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Introduction

Quantum Field Theory is the product of decades of attempts to construct a frame-
work within which we can successfully describe the fundamental constituents and
interactions of nature. The history of this compelling challenge begins with the
unification of Quantum Mechanics and Special Relativity and has come down to
the present day preserving the theory’s undisputed power and centrality in hu-
man understanding of the phenomena underlying the universe, which to this day
is encapsulated in the Standard Model of Particles. The conceptual structure of
the theory has several milestones that make it one of humanity’s greatest scien-
tific achievements, among them we can mention: Perturbations Theory, Gauge
Theories and the Rinormalization Group. As has often been the case in Physics,
having a fundamental theory is not always synonymous with a total understand-
ing of phenomena; nature is often difficult to understand. For example, we can
exactly describe the structure of a hydrogen atom using the Schrodinger Equa-
tion, the heart of non-Relativistic Quantum Mechanics, but it becomes hard to
study even the simplest molecule with the same tool, and this teaching still holds
even in Fundamental Physics. One of the most glaring cases is that of 3-colors
QCD, the fundamental theory of the interaction between quarks and gluons, the
elementary constituents of hadrons. QCD is a non-Abelian gauge theory and it
exhibits several properties that make it one of the phenomenologically richest in-
teractions ever: asymptotic freedom and confinement. The interaction becomes
weak, hence perturbative, at high energies, while at low energies it cannot be
studied with the usual perturbative techniques, and this greatly complicates the
study of the physics of baryons and mesons that are precisely part of the low-

energy spectrum of the theory. This complexity forces us to separate the theory



into regimes, each of which can be studied with different techniques and ap-
proaches. These difficulties underlie the introduction of Effective Theories that
capture the characterizing aspects of the theory in a given regime. In this way
one is able to obtain very accurate predictions at the cost of having accurate
results in that specific regime only. In the set of effective theories of QCD we
can mention the theory of Chiral Perturbations where the fundamental particles
are hadrons themselves and the masses of the quarks are considered negligible,
or the Effective Theory of Heavy Quarks and so on. In this context, fundamental
theories become the nucleus of a constellation of effective theories, which in turn
require the introduction of new methods and strategies of theoretical investiga-
tion that often open up new lines of research with a life of their own. The aim
of this work is to jointly apply some cutting-edge techniques concerning effective
theories and QFT more widely. Specifically, we will start by illustrating a gener-
alisation of the well-known Linear Sigma Model and upon this we will carry out a
fixing of the charges associated with the global symmetries of the system, this op-
eration has a double value, phenomenological and technical. Firstly, it allows the
various phases of a theory to be probed as the system’s charge density changes,
and secondly it allows new perturbative parameters to be introduced, which are
necessary when constructing an effective theory. In a second step we will exploit
a fundamental property of such a model, namely the fact that it possesses a fixed
point, a value of the coupling constant for which the beta-function vanishes. We
will see how this implies the possibility of the system acquiring Conformal Invari-
ance. We will then introduce the fundamental aspects of Conformal Field Theory
and see how this theory, applicable to our case, is capable of extending the limits
of the perturbative approach even where it is not possible in non-conformal QFT,
allowing for example the calculation of the anomalous dimensions of large-charge

operators.



Chapter 1

The SU(2N) Linear Sigma Model

1.1 Effective Theories

Solving a QFT means being able to calculate all n-point correlation functions.
However, some theories are more complex than others and as already mentioned,
it is sometimes necessary to separate the theory into regimes and study them sepa-
rately. The notion of complexity of a theory in QFT has a very precise meaning.
It depends on the behaviour of the degrees of freedom along the RG-flow, the
number of independent parameters of the theory and the relationships between
these parameters, the exact and approximate symmetries that are realised and the
breaking patterns of these symmetries. The interplay of these features can make
it difficult not only to solve the theory in the various regimes, but even to correctly
identify and split the regimes themselves. This is the case with QCD, where the
combination of features such as asymptotic freedom, colour confinement, inhomo-
geneity between masses of quarks, and approximate symmetries, makes the study
of strong interaction very challenging and organised into effective theories, each
with its own 'phase’ of pertinence. Before moving onto the aspects we want to
focus on, it is therefore good to briefly explore the theory and draw an intuitive
picture of its phases. The elementary degrees of freedom of the theory are the
quarks 9% and the gluons A7, where f is the flavour index and a = 1,2,3 the
colour index. The quarks transform into the fundamental representation of the

colour group SUcx(3) while the gluons into the adjoint representation. Being f a



flavour index, the Lagrangian of QCD has the form

Tl 1 0
L= 05D —mypy — GGl (L1)
!
where G, is the field strenght tensor defined as
Gy, = 0, AL — 0,A% — gf*™ A AT (1.2)

So far, we can make a first important classification among quarks. The masses
of the quarks are quite different as the flavors vary and can differ even by several
orders of magnitude, this allows us to introduce very well-defined energy scales at
which effective theories pertaining to a certain energy scale can be constructed,
neglecting the dynamics that take place at other energy scales. We could then
ideally consider the mass of the light quarks to be zero and that of the heavy
quarks as infinite, leaving the coupling constant the only parameter in the the-
ory. We can then calculate the one-loop p-function which will give us essential
information on the behaviour of the theory as the energy scale involved changes.

Direct calculation results in

¢ 11 2
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Blg) =

It is self-evident that for Ny < %Nc the theory is asymptotically free, this implies
that the coupling is strong at low energies and weak at high energies. We can
emphasise this point by calculating the coupling constant itself, remembering
that the g-function is the logarithmic derivative of g with respect to the energy

scale ¢, we have
1672

(4N = 2Np) log(

9 (q°) =

(1.4)

The only dimensional parameter in the above expression is Agcp, which in simple
terms sets the scale at which QCD is no longer perturbative. The estimation of
this parameter would deserve a rigorous independent treatment, for our purposes
we will simply say that approximately the scale of A corresponds more or less
with the hadronic scale, thus ~ 3 — 4 x 10> MeV. We have introduced a first

important distinction between perturbative and non-perturbative regimes, but



it is an inconclusive analysis as long as the symmetries of the theory and the
behaviour of the degrees of freedom in these regimes are not analysed. Let us
then study the local and global symmetries of the theory. The theory has a local
gauge symmetry SUc(3), let U(x) be a local SUq(3) transformation,

b(@) = U@)b(e) 5 Aue) » U@ AU @) +iU@aU @), (15)

Whether in some cases the masses of quarks can be considered equal, we gain
a new global invariance related to rotations in the flavor’s space, the Flavor
Symmetry

Yy = Vighg , Vig € SU<3) (1'6)

The symmetry is enlarged to SUL(3) x SUR(3) if the masses are set to zero. In
fact, in the latter case any coupling between left-handed and right-handed spinors

vanishes. Being ¢, r the chiral components of v, namely

¢L,R = %(1 + 75)¢: (1-7)

the action of SUL(3) x SUg(3) reads as

Yrg— Ligy . Yy — Ripghy ; Lyg, Ryg € SUL(3), SUR(3). (1.8)

We know for sure that the masses of the quarks are neither zero nor all equal,
but for light quarks we have m,, mq < ms; < Agep, and it is certainly licit to
make use of the chiral symmetry. The Lagrangian possesses two additional U (1)

symmetries :
Vr(x) = €YL(x) 5 pr(r) = eYr(z) Uy (1), (1.9)

Yr(r) = ey (z) i Yr(x) — e Pr(z) Ua(1). (1.10)

The Uy (1) symmetry is exact even when the masses of the quarks are non-zero
and is the baryon number conservation symmetry, whereas the Us(1) symme-
try, although classically valid, is quantum-mechanically anomalous. In fact, the

associated current has non-zero divergence:

0, JY = Te(F,, F") (1.11)




In QCD the chiral symmetry is spontaneously broken by the condensate

(hpog) = 1o\ (1.12)

acquiring a non-zero vacuum expectation value that only preserves the SUy (3)
vectorial subgroup of SUL(3) x SUg(3) that we actually know is explicitly broken
due to the mass difference between the quarks. Since m,,mg << my, the isospin
symmetry SU(2) is a better symmetry than the previous one. If we assume these
symmetries to be correct, we expect a number of Goldstone bosons to appear

from the spontaneous symmetry breaking mechanism :
SUL(3) x SUR(3) — SUy(3) — 8 Goldstone's, (1.13)

SUL(2) x SUR(2) — SUv(2) — 3 Goldstone's. (1.14)

If the breaking is induced by the condensate, it is then natural to set ourselves the
goal of constructing a theory in which the condensate corresponds to the VEV
of an ’effective’ field, ¥, whose transformation properties are exactly inherited
from the condensate itself. Being L and R transformations of SU; and SUg

respectively, the effective field ¥ must transform as :
(Z) ~ (Yy1hy) = X — LER' (1.15)

Such a field can be interpreted as the field describing the fluctuations around the
condensate, it is the chiral order parameter and the Goldstone bosons are the X
fluctuations invariant under the coset (SUL(Ny) x SUr(Ny))/SUy (Ny) elements.
This is the first step towards the construction of an ’effective theory’, i.e. a theory
that reproduces the symmetries of a given fundamental theory but whose degrees
of freedom correspond to the 'net’ particle content of the microscopic theory at
a certain scale. For example, the 3 Goldostones of ¥ in the SU(2) case could
represent pions. Recalling that the condensate is a matrix, the kinetic part of the

lagrangian describing > will be of the type :
L~ Tr(9,%0,5"). (1.16)

We could of course add potential terms or even terms that take into account

the masses of the quarks at the effective level without changing the starting
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global symmetries, we also have several choices in the explicit parametrization
of the ¥ field. The class of theories we obtain in this way is known as o-models
and, depending on the parametrization, we can distinguish between Linear Sigma
Models or Non-Linear Sigma Model. For example, in the SU(3) case we can use

the exponential parametrization :

Y= b, (1.17)
where )\, are the Gell-Mann matrices and f; is the pion decay constant. The
advantage of this parameterisation is that the Lagrangian can be developed to a
given order in the powers of f%, so a perturbative scheme is automatically intro-
duced. In the case of isospin invariance, exploiting the homomorphism between
SU(2) x SU(2) and SO(4), knowing that 3 Goldstones are expected from this
theory, we can introduce a chiral partner of pions, typically denoted by o, and

use a linear parameterisation
YX=0+1iT-T (1.18)

If we wish to retain the interpretation of pions as pseudo-Goldstone bosons, we
must ensure that only o acquires mass and that 7 remains massless. We then

introduce potential terms and study symmetry breaking pattern
1
L= Tr(0,20,51) 4+ up Tr(X8) + vy Tr(X1%)? (1.19)
For ug > 0, the potential’s minimum is obtained for

(0*+7) =22 (1.20)
Vo

and we may require that (7) = 0, obtaining (o) = \/Z:g . If we assume that parity
cannot be spontaneously broken in QCD then (7) = 0 is no longer a choice but
a requirement. This result is known as the Vafa-Witten theorem, which states
that vector-like global symmetries, including parity in vector-like gauge theories,
such as QCD, cannot be spontaneously broken as long as the #-angle is zero [12].
This result is clearly consistent with Goldstone’s theorem, the spontaneously

broken symmetries of SO(4) are all and only those involving the o direction, and
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therefore the Goldstone bosons are equal in number to the dimension of SO(4),

n(n—1)
2

ie. , minus the number of pairs of axes involving the ¢ axis, i.e. 3, from

which we obtain 3 massless bosons.

