe that the Wigner function is real. Indeed, since
e 75 (35 D) (o 2)

VI (. p) = / ! !
(x> —x) = / dx e (q — g)w (q + g) = 73" q,p)

where ¢, ¢ € L*(R"), we have #4 (¢,p) = #4 (¢, p).
Now we can prove the marginal properties. Indeed, observe that

—i2mp-x T T
[ aingan= [ dado e (o= )0 (a+3)
n Rann 2 2
x x —i2mpu R s
(u =q+ =, v=q— —) = dudv e P ) (u)e=2 P ug)(v)
2 2 R"XR"
= [(F)(p)*.
The marginal distribution
| o 70 = oo
follows from a direct application of the first Fourier’s inversion formula [3.20

[18].
Similarly, we have

/ dgdp 75" (¢, )75 (¢, p) =
= / dqdpdz,dzs e—mp'me—ﬂ”p'”m@bl (q + %) :
e 0= 3)a 0+ )
[ G 2o (15 v (o 2o ()

= /dudv W1 ()1 (0) b (V) (1) = (1, ) (tha, 1) = [(br, o) [,

where u=q+ 3,v=q— 3. O
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Moreover, if ¢; and p; denote respectively the i-th position and momen-
tum operators and v € L'(R") N L*(R™), we have that [20]

/ dqdp piHs (q,p) = (0, pit)), / dgdp g5 (q,p) = (W, Gib). (4.38)

We remark that the above results can be suitably extended to any den-

sity operator p in S(L?(R")), since each quantum state can be decomposed
in a convex combination of pure states [35].

4.2.1 The star-product on the continuous phase space

We can now define the x-product of functions on R” xR". In particular, from
the discussion in section we will quickly recall that the twisted con-
volution arises if we consider the characteristic function 4.21] Next, we will
consider the x-product induced by the standard Wigner transform, which is
linked with the twisted convolution by the symplectic Fourier transform [7].

Recall that, in such a case we have that Rg¢ = L*(R" x R") and the
formula given in theorem holds for every couple of functions on the
phase space. Therefore, [4.16] corresponds exactly with the twisted convolu-
tion on the whole L?(R™ x R"), which we report below for the sake of
completeness:

(fi*s f2)(q,p) = / dd'dy’ fi(q,p) f2(q — ¢, p — p)e™ TP PT) (4.39)

R xR™

(as always, S = S; denotes a Weyl system).

Let us now switch to the case of the x-product induced by the Weyl-
Wigner scheme induced by the standard Wigner transform. In particular,
the latter will be a map (denoted simply with ) of the form

L2(Rn X Rn) X L2(Rn X Rn) > (fl, f2> — WS ((ngl)<%kf2)) € L2<Rn X Rn)
(4.40)
Hence, since #s = Fs,Ds,

fix fo=Ws (Vs [1)(H5 f2) = FspDs ((ZLsFspf1)(LsFsp fo))
= Fsp (Fspf1) *s (Fspfa)) -
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In particular, we have that

Fsp (Fsp 1) *s (Fspfa))
= / dg/dp’ €20 ((Fsp fi) s (Fspf2) (d)

_ /dq/dp/ eiQW(Q'Pl—p'q/) / dq2dp2 eiﬂ.(q/,p//_p/,q//)(fspfl)(q//’p//).
(Fspfo)ld — 4", p" = ")

= /dQ1dC]2dp1dp2 k((q,p), (q1, 1), (q2,p2)) f1(q1, p1) f2(q2, p2),

where

k((¢,p), (q1,p1), (g2, p2)) = exp <i47T [C]'pl—p'611+Q1'p2—p1'Q2+Q2'p—p2'Q]

(4.41)

is the Gronewold-Moyal kernel |7, [38]. We remark that the -product
appears in the evaluation of the dynamical evolution of the Wigner func-
tion as a quantum deformation of the Poisson brackets of classical mechanics
[52]. On the other hand, we must observe that the kernel makes sense
for functions in L'(R™) N L?*(R™) only [7]. Hence, in this sense, the twisted
convolution is more useful in practical applications, since it applies for
functions in L?(R™ x R™).
Nevertheless, we notice that the x-product as well as the twisted con-
volution allows us to define an algebra structure on L?(R" xR") too. In
particular, if we consider the standard complex conjugation in L*(R™ x R"),
we have again a Banach x-algebra [7, [38].

4.3 Wigner function on discrete phase space

We can finally apply the quantization-dequantization scheme on Zy X Zy.
In analogy with the continuous case, the Wigner function will be defined
as the discrete symplectic Fourier transform (defined in of a discrete
Wigner transform (also called dequantization map, or characteristic func-
tion) induced by a square integrable representation of Zy x Zy. In this
section, we will mostly consider the discrete Weyl system D = D, defined
in which is a N-dimensional irreducible projective representation of
Zy x Zy acting on L?(Zy) with multiplier p((5, k), (', k")) = e~ U+ k"),
We will also observe that the finite analogous of function defined by
means of the finite phase-point operators, will not always enjoy the prop-



CHAPTER 4. QUANTUM MECHANICS ON PHASE SPACE 104

erties of a Wigner function.

Let us now consider a discrete Weyl system D(j, k) = D1(j, k) of Zn X
Zx with symplectic multiplier . The Haar measure on Zy xZy (which is
the counting measure since the group is discrete) is normalized in agreement
with the representation D in such a way that the Duflo-Moore operator is
given by Dp = NId. Hence, the generalized discrete Wigner transform (or
the discrete characteristic function) is given by

1

(Zpp)(j; k) i= 5 tr(D(j k)" p),  p € Ba(L*(Zw)); (4.42)

we remark that, if p = |¥)¢|, ¥, ¢ € L*(Zy), the latter resembles the
(discrete) Gabor transform [3.37]

We notice that the intertwining properties are formally analogous to the
continuous ones, namely,

IoDV D =T, TDp, (TG, k)f)(§, k)= e TR (5 k), (4.43)
IpT = 1,Pp, (Jf)(i.k) = f(—j,—k), (4.44)

since u((4, k), (—j,—k)) = 1 ( as well as in the continuous case). Moreover,
for future reference, we explicitly display the discrete Weyl transform, which

is determined by

Jk€Zn
Thence, we define the discrete Wigner function by an application of the

discrete symplectic Fourier transform:

Definition 4.3.1. If D = D, is a finite Weyl system on Zy x Zy, the
discrete (or finite) Wigner function is a map from By(L*(Zy)) to L*(Zy %
Zy) such that

WD = .Fsp(.@Dp), JRS BQ(Lz(ZN)), (446)

where Fg;, is the discrete symplectic Fourier transform defined in [3.31]

For a pure state |¢)v| € S(L*(Zy)), the discrete Wigner function is
given by

WIGH) =5 S EREHD (9 []) (7, K)

JIKEZN

1 S2T0 (1 1 al s //_Z2Tr/ "
=5 D XU Y R REG— ().

i K'eZn leZn

(4.47)
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Again, in perfect analogy with the continuous case, the latter intertwines
the unitary representation DV D with the translation on the discrete phase
space, namely #pD V D = V#p, where V := Fg, T, Fsp is such that

VU E)Y) (' k) =4 = 5. K — k), ¢ € L*(Zy). (4.48)

We remark that, in the following, we can mostly consider pure states
[YXy| € S(L*(Zy)), since the extension to mixed states is obvious. In-
deed, if p =) p; [1:)(1;] is a mixed state, we have

VLG, k) = Nfsp tr(D(j, szfsp tr(D(j, k)" i) ei)
= il Gk

We can now observe that the #} enjoys the same properties of the standard
Wigner function [4.26}

Proposition 4.3.2. Let [¢)X1)| € S(L2(Zy)) be a pure state. Then, ¥, is
a real function.

Proof. Firstly, observe that, for each ¢, € L*(Zy),

(D(j. k) 6, 0) = (6, D(j, b)) = Y p(l)e K FHay (1 — j)
leZn
= D o+ e T FHY().
leZn

Hence, we have that

(DG, k)*¢) (1) = e 5 e TNl + j) = (D(—j, —k)g) (1), (4.49)

Therefore,

sz j, _ Z Gk —kj") < ( k/)w w>

Zn

Z NUFRO(D(f, k) 1, )

((.jlw k/) = <_ _k/ Z N U= ) (jlv k/>¢v 1/}> = Wg)(]) k)

' ke

]
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Proposition 4.3.3. If [Y)¢|, [1X11] , [ )X1be] € S(L*(ZN)), then the fol-
lowing relations hold true:

DMEGR) =NFO) R Y Gk =[O, (4.50)

JEZN keZn

S ARG = ) (451)

Jk€Zn

Proof. Indeed, adding all over the j’s in Zy equation [4.47, we have

SAFGR = g S S S R )
JEZN J.J' k' E€EZN 1eZn
1 R L T ey v
=5 2 eFI )
JleZn
1 R L T ey v
=5 20 > eI =)
leZn JEZN
1 12 i
=5 D YWY e RN = |(Fu) (R
leZy JEZN

The second marginal distribution is a direct consequence of the first Fourier’s
inversion formula, as in the continuous case. Lastly,

> WG R (G k)

G kEZN
1 N omy . ‘ ‘
— m Z et QW(]/ﬁ kjl)ez%(sz—k]2)<D(j1’ k1)¢1,¢1><D(j2, k2)¢27¢2>
kJoiks ez
1 . .
= N2 Z <D(J17 k1)¢171/)1><D(—]17 —k1)1/127¢2>
J1,k1€ZN
1 o om - -
= Z el%Jkeflzﬁk(llle)wl(ll — )b (1) ol + )b (1)
Jyk,l1,le€ZN
1
=—Z¢1 (D2() Y n(=g)a(—4) = (o, ¥2)
leZn jEZN

]

Before we discuss of the phase-point operators approach, let us briefly
review why we have choosen the Weyl system D = D, [2.77|instead of S = 5}
defined in [2.73 (recall that by Stone-von Neumann’s theorem, since D and
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S are projectively equivalent, they describe the same physical system).
For instance, let us consider the pure state |)1| € S(L*(Zy)). Then, the
discrete Wigner transform (or characteristic function) induced by S (whose
multiplier ps((j, k), (', k') = ' ¥* is defined in is given by

(95 WK1 G, B) 1= = (SR o)) (4.52)

(Ps differs from Z, for a global phase factor, since D(j, k) = e "N * M, T; =
e *~%S(35,k)). Clearly this is a valid characteristic function and, by propo-

sitions [4.1.4] 4.1.5] we have
DsSV S = Tus s, (Tus])(J'sK') = e RUNHROf(R),  (4.53)
DsT = JusDs,  (JusH)Gk) = e T F(=j, =), (4.54)

Hence, bearing in mind the first Fourier’s inversion formula the dis-
crete Wigner function induced by the Weyl system S is given by

1

VLG = 55 D TR S Sy ()0 = )
7K' EZN leZy (4 55)
== Z e WY (G = )
J 'eZn

Moreover, since [4.53| is formally analogous to [4.43] we have that #5 in-
tertwines SV S with the translation on the discrete phase space too.
However, since

S(j, k)" = e XIS (—j, —k),
the Wigner function is not real:
PR = Y E TSR = Y TG )
'K E€ZN J'€ZN
?é Wsw (]7 k)
Therefore, from the point of view of the discrete Wigner function, the choice
of the Weyl system D is more suitable than S. We remark that this differ-
ent behaviour is a consequence of the explicit expression of the generalized

Wigner transform which depends on the choice of the representative in
the equivalence class of the projective representation considered.

For each finite phase space point (j,k) € Zy X Zy, we now define the
(finite) phase-point operator as

. 1 . w1 . | Y
A(]? k) = N‘D(jv k)HD(j7 k) = ND(Z% 2]{:)1—‘[ = Ne 4N]kT2jHM_22756)



CHAPTER 4. QUANTUM MECHANICS ON PHASE SPACE 108

where II = F? is the parity operator (F is the discrete Fourier transform
3.22). Hence, by analogy with the standard Wigner function defined on
R™ x R™, we can define a function in terms of the phase-point operator as

W5 = te(AG,K)p),  p € S(L*(Zy)), (4.57)

which is real by definition. However, [£.57] cannot be always interpreted as
a Wigner function. We investigate this fact splitting our analysis in two
different cases, namely N even and odd.

Let us consider the case of N odd at first. Then, everything works as
in R” x R™ and #} is a Wigner function:

Proposition 4.3.4. If N € N is an odd number and p € S(L*(Zy)), the
functions #}E and W} will coincide.

Proof. We will work with a pure state ¢ € S(L*(Zy)), since the extension
to mixed states is trivial. Observe that, since N is odd, there exists the
inverse of 2 € Zy with respect to the product rule, namely 27! = % €y
(recall that a € Zy admits an inverse element with respect to the product
if and only if ged(a, N) = 1 [I5]). Hence, by a simple computation, we see
that

. 1 7;2l'l7 -/ Ppus //71277/ "
%”(M)zm D WU RIS — (1)

jk'eZn l€eZN
Z i (k' —kj') Z 6712%’ — 271Ny (l—|—2 j)
Jk'eZn leZn
s ey
J 'eZn

where in the second step we have used the substitution [ ~ [ + 2715,
Similarly, we have

- 1 . " . % 1 47\' .
2 N@(Mﬁ) ¥ DG, k)W) = > NG+ DG —1)
leZn
(1 —271) = Z eI Sy (i +27),
ZEZN
hence, #Y = #},. =

When N is an even number things work differently and W does not en-
joy the properties of a standard Wigner function anymore. From a heuristic
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point of view we can understand this fact immediately. Indeed, notice that,
for a pure state 1)1 € S(L2(ZN)) we have

VAON: Z NG+ DG —1). (4.58)

ZGZN

Hence, if [y )yn|, [¢aX»| EiLQ(ZN)) (¢1,4) cannot be expressed in
5

terms of WD and ”//D as in indeed

N WG R (k)
J.k€ZN

=Y G — G F B — 1)

Jiksl1,l2€Z N

= Zwl(j — D1 (G + Da(j — Da(G — 1) # (W1, )

(similarly, the first marginal in cannot be written in terms of Vip).
More formally, the reason why #} is not a Wigner function is inscribed in
the definition [4.56] of the finite phase-point operator, which is affected by
the finiteness of Zy x Zy. Indeed, the finite phase-point operators behave
in a very different way with respect to the continuous ones (defined in
because, ultimately, the dilation involved in their definition is not negligible
in the finite case (this fact was observed by Zak in [53], who called this
property the doubling feature of 7/~D).