1.2 Charge Fixing

Another important tool that we wish to introduce for further development and
subsequent applications is the fixing of charges in a QFT. Assuming that a QFT
has a certain number of global symmetries, whose conserved Noether charges are
of course associated, we could in principle require that the system shows a certain
fixed charge. There are several reasons why this idea can be instructive, and they
are both technical and phenomenological. Firstly, in a system of quantum nature
where a charge is conserved, assuming that the charge is sufficiently large with
respect to a certain scale that depends on the system under examination, we
expect the system to ’classicize’ so it comes naturally to introduce semi-classical
techniques. We will see that this demand in general does not preserve Lorentz
invariance. Moreover, a charged system in such a way allows us to introduce
the so-called ”large charge expansions”, an idea that turns out to be particularly
useful in the area of strongly coupled theories where the inverse of the fixed
charge, in the limit where this is sufficiently large, can be used as a perturbative
parameter in terms of which observables are expanded. Lastly, charge fixing is
especially fruitful in the study of the 'phases’ of a theory, as it is possible to
construct actual phase diagrams in which the aforementioned fixed charge is one
of the axes, and in this way analyse possible phase transitions. An emblematic
case of this latter approach is represented by QCD-like thoeries, which will be at
the heart of the subsequent developments of this work. In the remaining of the
present chapter we want to develop these ideas, bringing notable examples and
preparing ourselves for the subsequent discussion of the QCD-like theories. Let
us illustrate the ideas we briefly introduced earlier in more detail, starting with

the simplest charge fixing model. Let j# be a Noether current for a relativistic



theory, then its conserved charge will be

Q= /dxdljo, (1.21)

The charge fixing condition is trivially expressed by imposing that the equation
Q = Q is satisfied, where Q is just the charge fixed value. We know that the zero
component of the current transforms as a vector, so the charge fixing constraint
seems to explicitly break the Lorentz invariance. The Fixed Charge constraint
can be implemented at the Lagrangian level by simply introducing a chemical

potential term :
L="L+puQ. (1.22)

An interesting aspect lies in the relationship between fixed charges and the mech-
anism of spontaneous symmetry breaking. Let H be the Hamiltonian operator
associated with £, the vacuum of the theory |0), is by definition the state which

minimizes H

H=H-uQ (1.23)
H10) =0 (1.24)

It can happen that the vacuum is not an eigenstate of Q, for instance when the
symmetry related to @ is spontaneously broken by |0) itself. Indeed, there is
nothing to prevent the charge-fixing operation from inducing non-zero Vacuum
Expectation Value. The first remarkable consequence is that, since the vacuum
is no longer eigenstate of charge, it cannot be the eigenstate of H, which implies
that the states of the system cannot be classified with the eigenvalues of the
relativistic Hamiltonian H, but it is necessary to diagonalise H , which ,as can
be seen, is not relativistic. There are several arguments why the breaking of the
Lorentz invariance is not of concern. Indeed, we note that the chemical potential
term can be seen as a coupling between the field and the zero component of a
background gauge field. Furthermore, the starting theory remains relativistic, so
the non-relativistic system can be interpreted as a state of a relativistic theory

where the Lorentz-invariance is only spontaneously broken. Thus, the charge

10



fixing has a significant interplay with the mechanism of spontaneous symmetry
breaking and this aspect proves to be crucial in the construction of effective
theories. Let us analyse a simple case, which will serve as the first basic template
for subsequent developments and generalisations, of the application of these QFT
methodologies by introducing 2-colour QDC at finite baryonic dentity [kogutl]
with the purpose of building the Effective Theory. Although this model does not
refer to a theory of nature, which would be the 3-colour QCD, it possesses some
unique features that make the treatment simpler and more powerful. Suppose
then that we want to determine the spectrum of such a theory whose Lagrangian

in Euclidean formulation is

Ny

L= 0" Dy + mgbpios + by, (1.25)
f=1

where Ny is the number of flavor and f the flavor index. For the sake of simplicity,
let us consider the massless case with Ny = 2. At p = 0, with two colors
and two flavors, the theory admits a pseudo-real representation of SU.(2), so
we have an SU(4) global flavor symmetry which is spontaneously broken by
the condensate into Sp(4) with the creation of 5 Goldstone Bosons. For p #
0 the SU(4) symmetry is explicitly broken into SUL(2) x SU(2)g x U(1) and
spontaneously into SUL(2) x SUg(2) creating a single Goldstone with the other 4
acquiring a mass proportional to it < Agep. The latter statement is fundamental
and is the reason why Effective Theory is needed: we are studying the 2-color-2-
flavors QCD below the Chiral Symmetry Breaking Scale Agcp.We will elaborate
towards the end on how these methods are related to one of the most important

and challenging aspects of QCD: its phases. The fundamental Lagrangian is

L= q}iauDqu + L = qLi&uDuqR, (1.26)
we can now use the color pseudo-reality 1 = TaT = —1yT,T5, where T; are Pauli’s
matrices, then

DI'= ~T,D, Ty — —8, + AT, (1.27)

11



defining ¢ = 02Thq} and §' = ¢5Tyoq, for Ny = 2 if U = (q1, ¢, G1,G2)”, then the

covariant derivative part of the lagrangian becomes
L = lio,D,¥ (1.28)

As can be easily seen, the total global symmetry is SU(2Ny) x Ug(1). Whitout
pseudo-reality it would have been SUL(2) x SUg(2) x U(1). We can also rewrite

the mass term as

1 0 1

qLQL + QEQR — dTUQTQQ + quO'QTQ((jT)T — Q\IITUQTQ Lo \I’, (129)
while the chemical term becomes
i i e R
qr9r +4qrir =9'¢ —¢'¢ =" 0 v. (1.30)

The chemical term preserves separately SU(2) x SU(2) x U(1). At p = 0 the
non-zero VEV of the mass term breaks SU(4) spontaneously into Sp(4) (5 Gold-
stones), while for p # 0 the symmetry is SUL(2) x SUg(2) x Ug(1), spontaneously
broken into Sp(2) x Sp(2) (1 Goldstone). Four of the previous 5 Goldstones ac-
quire mass dependent on the chemical potential that goes to zero when p goes
to zero. This is the general picture of the microscopic theory once the charge-
fixing is performed. We want now to construct the Effective Theory in which
the degrees of freedom are represented by fluctuations of the condensate in the

microscopic theory, namely %1
Y~ WUl gy, (1.31)

Under SU(4) we have ¥ — UV, therefore the Effective Field ¥ transforms as
¥ — UXUT. The kinetic effective Lagrangian takes the form

L= f2Tr(0,%79,%) (1.32)

The ¥ matrix encodes 5 degrees of freedom corresponding to 5 Goldstones in

the microscopic theory for p = 0, so it has to be unitary and anti-symmetric

Lo so cosa vuoi dire ma devi introdurre un po’ meglio le cose: o chi sono? T chi sono? U

chi €7 meglio spendere qualche parola in piu per essere piu chiari

12



in order to codify 5 independent real fields. The chemical potential term of the
microscopic theory explicitly breaks SU(4). We can first recover this symmetry
by also transforming the source coupled to the breaking term, to do so we write

the term in p as
pVlio, B, (1.33)

M, =6,, = (1.34)

but this time B also transforms under SU(4) as
M, — UM,U" (1.35)

This procedure is just a direct way to introduce at the effective level a potential
term through the simplest non-linear term in S and B, i.e. p? Tr(XM!STM), this
term will allow us to find a minimum and also the masses of the pseudo-Golstones
encoded in the second derivatives. The last step is the insertion of a symmetry
breaking term and the computation of the Pseudo-Goldostone masses dependence
on p; symmetry will bu our guide. Global symmetries in the microscopic theory

can be exstended to local symmetries, statement which requires
o1 t
M, — UM, U" + EU@LU (1.36)
0. = DY = 9,5 + p(M,X + M) (1.37)
We are not really realising a gauge theory, this ”gauging” procedure is noth-
ing more than a way of effectively linking the mass term with the kinetic term

and fixing the relationship between masses and chemical potential. Explicitly

calculating the minimum leads us to the relation:

oy 0
MYy =SoMT %=~ (1.38)
0 ()]

which can be written recursively for arbitrary powers of M and M7,

MYy = SoMT = M?Sy = MSoMT = So(MT)? — . M"Sy = So(MT)™ (1.39)

13



making the following exponential relation valid
S = eMtyge M (1.40)