To unfold this point, it is useful to focus on the following formula, which
highlights the aforementioned dilation of the phase space point involved:

AG k) = %D@j, G, V() k) € Zn X Zny (4.59)
(roughly speaking, the point (j,k) € Zy x Zy in which we evaluate the
phase-point operator corresponds to the dilated point (2j,2k) € Zy X Zy
in which we evaluate D). As already pointed out by Wootters [5I], we
can define a Wigner function via the phase-point operators if they form a
basis of linear operators on L*(Zy). However, the research of such a basis
is affected by the parity of N. In particular, when N is odd, the set of
operators {A(j,k) | j,k € Zx} is a set of N? independent operators, hence
it is an operator basis on L*(Zy) [53]. On the other hand, when N is even,
we have N?/4 independent operators only [34]. The difference between
the even and the odd cases follows from the fact that 2 € Zy, when N is
even, does not admit a multiplicative inverse. Indeed, let us consider the
homomorphism
h:Zy> J— 2] €Zy. (460)
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Then, if N is odd, ker(h) = {(0,0)} since there exists the multiplicative

inverse of 2 € Zy, namely 271 = %, and h is a group isomorphism.

Conversely, if N is even, we have that ker(h) # {0} and h is not a group
isomorphismf Indeed, for example, j = N/2 € ker(h) if N is even.

Example 4.3.5. Let us consider the case N = 4. We observe that
A(0,0) = iD(0,0)H, A(1,0) = ip@,om, (4.61)
A(0,1) = iD(O,Q)H, A(1,1) = iD(272)H, (4.62)
are the only independent operators. Indeed, for example, we have that
A(3,0) = %D(G,O)H _ %D(Q,O)n, A(3,3) = }lD(G, 6)TT — }lmz, )L,
A(2,0) = S D(4,0)TT = ip(o,om, A(2,2) = ;LD(‘“‘)H _ Z%D(O,O)H,

4

and so on. Therefore, the phase-point operators cannot form an operator
basis on L*(Zy).
On the other hand if N = 3 we have for example

A(0,0) = éD(0,0)H, A(1,0) = %D(Q,O)H, (4.63)
A(2,0) = %0(4, 0)T = éD(l,O)H. (4.64)

Then it is clear that, in such a case, {A(j,k) | j,k € Z3} is a set of 9
independent operators on L?(Z3).

Therefore, from this point of view, the discrete Wigner function defined
following the Weyl-Wigner correspondence is slightly more general than the
one defined by means of the phase-point operators, since it does not dis-
tinguish the even and the odd cases. However, we remark that a discrete
Wigner function defined as in [£.57] can still be defined when N is even, but
it requires some ad hoc tweaks [34, 53] which we will not investigate any
further.

Lastly, we recall that, as in the continuous case, the x-product induced
by the finite Weyl system D corresponds to the twisted convolution on
Zy X Zy, namely

(fi*p f2)(J, k Z [ E) (5 — 5 k=K e FUR—R), (4.65)

j' K eZn

2 These facts follow from the first isomorphism theorem: if A : G — G is a group
homomorphism, then ker i is a normal subgroup of G and G/ker h 2 h(G) [13].
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where fl, fg S LQ(ZN X ZN)

4.3.1 Some simple examples

Here we briefly present some simple examples of Wigner function in-
duced by D = D, which - for a generic mixed state p € S(L*(Zy)) - we
recall is given by

WEGR) =~ > XN (D K p) (4.66)
§' k' E€ZN

Example 4.3.6. At first, let us consider the case of the position pure state
|1, X5, |. Hence, we have

750k = RO (D7 K" 11 o)
JKEZN
1 le k' —kj' y 1 27'r /
= N2 Z el N UK —kj )(D(]’7 k/)wjo>¢j0> — e Z etk (1=do)
ik EeZn KeZy
1 .
= N(SN(J — Jo),

where dx(j — jo) is such that

6<yq@={“j#% moc (4.67)

1, =70 mod N.
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Figure 4.2: Discrete Wigner function of the position basis vector ¢y for
N = 3.
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Example 4.3.7. Let us now consider the case of the pure state |1y, Xtby, |,
where 1, is a vector in the “momenta” basis, whose vectors are defined as

—z— ik
n § J ¢n
JGZN

Hence we have
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Figure 4.3: Discrete Wigner function of the momentum basis vector 1&1 for
N = 3.

Example 4.3.8. We now briefly discuss the finite analogous of position
and momentum operators. Indeed, as already pointed out in section
we can consider position and momentum coordinates as the elements of a
l.c.s.c. Abelian group and its unitary dual. Hence, let us consider the stan-
dard bases in position and momentum coordinates {¥, bnezy: {Untnezy C
L*(Zy), where Un = Fiby Vn € Zy. Then, the operators

Ji= Gl k=Y kel (4.68)

JEZN keZyn

are the finite position and momentum operators (clearly they are defined
modulo N). Since 1/% = Fi Vk € Zy, we have that the discrete Fourier
transform intertwines them, namely k = FjF* [46]. Of course these are not
“true” position and momentum operators, because they cannot satisfy the
CCRs (recall by section that this is possible in infinite-dimensional
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Hilbert spaces only), however they have various applications (see [II, 46]).
Thanks to examples 4.3.7], we can easily calculate the Wigner func-
tions associated with the operators in In particular, we have

j- 1 P27 (k! —kj' .7\ x .11
7ol k) = <2 > ewuk k“tf(D(] NN |¢j"><@/fj”|>

jl,k/eZN j”eZN
1 . o
=% > "N —i")
j//GZN
» 1 2T (G L -
ZIES=ED ’“”tr(D(y’,k:’) > k”|¢k~><¢k~|>
i K'eZn k'"eZn
1
= > Koy (k+ K.
k'eZ N
Hence,
tr(i’ﬂ) N ST G REGER) = Y GWEGLE), (4.69)
]kGZN jkGZN
tr</%p> NS G REGR) = S kG ~R). (470)
]kEZN ]kJGZN

Next, we want to analyze some simple Wigner functions of states on a
composite system. In this regard, the following result concerning the tensor
product of unitary (projective) representation is necessary [18]:

Theorem 4.3.9. Let G1 and Gy be two l.c.s.c. group and let m : G; —
U(H1) and o : Gy — U(Ha) be two unitary representations. Let us consider
the unitary representation

T=mRm: G xGy = UH1®H2), 7(91,92) = T1(91) ®ma(g2). (4.71)
Then, 7 is irreducible if and only if m1 and my are both irreducible.

Hence, if we consider the direct product group Zy xXZy xZy; X Z s, where
N, M € N (namely, a composite system AB), the tensor product of the Weyl
systems on the two discrete phase space Zy x Zy and Zy; x Zy;, denoted
respectively with D4 = D{ and Dg = DP, is an irreducible projective
representation.
We now present some examples of separable states and entangled states; in
the next section we will introduce some criteria to characterize separability,
which relies on the finite characteristic function.
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Example 4.3.10. Let us consider a separable state |1 1| @ |[¢a)1hs] €
S(L*(Zn)®L?*(Zys)). Then, by definition of tensor product, we can factorize
the characteristic function:
(D ([0 )(Wh1] @ [02)(aba]) (1, k1, Jo, k) =
1 ) X . *
= g T ((Dalin k)™ @ Dp(j2, k2)") (%1 © ¢2))
1

= N<DA(j17 kl)*%ﬂ/fﬁ%(DB(]é, ko) o, )

= (D, [01)(¥1]) (1, k1) (Ppg [Pa)ta]) (G2, ka),

where (j1,k1) € Zy X Zy and (j2, ko) € Zy X Zyy. As a consequence, we
can consider the standard Wigner function of the bipartite system applying
the discrete symplectic Fourier transform, which can be factorized; we will
denote with Fsﬁ) and .FSBp the symplectic Fourier transform on A and B.
Therefore, the discrete Wigner function of the separable state ¥ ® 1y is
given by

W,;%@wz (1, k1, g2, ko) = Wfl (j1, /7471)7%5;#2 (j2, k2) (4.72)

(here we prefer to specify in the subscript the quantum system instead of
the representation used to calculate the Wigner function, since we will be
stuck with the 1-Weyl system D = D4 ® Dpg). Observe that the partial
trace of ¥y ® 1y translates in the discrete phase space as the sum all over

the points of only one subsystem, e.g. try “corresponds” to Zjl ki eZn-

Example 4.3.11. At last, let us consider the Wigner function of some
remarkable entangled states, namely the Bell states. Let A and B two
N-dimensional quantum states. Then, let us consider at first the state

Oo(l1, 1) == \/LN Z (Vn @ n) (I, 1), (4.73)

nezZy

which is an entangled state, because its reduced density matrices are mixed
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states [37]. Then we have

WAB(]hkl ]2ak2 Z Z 1,{" k1]1)€ZN(]2k‘ k‘232)x

_]1 k, €Zn _]2 k €ZN

<<DA(]17 k/) & DB<j£> ké))QOa (90>

E 5 ]lk kljl) i2x (.72kl k2]é)><
N5

]1 k! EZN ]2 k’/ €ZN

n mGZN
E § w1k —k1jp) i T (ks —k233) o

]1 k4 eZN ]2 k‘ €Zn
Z iR dt (K +kY) =i 55 (K +k))L

leZn
- % Z ot 1k —k1Y) =i 5F (G2k) +had))
J1k1E€EZN
1 .
= m5N<]1 - ]2>5N(k1 + kQ)'

In a similar way, for i = 1,... N — 1, we can define the other Bell’s states
as

0l ) = = 3 (4 ® Dpliic k) (6l 90, (B) . (474)

Therefore, by a similar computation, we see that

- : 1 o
W ap (v, ko, k) = méN(]l — J2 = Ji)On (k1 + ko + ki) (4.75)

4.4 Quantum states as functions of quantum
positive type

In this last section we discuss of functions of quantum positive type, an
alternative point of view on quantum states which is inspired by the duality -
provided by Bochner’s theorem [3.3.3]- between function of positive type and
probability measures. For standard phase space, functions of (quantum)
positive type provide a common playground in which classical limit [30]
and classical-quantum interactions [5] can be studied. On the other hand,
for discrete phase space, they also offer an alternative take on entanglement,
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which we are now going to explore. To be fair, most of the results holds
for compact groups (see |29, 31]), anyhow if we focus on the discrete phase
space we will be able to exhibit the most interesting facts without worrying
of convergence issues.

Let us briefly sketch the standard cases at first. Recall from section
that a function of positive type on phase space x € P(R™ x R") is an
element of L>°(R™ x R") such that

/Rn - dqdp x(q,p) (f** f)(q,p) >0, Vf e L'(R" xR"). (4.76)

For a bounded continuous function x € P(R™ x R™), the latter is equivalent
to say that x is a positive definite function [18], namely

Zx(gk —9;)Gcr >0, Vgi,...,9m CR" xR" (4.77)

jik
(9: = (i, pi)) for every finite set {g1,...,9m} CR*xR"and ¢4, ..., ¢, € C.
We also recall that y agrees a.e. with a bounded continuous function and,
if it is continuous, we have || x|/, = x(0,0).
According to Bochner’s theorem normalized functions of positive type
(i.e. x(0,0) = 1) can be regarded as the Fourier-Stieltjes transform of
probability measures pu(q,p) € M(R™ x R™), which are exactly classical
states on the C*-algebra of classical observables Cyh(R™ x R™) of functions
that vanish at infinity [5]. In this sense, functions of positive type represent
an alternative, more practical, description of classical states. For instance,
the mean value of a classical observable f € Cy(R™ x R" R) in the state
p € M(R™ x R"), which is given by

(flu= /Rn . du(q,p) f(q,p), (4.78)

is often hard to deal with, since probability measures are in general quite
abstract. Thus, it may be useful to consider the symplectic Fourier trans-
form, so that [5]

(flu= / dqdp x(¢,p)f (g, p), (4.79)
RnXRn
where
x(q,p) = ji(q,p) = / du(d,p') e a? —rd), (4.80)
R xR”™

~

fla.p) = (Ff)g,p) = /R o dq'dp’ e V) (g ). (4.81)
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To introduce functions of positive type in quantum mechanics, we shall
consider the Weyl-Wigner correspondence, thanks to which quantum states
can be espressed in terms of Wigner functions defined as in [£.26] (as al-
ways, we consider the Weyl system S = S; . Indeed, in such a case,
we already have a suitable x-algebra of functions on which we can define
functions of positive type, the twisted group algebra (L?(R™ x R™), xg, J,)
induced by the Weyl sistem .S, where %g is the twisted convolution [4.39 and
J,, is the involution [4.25] Hence, since L?(R" x R")* can be identified with
L*(R™ x R") [19], we can give the following

Definition 4.4.1. A function x € L*(R" x R") is of quantum positive type
if

/Rn N dgdp x(q.p) (W* *xs ) (¢,p) >0, Vi € L*(R* xR"),  (4.82)

Unfolding the twisted convolution, if x is continuous, the following
equivalent condition for ¢ € C.(R™ x R") holds true [5]:

/ dgdpdq'dp’ ¥(¢',p')x(q — ¢',p — )Y (q,p)e™ TP >0, (4.83)
R™ xR™

The link with the characteristic function Zsp, p € By(L*(R")) 4.21]is real-
ized by continuity [5]:

Theorem 4.4.2. If y € L*(R™ x R") is a continuous function of quantum
positive type, then x is bounded and | x|, = x(0,0). Moreover, x is a con-
tinuous function of positive type if and only if x is the characteristic function
induced by the Weyl system S of a positive operator p € By(L*(R™)), namely

X=Xp=%sp, p=0.