This minimum is not unique, there is a U(1) degeneracy related to the barion
number corresponding to the exponentiation of M. In order to capture the cur-
vature of ¥ around its vacuum alignment it is convenient to write ¥ as UXUT
, with U near to the Identity. At this level, the best thing to do is to separate
generators that leave the vacuum invariant (7;) from those which do not (y;) .To

find the former let’s write the corresponding condition

Us,U" =%, (1.41)

U =e®™ (1.42)

The T; generators form the Sp(4) sub-group and solve the equation

T,Yo = —XTF (1.43)
whose solutions are
g; 0 g; 0
T1_3 = ) T4_6 = (144)
0 g; 0 —0;
O ag; O Z
T7_9 = X T10 = (145)

while the x; solving x,2 = Yox, are

X1-3 = ;X4 = (1.46)
—i0; 0 1 0
1 0
0 —1

It should not be surprising that one of the x’s transforming the vacuum is exactly

the M matrix, since they solve the same equation. We can finally conclude that,

14



writing U = e™Xe 75 is the single real Goldstone. The other four 7’s are Pseudo-

Goldostones and we can compute their mass
—20° Te(S]5TM,) — —20* Tr U* = 4(0,m,)* Tr(T) (1.48)

And, as expected, one gets mpg = mi_4 = 2u. Starting from this specific case, we
can make some general considerations on symmetry-breaking patterns that will
give us precise indications in the construction of more general effective theories, in
the sense that we will not make restrictive assumptions on the number of fermions
in the microscopic theory. From the previous discussion we have seen that the
T; generators belong to the global symmetry group of the effective theory that is
not spontaneously broken, i.e. Sp(4), while the X, generators are relative to the
subgroup of SU(4) that is obtained by eliminating the Sp(4) component, i.e. the
coset SU(4)/Sp(4). Recall that the dimensions of the above groups are

Dim(SU(2Ny)) = 4N7 — 1 (1.49)

Dim(Sp(2N;)) = N;(2N; + 1) (1.50)

Therefore, when 1 = 0, the number of Goldstones, degrees of freedom in the
effective theory, is NG,— = N;(2N; — 1) — 1, which in the case of N; = 2

returns precisely 5-Goldstones. At non-zero chemical potential the pattern is

ESB

p#0— SU@2Ng) —— SU(Ny) x SU(Ny) x U(1) (1.51)
The equation for the condensate 1.29 shows that this is a rank 2 anti-symmetric
tensor, so the pattern becomes

p#0— SURN) Z5 SUN,)x SU(N;) xU(1) 225 Sp(Np)x Sp(N;) (1.52)

from which we can easily see that the goldstone number goes from Ny(2N;—1)—1
to 2(N7 — 1) = Ny(Ny 4 1) = Ny(Ny — 1) = 1 = NG,4. Following the previous
reasoning, then the Pseudo-Goldstone number (N PG) is obtained by subtracting
from the Goldstone number at p = 0 that at p # 0, i.e.

NPG = NG,—g — NG,z0 = N} (1.53)

15



which in fact in the case of Ny = 2 returns the four P-GBs calculated earlier.
A general feature of these models is the fact that, working at generic Ny, the
degrees of freedom in the actual theory must be NG, = N;2N; —1) -1,

consequently it must hold that ¥ is antisymmetric, unitary and unimodular.
Y=-XT, 9N =1; det(X) =1 (1.54)

That it has exactly NG,—o = Ny(2Ny — 1) — 1 independent components.

1.3 The Sp(N) group

In the latter subsection we explicitly saw the spontaneous symmetry breaking pat-
tern SU(4) — Sp(4) which arises from the mass term when neglecting the chem-
ical potential term. The same pattern has been then generalized by analogy into
SU(2Ny) 558, Sp(2Ny). We now recall the definition of Symplectic Group
and give a formal proof of the generalized pattern above. For the Ny = 2 case,
we saw that the pattern is induced by a second rank anti-symmetric tensor and
this remains true also for Ny # 2, the reason is easily understood [symple]. We
should first note that once the pseudoreality of SUs(2) is employed, regardless of
the number of fermions, every single fermion mass term can be cast in the form
1.29, then Ny only affects the dimensionality of the ¥ multiplet which becomes
U = (q1, %, --an;, @1, G2, ...qff,f), therefore the generalized mass term must be :

1 0 I
Lonass = U7 05Ty AR (1.55)
2 ~Iy, 0

where oy and T; just carry the SU(2)-spin and SUq(2) color indices respectively.
Being €2 the Symplectic matrix :

0 I
Q= N (1.56)
—Iy, 0

it is self-evident that the SU(2Ny) subgroup preserving L,,,ss must satisfy the
equation

UrQU = Q (1.57)

16



The latter is actually the defining equation for the Symplectic Group Sp(2Ny).
We could make the following ansatz for an arbitrary element belonging to Sp(2Ny)

A B
UeSp(2Ny) ; U= (1.58)
C D

where every block is an Ny x Ny matrix, it turns out that, in order to satisfy
the 1.57, the block components above have to solve the following set of matrix
equations

CTA=A"C; B'D=D"B; ATD-C"B =1y, (1.59)

The first two equation are independent constraints in the form X = X7 giving

n?—n
2

constraints each, the last equation is also and independent constrain in the
form Y —Z = I, so it gives n? constraints, therefor the dimension of the Sp(2N;)
group in equal to dim Sp(2ny) = 4N} — (N7 — Ny) — N} = Ny(2Ny +1). For
the case of generic Ny we can construct the effective theory in exactly the same
way as before, and the condensate will obviously continue to have the structure
1.31 consequently the equation finding the minimum in the effective theories will

have exactly the same structure, with the only prescription.

M, = bou oy 0 (1.60)

0 —lIy,
Finding the minimum in the Effective Theory will still lead us to the equation
1.38 and clearly the subgroup leaving the vacuum invariant depends strongly
on the choice of ¥y. We can prove that if ¥y is a 2Ny x 2N, complex matrix
satisfying LX) = Sin, = ]c]2IQNf, where ¢ is a C-number, and the SU(2Ny)
generators in the defining representation are given by {7, X;}, where T, and X,

are respectively the unbroken and the broken generators,
T,% = —%T unbroken (1.61)

X, =YX broken (1.62)

then the T},’s span the unbroken Sp(2Ny) sub-algebra. The first consequence of

our demands on Y is that
e T = —S{T.% (1.63)
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as shown in [symple2], for every even-dimensional complex anti-symmetric ma-
trix M there exists an unitary matrix U such that UMUT = diag(Jy, T2, ... TN ),

Z.
where J; = "], with |z|* eigenvalues of MMT'. Since £,X{ has one |c|*

—Z; 0
fully degenerate eigenvalue, thus we can find two unitary matrix such that

U S0UL = cUsQUY = diag(c T, cT,..cT) (1.64)
0 1

J = (1.65)
-1 0

There will be also a unitary matrix U = U, 'U; such that
USUT = e (1.66)
Finally, replacing the 1.66 into the 1.63 and defining T, = UT,U ", one finds
T, =QT,0 (1.67)

therefore, we canconclude that, since there is a one-to-one correspondence be-
tween the T, set and the T}, set, and since T, manifestly span the symplectic Lie
algebra, then SU(2Ny) is broken into Sp(2/Ny) under the aforementioned choices

on the vacuum.
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Chapter 2

Conformal Field Theory

In the previous chapter we preliminarily introduced the scheme by which effective
theories with fixed charges can be constructed with the aim of applying these
methods on a more general and complex model. As will become clear later, the
model we are about to study possesses an interesting property, the conformal
symmetry. This additional symmetry, together with the previous techniques, will
prove to be enormously good in solving the theory as it will allow us to restore the
applicability of perturbative methods where it would not otherwise be possible.
We will then introduce the basics on the conformal group by mainly following the
approach of [difra] and [slava], next we will demonstrate the formidable tools
of Conformal Field Theory and again show how to employ them on a simple
model, as done by [epsilon], before seeing how these results can be put together

to compute observables in regimes where the usual techniques would fail.

2.1 Conformal Invariance

Conformal Field Theories (CFTs) are a special class, more precisely a subset,
of Quantum Field Theory which exibit invariance under an enlarged symmetry
group, the Conformal Group. CFTs can emerge in any spacetime dimensions,
the case of d = 2 is a special one because of the infinite dimension of the Viraroso
algebra. In this work we will not focus on the latter case. In any number of

dimensions, the Conformal Group is defined by spacetime transformations that
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leave angles unchanged, it turns out to be the Poincare Group in addition with
Dilatations and the so called Special Conformal Transformations. The CT Group
forms the largest finite dimensional subsgroup of Diff(R%). CFTs have many

applications in QFT that we can briefly report as follows:

1. Dilations invariance requires the absence of any dimensionful parameter,

then CFTs are massless theories.

2. The Renormalization Group flow of non-conformal theories can end in a

CTF in the IR or UV. This is for instance the fate of QCD.

3. Within the set of renormalizable QFTs, CFTs are a special subset, the one

for which the f-function vanishes.

The latter point will be crucial in our discussion. It is that CFTs are a ”vanishing
mesure” subset of all possible QFT's, despite this the Conformal Invariance is a
powerful tool to study some peculiar regimes of the RG flow of QFTs. Let us
define the Conformal Group in an arbitrary dimension D > 2. Under a general

coordinates transformation, the metric tensor transformas as

oz 0xP

G = G = gaﬁmw (2.1)

Conformal Transormations are those which only change the sclae of the metric
tensor

g;y(x') = w(x)guw(z) ; w(xz) >0 (2.2)
The Poincare Group is the subset defined by w = 1, and Scale transformations
x — Az are also included in the (562.2. From the defining relation we want to ex-
plicitly characterize the conformal transformations in d > 3 with the Minkowski
metric g, = N = diag(l, —1... — 1). First we consider infinitesimal transforma-

tions on the coordinates

ox’ oe?
B = (a) o g OO
ox ox

(2.3)

We substitute the transformation into 2.1 by imposing that 2.2 is satisfied in the
above hypotesis, getting
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8#611 + 81/6“ = f<x>77,uu (24>

By contracting both sides of the latter equation with 7, we get

d
e, = S1) (2.5)
we can also differentiate the 2.4 with respect to d, and sum over the three possible

permutations of indices, this leads to

20,0u€n = 0o f ()N + O f ()1pr — O f ()10 (2.6)

contracting again with 7, we get
20%¢, = (2 —d)d, f(x) (2.7)

Now it is sufficient to apply 0" on the latter equation and combine with the (59),
this results in
(1—d)o*f(x) =0 (2.8)
We could also differentiate the (61) with respect to d,, and use the (60), this leads
to
(2= d)0,0,f = nuw f (2.9)
The equation 2.8 together with the equation 2.9 imply that the f function can

only be linear in coordinates
f(x) = A+ B,a" (2.10)

where A and B, are constants. The previous equations imply that €, is at most

quadratic in coordinates
€y = a, +b,a” + curr’s (2.11)

Since the last relation must be true in any space-time point, we can substitute
order by order in the previous equations in order to constrain the parameters. It
is straightforward to check that the a, parameters are not constrained, therefore

the a, part defines translations, while using 2.11, 2.4 and 2.5 we get

2
b,uu + buu = C_Zbg Nuv (212>
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The 2.12 forces b, to be sum of a pure trace part and an w,,-part preserving

Nuv
b;u/ - An;u/ + Wypv (213)

The X part of the latter corresponds to Scale Transformations x — Ax, while the

w,y part involves rigid rotation in Minkowski space, i.e. Lorentz transformations.

Finally, sobsitution of the quadratic term into 2.11 yields

1 ag
Cuvp = NupCv + NuwCp —NpCp 5 Cp = qon (2.14)

The latter cohefficients define what we call Special Conformal Transformations,
which are basically combinations of respectivelly an inversion z# — f{—; , a trans-
lation and another inversion. The entire collection of Conformal Transformation

is then given by

e (Translations) z™* = z# 4 a*

e (Dilations) 2" = Aa#
e (Lorentz Transformations) z/* = A*, z¥
e (Special Conformal Transformations) 2'* = %

If we neglect transformations for fields, then the Conformal Generators read as
e (Translations) P, = —id,
e (Dilations) D = —iz*0,
o (Lorentz Transformations) L,, = i(x,0, — x,0,)
e (Special Conformal Transformations) K, = —i(2z,2 - 9 — 220),)

Therefore, the commutation rules which define the Conformal Algebra are

i[PuaKu] = —29,vD +2M,, ; i[Mg, Kv] = Jar K5 — gy Ka
ilD,D]| =i[D,M,) =iK,, K, =0 (2.15)

ilD,P,) =P, ; i[D,K,] =K,
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Once the conformal group has been constructed, it is necessary to study the
transformation properties of the classical fields under the conformal group and
provide examples of representations. Given an infinitesimal conformal transfor-
mation parametrized by w,, we are searching for generators 7, such that a general

multicomponents field transforms as
O (2') = (1 + iw,Ty)P(x) (2.16)

In order to find this generators, we can first represent the sonformal subgroup
which leaves the origin = 0 invariant and then translate the generator elsewhere.
Let S, be a matrix representing an internal Lorentz transformation, namely the

Spin, and L, our Lorentz generator, clearly
L, ®(0) = 5,8(0) (2.17)
By use of the Poincae algebra and the Hausdorff formula
e “Be = B+ [B,A] + %[[B, AL A+ ... (2.18)
we get the following value for the generator away from the origin
e””“P“Lw,e’””“PM =Sw—2,P,+2,P, (2.19)
Finally, the full action of L,, must be
L,,®(z) =i(x,0, — 2,0,)P(x) + S, P(x) (2.20)

We can proceed the same way for the full conformal group taking care that
the subgroup preserving the origin is just made up by rotations, dilations and
special conformal transformation. Being S,,, A, k, respectively the value of the

generators L, D and K, at the origin we get
K'®(x) = {k, + 22,A — VS, — 2iz,z"5, + i2°0, } ®(x) (2.21)
D®(z) = (—iz"0, + A)P(x) (2.22)
with the subalgebra
Sl =05 [, k] = ik, (2.23)

ko, Spv] = 1Nk — Mpuky) (2.24)
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The Shur’s lemma states that any matrix commutating with all the set of S,
must be proportional to the identity, this result fixes A to be a multiple of the
identity and the k’s to be zero. So if we require the ®(x) field to belong to
an irreducible representation of the Lorentz group, then the conformal group
representation that we get is nothing but a Lorentz representation augmented by
a dilation. We define quasi — primary a spinless field which transforms under

dilations according to

_A
d

®(z) ; Or

En

MY

O(z) - ¥'(z) = aa—‘i

= A(z)” (2.25)

where A(x) is the usual scale factor. Before moving on the quantum-mechanical
side of Conformal Field Theory, it is proper to see how the symmetry properties of
a certain theory under the conformal group are encoded in its stress-energy tensor.
To convince ourselves we need to calculate the change in action under conformal

transformations, as usual we perform an infinitesimal dilation transformation
't =at+ e (x) = (14 ie,T)P(x) (2.26)
the infinitesimal change in the action reads as
S = — /ddx 0, T8 ¢, (2.27)

here the stress-energy tensor is assumed to be symmetric, the symmetry can be
easily achieved by using the Belinfante form for 7" which is obtained by adding
the divergence of an antisymmetric tensor to the canonical stress-energy tensor
T

Ty =T +0,B™" ; B/ = —BH” (2.28)

It can be shown [difra] thaht 0,B* can be cast in the form

B — ;l {625@ SPYP 4 Perm.} (2.29)
n

It follows that for dilations the conserved current is given by the trace of the

symmetrized stress-energy tensor.

0t = Tg" (2.30)



Therefore, a conformally invariant theory must have a traceless energy-momentum
tensor. The latter result is crucial for many developments and represents a con-
nection between conformal invariance and Quantum Field Theory. By using
Ward Identities and the Callan-Symanzik equation one can prove that given a

pure Yang-Mills Theory, the trace of the energy-momentum tensor is given by
TF, ~ B Tr{F,,F"} (2.31)

where f3 is the S-funcion and F},, the force tensor.Thus if the -function vanishes
at some value of the coupling constant, then the theory can acquire confrormal
invariance. This establishes a strong relation between the Renormalization Group
flow and Conformal Field Theory, we could say that Conformal Field Theory are
a null measure set of Quantum Field Theories, more specifically, there are QFT’s
whose renormalization group flow goes into CFT’s, this is for instance the case
with QCD. The study of the Renormalization Group flows of any Quantum Field
Theory is the most powerful theoretical tool to understand the main features of
the dynamics of the theory and how it evolves from the UV to the IR. Following
the RG flows of a theory it’s a way to highlight different ”phases” of the theory
itself. The richest case is the one of Non-Abelian Gauge Theories. In the sim-
plest case of a pure Yang-Mills theory the S-funtion is negative, this means that
the largest is the scale of energy involved, the smallest is the coupling coupling
constang g. This was one of the greatest discovery (Gross, Wilczek, Politzer and
others) arising from the study of strong interactions, the Asymptotic Freedom.
Consider Ny massless quarks described by Dirac fermions and N, as the number
of colors, at Ny = 3 and N, = 3 we obtain QCD, the current theory of strong
interactions in nature. The § function for such a theory is at one loop

311 2

g
Blg) = TN 3

_167T2( 3

Ny) (2.32)

It is glaring that if Ny < %Nc, the theory is asymptotically free. Otherwise,
we lost asymptotic freedom and the theory becomes IR-free, similar to the QED
with massless electrons. Therefore, %Nc is a critical value discerning between

completely different behaviors. We can deepen this question and go to two-loops,
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then the [ will be

3 5
g’ 11 2 g 17 N
B(g) = (ch—ng)— ? !

1672 (13N.2=3))+0(g7) (2.33)

(167r2)2<3 ° 6N,

At small g, the ) the one-loop contribution, namely —50%,& dominant and (8
behaves as above. If Ny ~ %Nc, then we can neglect [y, 8 develops a zero due
5
to the —/81(1697)2 .
9 _ M
2r B

The effects of higer order corrections are suppressed by Ni powers. The zero of 3

(2.34)

is the Banks-Zaks IR fixed point in which the theory is in the so called Conformal
Phase. For Ny < N, we are in the Chiral Symmetry Breaking phase. Since for
Ny = 12—1Nc we certainly are in the Conformal Phase, there should exist a critical
value N]’E so that in the NJ’? < Ny < %Nc the theory is in the Conformal Phase.
The latter interval is known as the Conformal Window. Sometimes it happes
that the nth order, g-function with fixed n,does not have a fixed point in four
dimensions but it has in d = 4 — ¢, this is the so called Wilson-Fisher fixed point.
This results are of enormous interest from both a phenomenological and a purely
technical point of view,in fact, on the one hand, a CF'T must be either massless
or have a continuous mass spectrum, while on the other hand acquiring a new
symmetry, such as symmetry by dilations, can be useful in gaining more control
over perturbative expansions of observables. The last point will be precisely the
one on which we will focus part of the subsequent discussion; in fact, we will
show how scaling dimensions and anomalous field sizes at the fixed point become
observables and how they can be computed through a systematic approach that
can be employed in conjunction with charge fixing with the aim of boosting the

applicability of perturbation theory.