We notice that if ¥ € L?(R™ x R") is a continuous function of posi-
tive type and p € By(L*(R")) is the corresponding operator, the positivity
condition is equivalent to the positivity of p, namely [5]

tr(pA*A) > 0, VA € By(L2(R™)). (4.84)

Lastly, we remark that, since Zg is a unitary map, a characteristic function
Xp» viewed as a functional on L?(R™ x R™) satisfy the following condition:

IXoll, = V/(Zsp) xs (Zsp)) (0,0) = /tr(p?) < 1. (4.85)

Therefore ||x,||, = 1 if and only if p is a pure state (the above trace is
indeed called the purity of the quantum state p [35]).
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For finite quantum systems everything works the same. We consider the
twisted group algebra (L*(Zy XZy), *p, Ju), where D = Dj is a finite Weyl
system with (formal) symplectic multiplier u((4,k), (', k")) = '~ UF ki),
*p 1s the twisted convolution and J,, is the involution defined in [4.44]

In this way, we can give the following

Definition 4.4.3. A function y € L*(Zy x Zy), is a function of quantum
positive type if

> XU k) (@ xp¥) (k) 20, Vi€ LX(Zy x Zy). (4.86)

J,k€Zn

Po(Zx x Zy) will denote the space of continuous functions of quantum
positive type on Zy X Zy.

Clearly, functions of quantum positive type on discrete phase space cor-
respond to positive definite function, since Zy X Zy is a finite group. Equiv-
alently, we also have that y € Pg(Zy X Zy) iff for each ¢ € L*(Zy x Zy)

Z 1/}<_j/7 _k/)X(j - jla k — k,)w(j7 k)ﬂ((]/a kl)? (]7 k)) > 0. (487)

j?jl7k7k/

Following the same steps as before, we have that continuous functions of
quantum positive type form a subset of discrete characteristic functions
[1.42] In particular, the following result, which relies on the unitarity of the
Wigner (and Weyl) transform, holds true:

Proposition 4.4.4. An operator A on L*(Zy) is positive if and only if
the corresponding characteristic function x4 = %tr(D*A) s a function of
quantum positive type.

Proof. Suppose x € Pg(Zy x Zy) and let us consider a vector ¢ € L*(Zy).
For convenience, we introduce the following simplified shorthand notation:
we set g = (j,k) € Zy x Zy and 3., ., = [dg, so that 5 [dg = 1.
Hence, by Weyl transform we have that there exists an operator AX €
By(L?*(Zy)) such that

AX = / dg x(9)D(g) (4.88)

(recall that By(L*(Zy)) & Mx(C)). Moreover, if {¢;}icz, is an orthonor-
mal basis in L?(Zy) then Id = Y, [¢;}¢;]; hence, denoting with p the
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symplectic multiplier we have

0. 49) = [ dg x(9)(w. Dlg)e) = . [ dgdh X(9)(w. D(o)0)

— [ dadh g = ). Dlg - )

— [ dodh xlg = W)w, Dlg) D) ¥)u(h 9

=33 [ dadh xtg = WD) .0 DY D) 2 0.
We also used the fact that

D(g — h) = u(g, —h)D(g)D(h™") = u(h, 9)D(g)D(h)" (4.89)

since u(g, h) = u((4, k), (', k') = exU¥ k") is such that pu(—h, h) = 1.
Conversely, if By(L?*(Zy)) > A > 0, we have that

/ dgdh O (h)y(g)p(h, g)xalg — h) =
- %/dgdh (R (g)u(h, g) tr(D(g — h)*A) =
:%/@Mwmwmwwmwm

1
= —tr(FF*A) >0,

=

where F' = [ dhy(h)D(h). O

We observe incidentally that if p € S(L*(Zy)) is a quantum state, we

have 1 ]
Xp(0,0) = Ntf(ﬂ) =N (4.90)

Moreover, the following fact also holds true:

Proposition 4.4.5. If p € S(L*(Zy)), the corresponding function of posi-
tive type X, is such that HX/)H; < 1; the equivalence holds true if and only
if p is a pure state.
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Proof. Suppose p € S(L*(Zy)) so that p = >, pi|[¢u)th]. Then, by
orthogonality relations we have that

Il = g 32 WG R ) (DG k')

J.k€ZNn

Y o DG k) (D, k), Ym)

JklmeZn

:% > 2w (W1 ) (Dptm, Dpiiy)

lmEZN

= > 2w (W, Yo (Y, ) = Zpl <1,

lmGZN

where Dp = N1d is the Duflo-Moore operator associated with the projective
representation D. In particular, it is clear that ||Xp||§ = lifand only if pis a
pure state, because in such a case we have that p = [)Xv¢|, ¥ € L*(Zy). O

We also notice that HXPHQ (X, *D X,)(0,0), indeed

(X *p X,)(0,0) pr (. k 4, —k)u((4, k), (0,0))
= pr —j, —k)xp(—j, —k) = pr(j, k)X, (4, k).

We are now ready to discuss of bipartite systems. In particular, we
will consider the discrete phase space Zy X Zy and Z;; X Z,; endowed
respectively with the Weyl systems Dy = D' and Dp = DP (recall that
D, is a N-dimensional irreducible projective representation of Zy X Zy,
while Dp is a M-dimensional one of Zy; x Z);). In this way we can consider
a bipartite system AB whose Hilbert space is given by L*(Zy) ® L*(Zy),
namely the space of the representation D = D, ® Dp of (Zy X Zy) X (Zpr ¥
Recall now that a state p € S(L?(Zy) ® L*(Zyy)) is separable if

p= sz‘ )il @ |pi) il , (4.91)

where ¢); € L*(Zy) and ¢; € L*(Z)). Hence, we can now prove the follow-
ing correspondence already encountered in the previous section:

Theorem 4.4.6. Let L*(Zy) ® L*(Zy) be a bipartite quantum system.
Then p € S(L*(Zy) ® L*(Zyr)) is a separable state if and only if the corre-
sponding function of quantum positive type x, factorizes.
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Proof. 1f p is separable, we have

Xp = Ipp = w7 tr((Da @ Dp)* sz (Dati, i) — <DB¢Z, i)

NM

=" 0D, [0)ti] Doy |6

Conversely, let us consider x, = > . piZp, [ViX¥i| Db, |¢i)¢i]. Then fix
g1 = (J1, k1) € Zy X Zy, g2 = (Jo, k2) € Zyy X Zyr and. [dgr = 5 375 4z
[dgs = ﬁ ng,l@ezw so that by Weyl transform we have

p= /d91d92 Xp(91,92) Da(g1) @ Dg(g2)
= sz/d91d92 (D4 [ViXil)(91)Dalg1) @ (Zpy |6:)X¢il)(92) DB (g2)
= Zpi |i)(Wi] @ |pi )il -

In light of theorem we can give the following

Definition 4.4.7. If p € S(L*(Zy) ® L*(Zy)), the corresponding function
of quantum positive type x, is separable if p is a separable state.

Another characterization is available for pure states, which relies on
orthogonality relations [29]:

Theorem 4.4.8. If p is a pure state on L*(Zy) @ L*(Zyr), X, is separable
of and only if

1

> Xl k1, 0,00 = ek (4.92)
Ji1,k1€ZN

‘ 1
> |Xp(070>]2,k2)|2:m- (4.93)

j2,k2€Zps
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For instance, if p = [Y)¢| @ |¢)X¢|, ¢ € L*(Zy), ¢ € L*(Zyr) so that x,
is separable, we have

Z ‘Xp(jhklaoao)‘z: Z Xp(jlvklaoao)X,0<j2vk27O>0)

J1,k1€ZN Ji1,k1€ZN
1 .
= i 2 (Daln k) @10 @ 6).0 @ 6
Jj1,k1€ZN

((Da(jr, k1) @ 1d) (v ® ¢),7 @ ¢)

1 1
=2 (W, )¢, D) = e
(clearly the proof of the other relation is analogous). On the other hand,
suppose for example that p = [UXU|, U € L?(Zy)® L*(Zyy) is a pure state
and that holds true. Then we have

1 .
- > ol ki, 0,0)

Jj1,k1€ZN

:N21M2 D (W, (Dalit, k) @ 1)) (Da(ir, ki) @ 1), ).