2.2 Radial Quantization and Weyl Map

For a scalar field of scaling dimension A, under conformal transformations one

has A
ox'| 4

o) = ¢(@) = | 5

o(x) (2.35)
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A field with a given A, which transforms as 2.35, it’s called ”Primary”, otherwise
it is called "descendant”. For example, 0,,¢ is descendant. The main consequence

of the covariance property above is that (¢1(x1)...¢,(x,)) transforms like

A

21 An
d ‘ ax% d

(@ (1) (7)) (2.36)

ox
(’3x1

(G1(21)- (1)) = o

This result imposes severe restrictions on 2- and 3-pt functions of primaries. In
order to identify invariants on which n-pt functions we need to construct some
invariant of the CG in d-dimensions. Translation invariance tells us that n-pt
functions cannot depend on z;, but only on the differences x; — z;, we have
d(n — 1) different choices. For scalar objects, rotational invariance (at large

enough d) imposes thee dependence on r;; = |z; — z;|, so we have n(n — 1)/2

invariants. Scale invariance forces the dependence on ::L;, and finally the SCT’s

TijTim

invariants are the cross ratios . We can conclude that our n-pt functions

TemTlj

will depend on cross ratios only, due to the fact that they surely includes all the

previous invariants. This fixes the 2-pt function form as follows

SR A=A
(@) bn(ma)) = 4 012 o (2.37)
0 A, £ A,

So far we have not justified the existence of primary operators, in order to do that
we should first construct an Hilbert space and introduce the so called ”"Radial
Quantization”. In CFT it is convenient to foliate the space-time in S?! spheres
of r radius, the Dilations generator D will evolve states from one leaf to another.
Basically, D takes the place of the usual PY of Quantum Mechanics. Hence, the

scaling is the energy in the radial quantization.
P’ D ; U=l 5 U =P (2.38)

where in the right-hand side of the last equation ¢ = logr. States living on a

certain sphere will be classified by their scaling dimension
D|A) =iA|A) (2.39)

Since angular momentum A, commutes with D, then |A,[) is also a basis for

M,,,. Let us now insert operators on the sphere. The simplest case is |0), the
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vacuum state, that corresponds to insert nothing, the dilation eigenvalue is zero
for |0). If we insert operators Oa at the origin z = 0, the generated state |A) =

OA(0) |0) will have
D |A> = DO |0> = [D, OA] |0> + OaAD |O> = iAOx |0> =3iA |A> (240)

Finally, if we insert on Operator Oa(x) in & # 0, |¢)) = Oa(z)|0) > is no longer
D’s eigenstate. Anyway

[¥) = Oa(2) [0) >= 70 (0)e™7[0) = € |A) (2.41)

since [D, P,| = iP,, P, raises A by unit (K, does the opposite). We can go
backword: given a state of defined A we can construct primary operators of

scaling dimension A by the ”state-operator correspondence”

(01(21)P2(22).--0a(0)) = (0] dr (1) P2(22)-- |A) (2.42)

It can be fruitful to introduce a new one set of coordinates, so far we have worked

in radial coordinates

r>0 ;neSPtcRP (2.43)

where 77 is the normal vector on the SP~! sphere surface. Let 7 be 7 = logr,
under dilations one gets

r—eM o T T+ (2.44)

In terms of these coordinates, the n-pt funtions become

- . 1 1 .
<¢1(’f’1, nl)...gbn(rn, nn)> = TlTnf(TZ — Ty, {TLZ}) (245)
™ Ty
We can define fields on the cylinder by
¢cyl.(77 ﬁ) = TA¢(T7 ﬁ) (246)
Whit this in mind, it is easy to see
<¢cyl,1(7-17 m)"-¢cyl,ﬂ(Tn7 n_;l)> = f(Tl — T3, {ﬁ;}) (247>

The latter suggests that the dynamics on the cylinder is invariant under 7 trans-

lations. The new and old metrics are connected by Weyl transformations

cyl —

) L1
ds2 = dr® + r2di? ; ds?, = dr? + dii? = ﬁdsf”lat (2.48)
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We deduce that, if the theory is conformal, then form any metric connected by
Weyl transformations the correlation functions are related by simple rescaling
factor as in 2.46. So ¢, is exaxtly the same thing as ¢4, but its correlators are
measured in a different geometry. We have mentioned products of operators at
different points and have corresponded them with the states of the theory. We
now want to show that the product of two or more operators at different points
can be expressed as a sum of operators at the same point. This is the core idea
of the OPE and it applies to sufficiently local operators. For simplicity, consider

a scalar field and some state

|¥) = ¢1(21)2(0) [0) (2.49)

our state can be expanded in a basis of D’s eigenstates
) = calA) (2.50)
|A,) can be created by primaries and descendants which come from acting on

primaries with momenta. We can re-organize the sum in multiplets

) = d1(21)92(0) [0) = Z Ca,1(0,2)91(0)[0) (2.51)

6,1
where ¢; is fixed to be primary, 0 gives the descendants fields and I labels the
representation (multiplets). So far we took it for granted that the ¢ fields that
transform as in 2.35 are basis of irreducible representations of the Conformal
Group. Note that each term of the previous series includes a certain primary ¢;
and all of its descendants P™...P™ |¢;). Promoting the latter equation to an

operator identity, one gets

d1(21)2(0) = Y Ca1(0,2)1(0) (2.52)
o,

This equality is true only inside correlation functions and works in a certain
neighbor-ought of x. From dimensional analysis we can guess the first term of

the sum, let I = 0 be the trivial representation

Ca (0, 2)6(0) = m&%@(m L) (2.53)
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In fact the A dimension of ¢(0) cancels out the —Delta in the denominator’s
power giving the right form of the 2-pt function. we can corroborate this result

by acting directly with the D operator

D ()92(0) [0) = i(Ar + - 9) 1 (2)92(0) |0) + ilar(2)$2(0) [0)  (2.54)

if we suppose 3.64 to be true, then we get

D (2)2(0)[0) = i(A1 + Ay — (Ay + Ay — A)W%Mwm) 1) (@255)

so the guess is good. The second term, the one involving the first descendant, is

fixed by C.I

the o parameters is fixed by Special Conformal Transformations. The claim is

that Conformal Invariance entirely fixes the O.P.E. Consider
(61(2)92(0)6a(2)) = Y CranCar(,8,) (b (y)da(2))y=o0 (2.57)
A/

We can first perform the OPE oh the first two operators and then get a 2-pt

function, which imposes A’ = A, so that

(1(2)P2(y)Pa(2)) = Cr2aCalx, 9y){Pa(y)Pa(2))y=0 (2.58)
Since we already know
(6a(0)6a(z) = — (259
ly — 2|
then the 3-pt function becomes
Cran

(2.60)

(01(2)p2(0)pa(2)) = |x|A1+A2—A’Z‘A+A2—A1|x — _AHA-A,

7|
We can now expand the 3-pt function for small x and choose Ca(z,d) to match

term by term.
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2.3 Semiclassics for the U(1) model

CF'T can be successfully applied to explore regimes where the ordinary Pertur-
bation Theory breaks down in order to solve Quantum Field Theory. We can
show this remarkable result in the U(1) theory example brilliantly explored in
[epsilon]. It is a fact that, even in a weakly coupled theory, the Perturbation
Theory eventually fails when the number n of legs grows. This represents a no-
ticeable difficulty in solving multilegged observables. In the next example we will
consider a U(1) theory with quartic interactions in d = 4 — € dimensions at the
Wilson-Fisher fixed point to ensure the Conformal Invariance and show how it is
possible to compute the Scaling Dimension Ay» for the large charge operator ¢".

The computation will be done in the double limit
X — 0, Aon = const (2.61)
We the above hypothesis in mind, let us consider the theory
_ Ao - o
L = 0009 + Z(qﬁgb) (2.62)

Up to two-loops corrections, the beta function gets the form

A2 A3

BN = —eA+ 55 — 15

+ O\ (2.63)

which means that the theory posses a fixed point in

A 3
G =5t 3¢ 0@ 264

the fixed point depends on the dimensionality, so the theory is weakly coupled
for e < 1. Let [¢"] be the rinormalized field and Z, the rinormalization factor of
the field

O" = Zyn[d"] (2.65)
the anomalous dimension 4 is then given by

_ Olog(Zgn)

Yo = 22 () (2.66)
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Solving the Callan-Symanzik equation, one can show that the operator’s physical
dimension at the fixed point is

S (2.67)

The anomalous dimension is scheme dependent but it becomes oservable at the
Wilson-Fisher fixed point. A first attempt to calculate the scaling dimension
could therefore involve the perturbations theory to obtain +.The calculation can
be performed in two ways, both perturbative and divergente as n grows even
when A is small, the first one is a direct diagrammatical computation which up
to 3-loops (whose details are collected in the Appendix of [epsilon]) working in

the Minimal Subtraction Scheme gives us

@m::l_AM”—l) A rﬁ—%ﬁ—Qﬁ_%mﬁ_mﬁ_n

_ 2.68
(1672)2¢ 1672 9e2 2e ] (2.68)

which implies

A n—1 A\ 2n2—2n—1
Ter =T [1672 > (167r2) 4 ] (2.69)

and one can easily compute the scaling dimension at the fixed point

2

Agn =n [(g—l) +1—€()(n—1)—1€()—0(2n2—8n+5)] (2.70)

The second way is to work directly on the correlation function and computing it
via a semi-classical expansion on the path integral around a non-trivial trajectory.
As mentioned before, the Perturbations Theory breaks down at large n. We
therefore want to use a calculation scheme that naturally allows us to perform
the limit with large n, not only when An is small, but even when An grows. Let’s
focus directly on the correlation function

_ [ DED6G" )" () capl— [ £]

/ DoD eap|— [ L]

Let’s re write the above integral as follows

¢%§%;—/ﬁ%—%/£ (2.72)

and exponentiate the operators insertions

(0" (x7)9" (1)) (2.71)
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g \an [ DGD el  2809+4(30)* —don(n(as) +1n(r))]
(0" (xy)o" (x;)) = [ DiDo 5 [ 9506+ £ (6007

The path integral in the denominator can be computed by the saddle point expan-

(2.73)

sion around the minima ¢ = ¢ = 0, while the one in the numerator is stationary
around non-trivial values of the fields ¢, ¢ # 0 due to the insertions, which spon-
taneously breaks the U(1) symmetry so that the minimal value is no longer null.

The most general form for the whole path-integral is
Z;n <[an(xf)} [¢n<$z)]> _ )\0—%6%11_1(Aon#?fi)-i-l“o(Aonﬂffi)-i-/\olﬂl(/\on79fffi)+~-~ (2.74>

The I' cohefiicients will have a finite and a divergent part, namely ['%" and I'¢",
then we can write ([¢"(z;)][¢"(7;)]) = nle= ™ At small fixed Agn the path
integral can still be computed in the usual saddle-point scheme expanding around
¢ = ¢ = 0, in this case the insertion does not change anything and working at

the order \ one finds

_ [l = 3052 (2 4 Ina?l + 4 + Inw) + O(N2)]
P (@s)) — A 2.7
(0" (z)¢" (w:)) Qar(d—2)(a2) 5D (2.75)

where Q41 = 1%?—;) and 7 is the Eulero-Mascheroni constant. The latter equation
points out how quantum corrections become significant as long as Agn grows,
thus a new calculation method is required. Turning back to the path-integral
expression, we can treat the operator insertions as sources which obviously modify

the equation of motion into

(’92¢(1~) — %¢2(3:)¢(1’) = _¢)(‘0x7;>5(d) (x — xy)
2.76
Poin) — Lo (2)oiw) = — 20 5@ (4 _ o (276)
9(z) = 30" (@)elw) = —Zr =0 @ — zi)

Solving the previous equations for sufficiently small A\gn should hopefully lead to
the same two-point function computed via diagrammatic calculations. This can

be done using perturbation theory, i.e. expanding the solution as
¢ = ()2 [p0 + M + ] (2.77)
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where ¢*) = O(Nn*) and assuming that ¢(© solves the equation

1

2450 (1) = _ @) (p —

TN = Ga,y ) (2.78)
_ 1 :
8¢ (z) = —¢(O)(xf)5(d)(x — z)
Whose solutions are trivially given by

(0) Co 1

oV (x) (2.79)

T Qu(d—2) |z — x|

Therefore we could compute the first correction ¢ and compute the effective
action, which corresponds to the leading term of the 2.74. The general solution
without restrictions about An is an aside quest in which studying the theory
at the fixed point in order to gain conformal invariance will be crucial to get
enhanced symmetries to constrain the form of the observables for our large charge
operators. The advantage to work on fixed point is that we can exploit the power
of conformal invariance. First of all, we shall map our theory from the plane to
the cylinder in order to map the eigenvalues of the Dilation D into the eigenvalues

of H.y, the energy spectrum on the cylinder. The action on the cylinder reads

Son = [ 2 G19"0,60,0+ w60+ (G0 (2.80)

The mass term arises from the request of conformal invariance which can be
gained just by coupling the field to the Ricci’s scalar into a quadratic term as
R(g)$¢, therefore the m mass is just a rewriting of m? = (4:2)?. As said before,
the theory on the cylinder is fully equivalent to the one on flat space by the

correspondence
O @) O(3)) eyt = |42 || (O () O (a4 2.81
(ON @) O(xi)) eyt = 57 ]i] = (O (24)O(4)) frar (2.81)
Computing the limit for z; — 0 corresponding to 7, — —o0, one gets
(O (zp)O(@;)) ey " = e Polts=t) (2.82)
Where Ep = A—F?. We can read the previous equations as follows making use

of the state/operator correspondence: the action of O at —oo creates a state of

energy Eo that carries all the quantum numbers of the operator. Consequently,
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we can get the same expression just by replacing O with ¢", let be ty,i = £77/2,

we get

(@(xg)d(zi)) = Ne "ot (2.83)

where the A/ cohefficient is T-independent and divergent. As above, the structure
og the 2-pt function will have the form of the 2.74. The expontent of 2.74 as the
form ATy, where each 'y has a finite and a divergent part. By comparison with
2.83 we deduce that the divergent part of the I' will be T-independent and will
fix the A coheficcient, while the finite part will necessary depend on 7. Similarly

to the expression ([¢"(z)][¢"(7;)]) = nle=A k™ we can write :

1
RE¢n = )\—671()\077/, d) + 60()\071, d) + )\061()\071, d) + ... (284)
0
1
= <eo1(An, RM, d) + eo(An, RM. d) + Xey(An, RM, d) + ... (2.85)

where the é; coefficients are analogous with the e; but renormalized and therefore
they depend on a sliding scale, namely M. Thus, if the coupling is evaluated at
the fixed point A = lambda,, the dependence on such a scale must disappear by
scale invariance giving a result of the form : By fixing A = A\, we expect to be able
to compute at least the leading terms of the following semiclassical expansion for
the scaling dimension

Ay = %Al(m) + Ao(An) + ... (2.86)
The computation of Ay can be set this way; we can make use of the state/operator

correspondence to introduce a state [i,,) of charge n such that 2.83 reads as follow
<77Dn| e_HT |¢n> —T—o00— Ne_EwT (287)

we could also write ¢ as ¢ = %e‘mﬁ), being 7 a general coordinate on the
(d — 1)-Sphere, it is good to recall that, as long as we are in the Schrodinger
picture, fields will not depend on the coordinate of the quantization axis. In order
to find the [¢,) state, we cant explicitly build the charge operator Q and figure

out the general form for its eigenstates. The computation of the charge operator is
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straightforward once we know the Noether current related to the U(1) symmetry,
namely

ju = é@tﬁb - gba“gz_ﬁ (2-88)

we know that the charge is just

Q= / dQy_ 1Ry = / dQq_1 R0, (2.89)

If our Hilbert Space is made up by functionals |¢)) = W[p, x|, then iit is easy to
convince ourselves that the operator corrisponding to the classical charge (2.89)
is just

0

Q= / dQy R — iﬁQa—X (2.90)

thus, a quite general state of charge n is given by

|tn) = /DxeXp{iﬁ/delx} %% (2.91)

if we perform an homogeneity ansatz on p = f, where f is a constant, then our

amplitude is given by

j—mn B i =fXx=xr
<¢n| €_HT |¢n> — Z—l /DXzDXf e Qg_RI-T JdQq 1(xf—x )/ DXDpe_S
p=fX=Xi
(2.92)
where
Z = / D¢Dpe™ (2.93)
using that

/de—l(Xf —Xi) = /TdT/de—lX (2.94)

we can writhe the amplitude as a simple path-integral in the form
p=f
(Wal T ) = 271 [ DpDxeSer (2.95)
p=f

where the effective action Syyy is given by

T
7 1 1 m? A n
— 0, = 2, — 2 2, 0 2 A0 T s (9
Seff /1; dT/d d 12(8p) +2p (8)() + 9 P +16P +2Rd719d71X ( 96)

The equation of motion with respect to our ansatz give the following solutions
p=/[f; x= —iut + const (2.97)
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where p is called ”chemical potential”, which plays the same role of the chemical
potential introduced in the previous section, in fact the presence of this term is
related to the ansatz of homogeneity on the vacuum and reflects the fact that we
are dealing with a fixed charge density jo = puf? . The effective action evaluated

upon this solutions gives us the (—1)-th order of the expansion 2.74

6_1()\072,, d) 1 Seff
— el 2.
R Ao T (2.98)

Finally, if we consider the classical value for the chemical potential arising from
the equation of motion and put A = A\, with d = 4 we get the leading-order-scaling

dimension

n)? «n)®
A, frlieids -G o ()] for n < an? (2.99)

YolEheiaieniion]  rans e

This computation is a proof of how CFT can provide some remarkable tools to
compute observables restoring the perturbation theory which, as we can see in
2.75 can fail even if we are dealing with weakly-coupled theories. We will use the
latter calculation as a template to discuss the scaling dimension for the SU(2Ny)
Linear Sigma Model extending this techniques to the computation of next-to-
leading-order corrections to A. The next-to-leading-order computation is similar
but much more complicated, the idea is to use the same solution for the equation
of motion as seen for A_; but with an additional perturbative term dependent
on coordinates both for p and x and compute the second order Action and the
functional determinant of the resulting differential operator in the action. The
first thing we need to compute is the second order action. In order to capture

fluctuations we write fields as :

p=f+r(x) ; x=—iur+ L7T(x) (2.100)

V2

The one-loop action written in the above mentioned fluctuations reads :
z 1 1
S@ — / dT/de_1§(8T)2 - 5(87?)2 — 2ipTro,m + (i —m*Hr?. (2.101)
T
7

Computing zeros of the determinant of the inverse propagator in the action and

solving them with respect to the energy w, we find

W2 = TR 3y — mP AT 4 (32 — m?)?, (2.102)
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where J? is the squared momentum or, equivalently, the eigenvalues of the Lapla-
cian on the sphere. So far, we just need to write the one-loop extended version

of the 2.95, which is :

e_1(Mon,d)T )
(] €T g5 = & Rem : J Prbme” = (2.103)
[ D¢Do exp{— J (960% + m2¢¢)}
Nexp{— [M + eo(Mon, d)] %} (2.104)
0

The latter shows ho we can identify the ey coefficient with fluctuations of the

Gaussian integral in (2.105), explicitly :

T det(S®)

?7?7—ep =1 = 2.105
RO 8 {det(—@f —Ag, , + mz) ( )
T dw, (W +w? () (W + w2 (1))

— —1 + 1
2 ;nl/ o 8 w? + wi(l) ’ (2.106)

where n; is the multiplicity of the Laplacian on the (d — 1)—dimensional sphere,
and wy is the energy of the free theory :

(2l +d—2)T(1+d—2)

; = J} +m? 2.1
NESCED it m (2.107)

n; =

Computing explicitly the integral in (2.106) and neglecting the sum of zero point

energy, we find :
eo(Xon, d) an wi () +w_()]. (2.108)

This result has to be regularized, therefore, we first need to isolate the divergent
part of it. We could think of computing the latter in a large momenta limit, which
can be intuitively identified as a large [ limit. A simple asymptotic analysis of
the right hand side of the last equation can show that the large [ behavior of the
summand in (2.108) is

o0

[ (1) +w_(D)] ~ Y 1 (2.109)

n=1
In d = 4 dimensions, the first five terms of this sum carry a divergent contribution.