Jj1,k1€ZNn

However, in order to satisfy the latter equivalence, ¥ shall be a separable
state; in this way the action of D4 ® Id on VU factorizes and orthogonality
relations can be applied. The same holds for relation [4.93]

We remark that the above theorem is a group-theoretical equivalent of a
standard result of quantum information, which characterize pure states as
the one and only states such that [24]

tra(trp(p)? = trp(tra(p))? =1, p e S(LAZy) @ LA(Zy))  (4.94)

We now sketch an alternative take on Horodecki’s theorem - an im-
portant characterization of separable states on finite bipartite systems -
founded on functions of quantum positive type. This will be achieved with
the following steps: firstly, we briefly review the standard formulation in the
Hilbert space formalism. Next, we apply some results that holds for com-
pact groups [31] to the case of H(Zy); in particular, we will briefly discuss of
characteristic functions defined on H(Zy), which, on one hand, mimics the
discrete characteristic functions and, on the other hand, corresponds to
functions of positive type on H(Zy). Hence, we will enounce an important
theorem which holds for compact groups and that can be regarded as a
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group-theoretical analogous of Horodecki’s theorem. Eventually, we exploit
the link between H(Zy) and Z x Z given by the central extension via Zy.
In this way, we can relate functions of quantum positive type on Zy X Zy
with functions of positive type on H(Zy), so that we will be able to focus
on discrete phase space.

Let us recall that a linear map A : B(Ha) — B(Hg) is positive if it
preserves positivity, namely p > 0 implies Ap > 0. Moreover, the positive
map A : B(Ha) — B(Hp) is completely positive if, given an arbitrary
Hilbert space K with dim C = k < oo, the map Idic ® A is positive for each
value of k.

Then, Horodecki’s theorem holds true [31]:

Theorem 4.4.9 (Horodecki). Let Ha®@Hp be a finite Hilbert space and let
us consider p € S(Ha @ Hp). Then, p is separable iff for all positive linear
maps A : B(Hp) — B(Ha) the operator (Id @ A)p on Ha @ Ha is positive.

For future reference, we recall the following fundamental result due to
Choi [24]:

Theorem 4.4.10 (Choi). Let A : B(Ha) — B(Hp) a positive map, dimH 4 =
d < oo, dimHp =d < oo. Then, A is completely positive if and only if it
18 d-positive, namely Id4 ® A is a positive map.

Let us now consider the discrete Heisenberg-Weyl group H(Zy) and let
S :H(Zy) = U(L*(Zy)) be an irreducible unitary representation defined as
in (with A = 1). Then, we can define a non-commutative characteristic
function for a given quantum state p € S(L*(Zy)) as a continuous function
such that [29]

Ep(T, 9, k) == tr(S(7, 4, k) p). (4.95)

Observe that can be interpreted as a function of positive type on the
group algebra (L*(H(Zy)), *,Z), where x is the convolution [3.6|and Z is the
involution [29, 30]. Indeed, for a given quantum state p, we have

/ dgdh D (g)é,(h1g) = / dgdh G(I(g) tr(S(h~1g)"p)
- / dgdh b (g) tx(S(g)"S(h)p)
= tr(FF*p) > 0,

where F' = [dgiy(g)S(g)*. As always, in such a case we will denote with
P(H(Zy)) the set of functions of positive type on H(Zx). Next, we consider
a bipartite system AB whose Hilbert space is L?(Zy) ® L?(Zy;), which is
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here viewed as the space of the representation S =S4 ® Sg. In particular,
we remark that S : H(Zy) — U(L*(Zy)) and Sp : H(Zy) — U(L*(Zy))
are two irreducible unitary representations. Hence, we have that a state
p € S(L*(Zy)® L*(Zy)) is separable if and only if £, € P(H(Zy) x H(Z 1))
is separable, i.e. it factorizes (the proof is analogous to the one of theorem
29l

In the following, given a compact group H, ¢ : LP(H) > ¢ — ¢ € LP(H) will
denote the identity map which sends a function in LP(H) in itself, where
p=1,2,...,00. In this way we can give the following

Definition 4.4.11. Let .2 : L®(H(Zy;)) — L™(H(Zx)) be a linear map.
Then

o £ is a map of positive type if maps functions of positive type in
L>*(H(Z)s)) into functions of positive type in L>(H(Zy)).

e If H is a compact group, Lisa map of H-positive type if 1 ® ZLis a
map of positive type from L*(H x H(Zy,)) to L>®(H x H(Zy)).

o £ is a map of completely positive type if it is of H-positive type for
any compact group H.

We notice that the map ¢ ® .2, is rigorously defined on L®(H) ®
L>®(H(Zyy)); then, by continuity, we extend it to the whole L>(H xH(Z,,))
[31].

Thence, the following result holds true [31]:

Theorem 4.4.12. { € P(H(Zy) x H(Zxr)) is separable if and only if for

each map of positive type £ : L*(H(Zy)) — L*(H(Zy)) we have that
(t®Z) € P(H(Zy) x H(Zy)).

Moreover, we also have the following group-theoretical counterpart of
Choi’s theorem [31]:

Proposition 4.4.13. .Z : L®(H(Zy;)) — L®(H(Zy)) is a map of H(Zy)-
positive type if and only if it is a map of completely positive type.

We can now observe that the above theorems hold true for functions
of quantum positive type on discrete phase space too, since H(Zy) is the
central extension via Zy of Zxy X Zy. In order to better understand this
point, recall that the projective representations of Zy x Zy are linked with
the unitary ones of H(Zy) (see section [2.4.2). We also consider the group
algebra (L'(H(Zy)), *) and the twisted group algebra (L*(Zy x Zy), *s),
where xg is the twisted convolution induced by a projective representation .S
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with multiplier ps((j, k), (', k') = €/¥9% defined as in In particular,
*g 1s given by

(Wxs ) K):= D WG KIOU =7k = K)us(G7 K. G = 7.k = F)
/k’IEZN
— Z ¢(]luk/)¢(]_j k? ]{3/>6 N]/k, Z*j/k‘
j/7k/€ZN
(4.96)

Let 0 : Zy > 7 — €57 € T be a character on Zy and let Vv, ¢ €
L*(Zx x Zy). Then we have that U(7, 5, k) := o(7)(j, k) and ®(7, 5, k) :=
o(7)p(j, k) are in L'(H(Zy)) and the following relation holds [20]

(U ®)(7,j, k) = D> (T, 7 K)((7, 5 k) (7, . k)

'/’k/

= Z U(r', 3, 5)B(r =7+ K =ik = k= k)
‘/ k./

= Neét NTZ¢ ]_] kL — ]{3/)6 Nj’k’ —i2% 'k

= No(r )(1/)*5625)(7 k).