In order to separate the divergent part from the regular one, we can compute
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d = 4 — € expansion of the first five coefficients. By comparison one gets :

2 6 4
= E+O(e) =g +0O(€) ; 3= 2M2R+E+O<E) ey =2°R+ O(e)
(2.110)
~5(pPR? —1)*  [225p"R* + 50p*R? + 1507 (p*R? — 1) + 113] )
“="4r '° 120R +0().
(2.111)

We can now rewrite the (2.108) as a sum of a divergent part and a finite part,

this results in :

Sl () b)) = 5 3 e S

n=1 =1 =1

o0

(1), (2.112)

N | —

where (1) is just the original summand n; [w, (1) + w_(l)] without the divergent
part of the first five coefficient computed above. The divergent contribution
can be even more manipulated remembering the definition of the Riemann Zeta,
oo l® = ((—x), and recalling ((1 — z) ~ % for enough small z. Thus

5 0

1 _ 5(ulR? — 1) 15p*R* — 6p2R%2 + 7
- LY 1T = — — . 2.11
PLDY 8Re 16R (2.113)

n=1 =1

So far we have just computed the first and second terms in (2.112), separating
the divergent part from the finite one in the second term of the (2.113) expansion.
However, we have to recall that our true goal is to compute the regularized version
of eg. Details of a complete regularization scheme can be found in [epsilon], we

will show how to define and compute the regularized scaling dimension in Chapter

4.

1
A(] = éo()\n, RM, 4) + g Xé,l()\n, RM, 4 — 6)] s (2114)
€ e=0
where we can compute the e_; as
1
Xé_l(/\n’ RM,4 —¢) = )\Mee_l()\nRMe, 4 —e). (2.115)
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Chapter 3

Charging the U(2N;) model

3.1 Classical Analysis

Using tools developed in the previous section, we now want to focus on a fairly
general model, whose interesting features and phenomenological implications are
already known |[wilczek]. Our analysis will mainly focus on applying methods
and results of the large charge approach in conjunction with a semi-classical study
of the fixed-point system, using techniques shown in the section about CFT. The
original purpose of this work will be to show how, under the aforementioned hy-
potheses, it is possible to introduce a systematic calculation scheme, that makes
use of the observations previously explored in order to characterise the system
under investigation in its crucial features such as: non-relativistic dispersion re-
lations for the modes of the theory, ground state energy, quantum corrections
to the energy and symmetry breaking patterns. The system we have chosen to
study in detail consists of a linear realisation of the Sigma Model for an N-flavors

underlying theory with an Higgs-like potential, whose Lagrangian results in
L=Tr(0,H?H) —uTr (H'H)’ —v (Tt H H) + m>Te(H H)  (3.1)

The H field is in perfect analogy with the X field of the two-flavor model set
out in section 2. The notable difference is that it is a U(Ny) x U(Ny) field
transforming in the adjoint-antisymmetric representation, but our real goal will

be to use pseudo-reality to study an analogous Lagrangian for a field U(2Ny),
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which we can realize setting No = 2. There are several reasons why this theory is
an interesting case study. Firstly, the Linear realisation of this model implies that
the theory is renormalizable, but above all that it exhibits a well-defined fixed
point, so that the conformality of the theory is ensured and does not require any
special precautions when applying the Weyl map to the cylinder. The theory,
without any prescription on N, describes at the effective level the condensate
fluctuations corresponding to a microscopic theory of N; massless quarks in the
fundamental representation of the SU(N¢) gauge group. Such a theory has a
global invariance SU(Ny) x SU(Ny) x Up(1) x Ua(1), where Uy(1) (axial) can be
classically valid, but quantum-mechanically anomalous. One should then notice
that with these prescriptions we obtain a theory that has exactly the global
starting symmetries set out in the first chapter and the same would apply if we
took U(2Ny) as the starting global symmetry. This allows us to apply many of
the results of Chapter 2 without loss of generality. Before introducing the U(2Ny)
case, let us first make some general remarks on the SU(Ny) x SU(Ny) x U(1)
case studied in [safecft|, which we will then adapt. Let’s write the Noether’s

currents and charges associated to the SUp r(Nf) symmetry:

Jp =< (dHH"— HdH') ; Jp= —% (H'dH — dH'H) (3.2)

N =

and

QL= /dﬁJQ . Qp= /da:3J1% (3.3)
The problem of characterising the vacuum state in our theory is not as trivial as
in the previous case and it is not taken for granted that the vacuum is spatially
homogeneous, we will then use the last relation derived from a simpler case as a
hint to introduce an ansatz on the general form of the vacuum that we will seek
homogeneous, we will then impose that the ()1, g charges are still preserved. Let

Hy(t) be our vacuum;

Hy(t) = Mt Be=™Mit, (3.4)

By comparison with the previous case, B has the same meaning as 3, and the

My, r matrices are analogues of th M in the previous section and live in the
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Cartan subalgebra of SU(Ny). The form of the M matrices depends strongly on
the charge-fixing configuration, whereas for B it is sufficient to be a self-adjoint
matrix. Recall that, since we have not determined the vacuum state using the
equations of motion, we must impose that the charges are preserved. These two
constraints will in fact be crucial in fixing some important relations between the
matrices introduced in our ansats. Let V' be the volume of the spatial manifold,

namely M3, over which we integrate the zero-components of the currents

Qr = —iVe™t (M}, BB — 2[M;, BMpB']) e ™Mt = 0 (3.5)

Qr = +iVe™r! ((M3, B'B] — 2[Mg, Bt M B]) e~ M5t = 0 (3.6)

The resulting relationships give an idea of the interplay between the configura-
tion of fixed charges and the vacuum state. Since charge conservation imposes
constraints on the vacuum state, a configuration of My r and B consistent with
this constraints is found, the vacuum state is therefore fixed and this in turn
determines the shape of charges. A simple solution could be the one in which M

and B are diagonal matrices united with M r = M, which reduces to
Hy = e*Mp (3.7)

We would like to use the same form as the above one for the vacuum in the
U(2Ny) theory, but with a less trivial choice for the M and B matrices. We will
in fact set B to be anti-symmetric and M to be diagonal. Before moving on, we
have to show that such a choice is a practicable one and in order to do that, we
have just to replace U(Ny) x U(Ny) with our U(2Ny). The first consequence is
that we loose the distinction between left and right-handed spinors, so the current
takes the form

J=4iTr {(HOH)t.} . (3.8)

where t, are generalized Gell-Mann matrices. The conserved charge is

Q = 4i / dz® (HOoH') t, (3.9)
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and, requiring that the latter is preserved with the (61) form for the vacuum, we

get that the following choice for M and B are perfeclty coherent.

0 1 1 0
B=ib L M =p (3.10)
~1 0 0 —1

The choice of the B matrix is dictated by the defining equation of minima, which
can be achieved just by differentiating with respect to the field the potential part
of the Lagrangian. There are several choices of the vacuum, corresponding to
different regimes of the theory, but this will be subsequently discussed with the
due care. Our goal for the moment is just to show that the ansatz in (3.7) is
practicable, since it is coherent with charge conservation. We can first write the
equations of motion varying with respect to H' and substitute the ansats for
the vacuum. This will provide us a further constraint between the Lagrangian

parameters and the defining parameters of the M and B matrices
~0?H +2uHH'H + 2vH Tr(H'H) + m*H = 0. (3.11)
If the ansatz is Hy(t) = e*M!B, the equation of motion takes the form
AM? + 2uBB' + 20 Tr(B'B) + m? = 0. (3.12)

Before proceeding, we must note that, as with the theory in section 2, it is the
relationship between the system’s charge configuration and vacuum that sets the
symmetry-breaking pattern of the model. This will soon be the subject of study,
but it requires an in-depth study of the charges, which, as already mentioned, are
related to the particular choice of the vacuum and of the independent degrees of
freedom of the system. At this stage, we can already draw some very important
and characterising preliminary information on the system. Now that we have put
all the fundamental pieces of the theory in place and specialised the treatment
with the previous hypotheses, we can, for example, think about deriving the
dispersion relations of the theory and the classical energy. This results will be the
starting point for the semi-classical analysis of the following chapters. Since the
theory is non-relativistic, we can derive them by proceeding with an expansion to

the quadratic order of the Lagrangian and calculating the zeros in the determinant
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of the inverse propagators, which of course will lead us to have to specify a block
decomposition for the H field as well. Without specifying the particular form of

® we write the most general form for H, enucleating its vacuum state

H(z) = exp(2iMt)(B + ®(x)). (3.13)

Substituting H into the Lagrangian and expanding it to O(H?) is a fairly simple
but laborious task, the salient results of which we report here, leaving out the

details in the Appendix.
e The kinetic terms takes the form :
Tr(0,HO"H') ~ Tr(9,20"®") + 44> Tr { (®' + B) (2 + B)}  (3.14)

1 0
— 2ipuTr [(@" + B) 9, — 0,2" (B + )] (3.15)
0 —1

e While the the potential takes the form :

Tr(H'H) = Te(B'B) + Tr { B (¢ + @) } + Tr(®'®) (3.16)
Tr(H'HH'H) = 40> Tr(®07) + 20° Tr { B (0T 4 @) } + (3.17)
+Tr (' B®'B) + Tr (PBPB) (3.18)

T’ (H'H) = 40’ N Tr (90) + Tv* {B (® + ") } + 4’ N Tr { B (¢ + ®7) }
(3.19)

We can get rid of constant terms and by using the constraint of the equations of

motion (3.12), the Lagrangian is greatly simplified :
L =Tr (0,20"®") +

10
— 2ip Tr [((®"+ B) 0,2 — 8,2" (B+ ®)] p +
0 -1 (3.20)

—2ub’ Tr (@@") — uTr (@'BE'B) — uTr (PBPB) +

—vTr* {B(®+7)}.
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Once we get the second order Lagrangian, we want to study the whole set of
degrees of freedom encoded in the ® field. In order to find dispersion relations,

we have to expand the field in the u(2N) algebra, formally :
Oab

® = (Qu+iPu)T 5 Tr(TJTo) = = (3.21)
This form leads to :
_ 1 2 2 2 2 2
L= (000" + (9P.)* — 2ub® y (Q; + P)) (3.22)

a a

—v Tr? {Z QQGBTG} —2u ) T {T,BT,B} (QuQ, — PuP) (3.23)
a a,b

1 0

o T.T, Hab(Q,Q,P,P), (3.24)