Thence, by the extension via the character o, we can consider functions
of positive type on H(Zy) which act on elements of L*(Zy x Zy). In
particular, given p € S(L?(Zy)) and the corresponding non-commutative
characteristic function £, € P(H(Zy)), we have that £, induces a function
of quantum positive type on Zy x Zy:

0< Zé’p(ﬂj, k) (O** ) (7,7, k)
_NZtr (1,7,k) p)o(T) (W *s ) (4, k)

7,7,k

—sztr p) (V" x5 1) (4, k)

(recall that S(7,j,k) = e 'S " MT; = e "% 7S(j, k)). We remark two facts:
firstly, tr(S(j, k)*p) is - up to a positive factor - the discrete Wigner function
induced by the projective representation S. Secondly, S is projectively
equivalent to D, hence, in the following, we can consider tr(D*p) in place
of tr(S*p) .
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We can now introduce maps of positive type in analogy with definition
4.4.11} In particular, given a linear map . : L*(Zy; x Zyr) — L*(Zy X Zy),
we will say that

e 7 is a map of positive type if maps functions of quantum positive type
in L*(Zy x Zyy) into functions of quantum positive type in L?(Zy X
Zy).

e Given a compact group H, . is a map of H-positive type if 1 ® L is
a map of positive type.

e 7 is a map of completely positive type if it is of H-positive type for
any compact group H.

Hence, bearing in mind the link between functions of positive type on H(Zy)
and functions of quantum positive type on Zy x Zy, thanks to theorem

4.4.14) we have the following

Theorem 4.4.14. A function of quantum positive type x, on (Zy X Zy) X
(Zy X Zyy) is separable if and only if for each map of positive type L :
L3(Zy xZy) — L*(Zy X Zy) the function (1®@.L)x, is of quantum positive
type on (Zy X Zy) X (Zy X Zy).

Similarly, proposition [4.4.13| gives us the following result:

Proposition 4.4.15. £ : L*(Zy x Zy) — L*(Zy X Zy) is a map of
(Zpr X Zyp)-positive type if and only if it is a map of completely positive
type.

We now highlight that theorem [4.4.14]is equivalent to Horodecki’s the-
orem To fulfill this task, let us start with the following result:

Proposition 4.4.16. There is a one-to-one correspondence between maps
of positive type and positive maps.

Proof. Suppose £ : L*(Zy; x Zy) — L*(Zn x Zy) is a map of positive type
at first. If pp € By(L*(Zyr)) is a positive operator, then x,, = Zp,ps €
Po(Zy x Zyr). Hence, Zx,, is a function of quantum positive type on
Zy x Zy which corresponds, via the Weyl transform, to a positive operator
pa € Ba(L*(Zy)). In brief, since all the maps involved preserve positivity
and are linear, we have that

AN=2p, 0L 0Dp, : Bo(L*(Zar)) — Bo(L*(Zn)) (4.97)
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is a positive linear map. The converse also holds true, because the Wigner
and the Weyl transforms are unitary operators. In particular, by we
have that

XZQDAOAOQDB : L2(Z]\/[ XZM) —)LQ(ZN XZN). (498)
Hence, if A is positive, since & and 2 preserves positivity, .Z is positive. []

Suppose now £ is a map of (Zy; x Zys)-positive type. Following the
proof of proposition we have that A is a completely positive linear
map. Indeed, if Bo(L*(Zy)® L*(Zyr))) D p > 0 and x, is the corresponding
function of quantum positive type, we have that (1 ® .Z)x, € L*((Zy %
Zyr) X (Zy xZy)) is a function of quantum positive type, which corresponds
to a positive operator on L*(Zy;) ® L*(Zy). In other terms, the map

[d®A = 1d®(Zp,0LoPp,) = (2p,R2p,)o(t®.L)o(Zp,2Pp,) (4.99)

is a positive map from L*(Zy;) ® L*(Zy) to L*(Zy) ® L*(Zy) |31], hence
A is M-positive and, by Choi’s theorem, it is a completely positive map.
Conversely, if A is a M-positive linear map, we can suitably define .Z in
such a way that it is a map of (Z); X Zs)-positive type, hence it is a map
of completely positive type. In short, we have

Theorem 4.4.17. There is a one-to-one correspondence between maps of
completely positive type and completely positive maps.

With these facts in mind we can now see that theorem[4.4.14]corresponds
to Horodecki’s theorem [4.4.9] Indeed, p € S(L*(Zn)® L*(Zyr)) is separable
iff x, € Po((ZnXZn) % (Zy % Zyy)) is separable. Hence, by theorem[4.4.14]
given an arbitrary map of positive type & : L?(Zy; X Zyr) — L*(Zn x Zy),
(1®.Z)x, is a function of quantum positive type on (Zy xZy) X (Zy X Zy).
Thus, A := 2p, 0 £ o Dp,, is a positive map and (Id ® A)p is a positive
operator on L*(Zy) ® L*(Zy). Therefore, theorem implies theorem
Clearly, the converse is also true, since these are all “iff” conditions.

Lastly, we quickly discuss the PPT criterion, which in its standard for-
mulation assumes the following form:

Theorem 4.4.18 (PPT criterion). If p € S(Ha®Hp) is a separable state,
then the operator p'® := (Id ® T)p is positive, where T is the transposed
operator on Hp such that Tpp = p%, pp € S(Hp).
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Its phase space analogous is quite simple. Indeed, observe that

, 1 : . 1 . —
Xp(=J, k) = 5 tr(D(=J, =k)"p) = - tr(D(5, k)p) = x,(j. k) (4.100)
(recall that u((4, k), (—j,—k)) =1, so that D(—j, —k) = D(j, k)*).
Hence, recalling separability condition we have [29, [31]

Proposition 4.4.19. If x, € Po(Zy x Zn X Zy X Zyp) is a separable func-
tion of quantum positive type, then X,(j1, k1, J2, k2) = X,(j1, k1, —J2, —k2)
1s a function of quantum positive type.

The link with the usual formulation is given by the following [29]

Proposition 4.4.20. Given a finite quantum state p in L*(Zy) ® L*(Zy),
p'E is a positive operator if and only if X, is a function of quantum positive

type.

The proof of this fact is straightforward if we recall that any repre-
sentation determines a contragredient representation, defined as D(j, k) :=
D(—j,—k)T, whose matrix coefficient are the complex conjugate of those
of D(j, k) (such representation depends on the choice of the base because
of the transpose operator) [I8]. Indeed, we have that D is still a projective
representation of Zy x Zy whose multiplier is the complex conjugate of the
multiplier of D:

D(j+j k+k)=D(—j —j,—k — k)"
(=5, —K), (—j, —k)) (D(—j, =K )D(—j, —k))"

(G k), (4", k) DG, k) D(5', K).-

T E

We also notice that D(j, k) is irreducible, because so it is D [29]. In this
way, we have that

_ 1 : . I
Tolis k) =~ tr(D(=j, =k)*p) = < (DG )" ). (4.101)
N N
Hence, returning to L?(Zy) ® L*(Zys), by Weyl transform, we have that

p'?=(IdeT)p

Z Xp(jlakla]éaké)DA(jl)kl)®DB(j2ak2)7

1€ZN j2,k2€Zp

1

- NM
jl’k
(4.102)
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therefore, p’% is positive if and only if ¥, is a function of quantum positive

type.

We conclude with two remarks. First, we observe that only positive maps
are interesting for Horodecki’s theorem because (1 ®.Z)x, is always
a function of quantum positive type if £ is a map of completely posi-
tive type. Secondly, Horodecki’s theorem, in a certain sense, generalizes
PPT criterion we obtain a characterization of separable functions
of quantum positive type when we take into account all the maps .Z such
that (:®.2)x, is a function of quantum positive type. If we merely require
that y is a function of quantum positive type, as in the PPT criterion, we
have a necessary condition for separability only.



Conclusions

In the present work we have discussed of the phase space quantization, an
alternative formulation of quantum mechanics which is built on group the-
ory. In particular, we have introduced a formulation of quantum mechanics
on finite Hilbert spaces solely relying on the irreducible projective represen-
tations of a discrete phase space Zy x Zy, suitably chosen in such a way
that the group structure G x é, where GG is Abelian, is preserved.

We have accomplished this task following the steps usually taken to con-
struct quantum mechanics on phase space. Hence, a preliminar discussion
on representation theory of l.c.s.c. groups has been necessary: we have
introduced unitary and projective representations, the seconds which have
been fundamental because, by Schur’s lemma, the only irreducible unitary
representations of the continuous and the discrete phase space are one-
dimensional, hence physically trivial.

At this point, the necessary tools to develop quantum mechanics on dis-
crete phase space has been discussed in analogy with the standard phase
space, which has always been discussed first as a guide. In particular, in
the case of R" x R™ (respectively, Zy x Zy), by a suitable central extension,
we have linked its projective representations with the unitary ones of the
Heisenberg-Weyl group H, (R) (respectively, H(Zx)). In this context, the
symplectic structure of the phase space has arisen looking at the classifica-
tion of its multipliers only. Moreover, by means of such representations, we
have been able to introduce Weyl systems, which allow a mathematically
consistent formulation of the CCRs.

However, due to finiteness, the irreducible representations of H(Zy) be-
haves in a slightly different way with respect to the ones of H,(R): some
irreducible representations (labeled by a parameter A € Zy which resem-
bles h) could bring a rescaling of the finite system considered. In particular,
the definition of finite Weyl system resembles a continuous irreducible Weyl
system if ged(A, N) = 1, otherwise it behaves as a continuous reducible one
when acting on a N-dimensional Hilbert space. Regarding Stone-von Neu-
mann’s theorem, analogous considerations hold true.

130
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Next, we have introduced the main tools of harmonic analysis on phase
space, by means of which on one hand the standard Wigner function has
been retrieved, while on the other hand we have been able to deal with the
discrete Wigner function. The symplectic Fourier transform, which entails
in its character the symplectic structure of G x G, and the twisted convolu-
tion, namely the x-product of functions on phase space, has been discussed.
Then, we have defined the Gabor transform, the fundamental tool in time-
frequency analysis, that turned out to be a Wigner function disguised. At
last, we have discussed of the notion of square integrable representation, on
which the phase space approach relies entirely. Indeed, we have seen that
we can define a Wigner transform for every l.c.s.c. group G that admits
a square integrable (projective) representation. Then the Weyl transform
is introduced as the pseudo-inverse map of the Wigner transform. As a
result, the space L?(G) has been provided of a non-commutative associa-
tive product, the x-product (which corresponds to twisted convolution for
unimodular groups), with respect to it is a Banach x-algebra. Then, the
standard Wigner function on R” xR™ has been introduced by virtue of square
integrability of Weyl systems, as well as the discrete one on Zy x Zy. We
have also compared this Wigner function with the ones defined by means of
phase-point operators. In particular, we have observed that, in the discrete
case, the two definitions coincide for a discrete phase space whose order
is odd only, because in the even case the phase-point operators does not
form a basis in My (C). About that, a possible development of this work
may be a group theoretical resolution of the inconsistency of the Wigner
function defined in terms of phase point operators when N is even, intro-
ducing some redundancy as in [34]. As a last topic, we have discussed the
separability problem of quantum states of a finite bipartite system, which
can be regarded as the product of two discrete phase space. In particular,
we have seen how functions of quantum positive type on L?(Zy x Zy) allow
us to give a phase space formulation of some famous criteria, such as PPT
criterion and Horodecki’s theorem.

In summary, in this thesis work we have emphatized the central role
of harmonic analysis in the phase space approach to quantum mechanics,
whose interest in has been renewed in the last years due to various applica-
tions in quantum information and quantum computing. In particular, the
square-integrability of the representations considered has played a crucial
role in the generalization of the Weyl-Wigner correspondence to Zy x Zy,
which also served at introducing a x-product of functions.

Of course we have only been able to study the most fundamental facts
of the Weyl-Wigner correspondence applied on discrete phase space and
the possible future developments are various. A first route to explore may
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be the study of the behaviour of the discrete Wigner function under the
automorphisms of H(Zy), among them we find the (discrete) symplectic
transformations, which are particularly insidious to deal with because of
the underlying finite geometry of Zy x Zy; this topic is also closely con-
nected with the study of mutually unbiased bases [46].

On the other hand, there are many things left behind that can be ana-
lyzed more deeply. First of all, we may employ the x-product to describe
the dynamical evolution of a quantum state in terms of Wigner function.
Infact, here we have only observed that the x-product induced by the gen-
eralized Wigner transform is the twisted convolution on Zy x Zy; clearly
the Gronewold-Moyal product can also be introduced in the picture via the
discrete Wigner function. Moreover, only the discrete Wigner function in-
duced by a N-dimensional Weyl system has been studied. However, if we
consider a Weyl system whose dimension is strictly less than N, we may lose
unitarity of the Weyl and Wigner transforms, and things become trickier.
For instance, some proofs concerning functions of quantum positive type
here presented rely heavily on unitarity of the Wigner function; further in-
vestigations in this direction may be interesting.

The discussion on entanglement can be naturally deepened. Firstly, we
have discussed of bipartite systems only and further developments can be
made in this direction, for example trying to find new entanglement criteria
relying on the powerful tools of harmonic analysis. On the other hand, the
language of functions of quantum positive type may be applied to multi-
partite systems. At any rate, the deep bound with time-frequency analysis
may allow us to investigate these interesting topics in an alternative way
than the usual approaches to finite quantum mechanics.

Anyhow, the discrete phase space is not the only generalized phase space
of physical interest on which quantum mechanics can be built. For instance,
the group Z x T is a suitable phase space candidate and represents a con-
siderable playground for some quantum systems [I] which, at least as far as
we know, is approached via the phase-point operators only [25].

From a more abstract point of view, progresses can be made too.

The problem of unitarity of the Wigner transform can be approached in a
more general way, for example investigating wether the general phase space
GxG always admits a square integrable representation with respect to the
induced dequantization map is unitary.

Lastly, we observe that, from a physical point of view, the Weyl-Wigner
correspondence may be rather a limited approach in some areas of research,
because it relies entirely on the notion of square integrable representation.
For instance, the Wigner dequantization scheme cannot be applied in the
case of the Poincaré group, because the latter does not admit square in-
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tegrable representations [8]. In such a case, we must relax our hypothesis
releasing the square integrability of the representations. Then, a possible
way to deal with the Poincaré group can be the introduction of a weak
wavelet transform [3], which can be used to achieve a representation of the
quantum relativistic vector state on the space of square integrable functions
on the latter group.
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