— 20 Z Tr
a,b

where the H,;, coefficient has a symmetric part and an anti-symmetric part under
the exchange of a and b indices, given by

Q.Qp — QuQy + P.P, — P,P, : antisymm.
Hab - (3.25)

i (Qapb — PQy+ PaQy — Qapb> s symm.
Before we move forward, we should try to introduce the most convenient orthog-
onal basis in the u(2N)-algebra. To identify this basis, it is good to look at the B
and M matrices, which are 2N x 2N matrices, organized in four N x N blocks.
Once we notice this, it is clear that a convenient basis should have generators or-
ganized in the same way. Details of the construction of such a basis can be found
in the Appendix, here we just recall that the w(2/N)-algebra can be spanned by

four class of generators, namely : Ty, Ty,, Ty,, T),, given by:

To; = 5 ; Ty, =5 (3.26)
2\o 0 2\o -u

T, == 0 Ty, == : (3.27)
2\u; o 2\-u; o

where the UN*Y block within generators spans a u(N)-algebra, therefore the i-

index runs on the {1,2,..., N?} interval. It is straightforward to check that this
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is an allowed basis of the u(2N)-algebra, which is made up by 4N? self-adjoint
generators. The orthogonality condition on the u(N)-blocks is fully inherited by

the u(2N) generators :
i 0ij
TI‘(UZUJ) = 7 = Ir (TthkJ) = 7j6hk7 (328)
where the h and £ indices just specify the class, h,k = a,b,z,y. Now we have
to compute the three terms which give us the mass matrix and the couplings

induced by the chemical potential. Let’s start with the couplings term :

1 0
0 —1
By explicit computations, it can be shown that this quantity is not null only for

the following generators pairs :

Tr {MT, T} = Te{MT,T,} = Tr {—iMT,T, } = Tr {iMT, T, } = u%-
(3.30)
The latter equation shows how degrees of freedom are organized into independent
pairs. We should also notice how the ab—type pairs just involve the symmetric
part of the Hy, coefficient, while the zy—pairs just involve the anti-symmetric

part. With this in mind, one can see that the coupling term equals:

4N?

N2
—2i ZTI" {MTth}Hhk = _2”2 (Qaini - Paini + Paini - Qaini>
h.k =1

(3.31)

N2
_ QNZ (szQyz - Q%Qyz + PffciPyi - PvaP%v) . (3.32)
=1

The first mass term is given by —2u}_, , Tr{T},BT;B}(...), and the non zero

contributions to the latter are:

Tr {BT,,BT,,} = — Tr{BT,,BT,,} = (3.33)
— Tr{BT,,BT,,} = Tr { BT},BT,, } = —% (3.34)

This result show how the mass matrix is diagonal in the basis we choose. The
u-proportional mass term is then:

N2

—ub®y (Qy — Py — Q%+ PL+Q; — Pl - Qi+ B) (3.35)

=1
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We are left with one last term to be studied; —v Tr* {3, 2Q,BT,}. In order to
compute this term, it is sufficient to notice that the B matrix is nothing but one
of our generators, specifically B ~ T, , once we state that U; = I. Since we
are working with an orthogonal basis, there will be just one generator T} giving
contribution to the latter trace, and this generator can be no other than Ty, itself,

thus
—v Tr? {Z QQQBTQ} = —4ob”N;Q?, . (3.36)

Now it’s time to take a breath and recap what we have done so far. We ex-
panded the ® field in the u(2N)-algebra, using the aforementioned basis in order
to go along with the form of the M and B matrices and get a diagonal mass
matrix. This procedure allow us to get much simpler computations. However,
we overlooked the fact that our field is parameterized by an anti-symmetric ma-
trix, hence we worked with more degrees of freedom than necessary. There is no
need to worry about that, it is sufficient to get rid of the unwanted generators.
It is easy to see that an anti-symmetric generator can be obtained just by re-
quiring that the U; matrices inside the Ty, T}, and T}, are anti-symmetric, while
the U; block inside the T}, generators has to be symmetric. Therefore, our true

anti-symmetric basis is made up by:

U, 0 -
Tai == 1 ) UZ = _UzT ; 1= 1727 ) N(N 1) <337)
0 U 2
T, = ) ;j:1,2,...,N(N2_ D (3.38)
1{0 U N(N -1
T, = - g =-Ul k=12, .., ( ) (3.39)
2 2
Uk
_|_
0 U N(N +1
T, =~ "l LU =0T k=1,2,..., NN +1) (3.40)
2\ v o 2

This specification only affects the number of fundamental real fields and the
couplings term, since there is no longer way to get a coupling between z and y

modes. In fact, the U; inside T}, and the U; inside the T}, are now forced to be
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different, canceling out the d;; in the (3.28). With this in mind, the coupling term

becomes :
N(N-1)
2
h,k =1

(3.41)
We are left with 4N? — 2N fundamental fields, 2N? — N of which are coupled in
independent ab—pairs, while the remaning 2N? z and y fields are free. Everything
is now ready to compute dispersion relations. As we said before, we have some
free real fields, whose dispersion relations are trivial. In fact, being w the energy

and p the 3-momentum, we have :

N(N -1
wél_i = ; w%wi = p® + 2ub® ; % d.o.f. each (3.42)
N(N +1
w]%yi =p; Wéyi =p* + 2ub® ; % —1 d.o.f. each (3.43)
wéyl =p* 4 —m? wfgyl =9p° : 1 d.o.f. each (3.44)

For the a and b modes, we first need to collect their inverse propagators, which,
in the Fourier space, read as :
2 _ 2 2 -
. w® —p° — 2ub 43 pew

D5, = (3.45)
Qult —4ipuw w? — p? — 2ub?

2 2 ~
w”—p 41w
D5l = b (3.46)
bla ; 2 2
—dipw  w—p
The corresponding dispersion relations are get by solving, with respect to w, the

zeros of the determinant. Giving :

N(N -1
Woaph = 21+ \/p? +4p? % d.o.f each (3.47)

N(N —1)

Wpagp = E21 + VP + 4p? + 8ap? — 2am? | 5

d.o.f each  (3.48)

where we used the equation of motion to rewrite b% as a function of y, defining

a = The spectrum that arises from fixing the baryonic charge and the

_u
u+2NfV'
particular choice of vacuum we made, exhibits a certain number of degrees of

freedom that are not at all affected by the chemical potential, while all the other
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modes just display a shift in the energy, which is proportional to the chemical
potential. From this we deduce that the former correspond to degrees of freedom
that carry no baryonic charge, while the latter do. The reason this happens, is
that the vacuum we have chosen is invariant under the rotation generated by the
baryonic charge. We can, likewise, choose a vacuum state that does not display
this symmetry. If this is the case, we expect a completely different spectrum, the
typical one of a superfluid phase. One possible choise is:

J 0 0 In, x;

B =ib c J= ERSEN B (3.49)

0 J -1 NNt 0
This choice provides the same second-order Lagrangian of the previous case and
the coupling term is still given by the (3.41). Once again, the vacuum is either
one of our generators, or a linear combination of generators of the a—type. The
equation (3.36) still holds, but the only surviving generator will be a certain
T, thus we have to replace @, with @);. The last step is to check how the
—2u ), Tr{BT,BT}} (...) term changes. From direct computation, it results:

Since we can always find a {U;} orthogonal basis within which J is contained,

the right hand side of the latter equation can be written as :
_25hk Tr {JUZJU]} = _25hk Tr {UanUan} = 5hk5ij~ (351)
Replacing this result in the u proportional mass term, we get :

—ub® Yy (QF - P7). (3.52)

This result, conjoined with the —2ub? Tr(®9%99¢" ) term, tells us that all the P,’s

have a zero mass term. For the z and y modes, dispersion relations are :

N(N -1

W%’z. =p? Wéz. = p% + 2ub® ; % d.o.f. each (3.53)
N(N +1

WJQDy, =p? ; wéy. = p? + 2ub® ; % d.o.f. each. (3.54)
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On the other hand, the inverse propagators in the momentum space are equal to

wr—p? —2ub® dipw

1 —1 1
Dg4.r, = Prq, = Prig, ‘ . (3.55)
—4ipw w*—p
B w? —p? —8u? —2m?  dipw
DQ;PE (3.56)

— 4w w? —p?

whose dispersion relations for large 1 and small momenta are:

m 8(3u + 4va
a e T = D ———— 7 O . 3 57
ab = %ab =\ 3y + 4Nv A\ Turane AT )

Thus, the (3.55) kind of inverse propagator corresponds to N(N — 1) — 1 Gold-
stone Bosons and the same number of massive modes, while the latter inverse
propagator gives rise, in the large p and small p limit, to a Goldstone boson and

a massive mode with energy :

w:i—i—... ; w:2\/6p—|—

5p? .
V3 121/6p

The first one is a universal sector for any fixed charge and scale invariant theory,

(3.58)

known as the Conformal Mode.

3.2 Symmetry Breaking Patterns

The theory we chose to study has a global U(2Ny) ~ SU(2Ns) x U4(1) symmetry.
Given the potential part of the Lagrangian,

V(H'H) = uy Tr (HUH)® + vy (Tr H'H)® + (m? — 4p%) Te(HTH),  (3.59)

we can see that V(HTH) is minimized on a manifold of B vacua defined by :

88]; =2uTr (H'HH)+2v Ty (H'H) Tt (H)+(m*—4p®) Tr(H) =0 (3.60)
H=B
Y ) )
5> =2uTr(H?) + 20 Tr*(H) >0 (3.61)
OHT HeB

We can easily check that both minima we chose belong to this manifold. Since we

are fixing the baryon charge, we can distinguish vacua in two classes: those that
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preserves the baryon charge and those which don’t. These two circumstances
characterize two phases of the theory, that can be respectively defined as the
Normal Phase and the Broken Phase, depending on the ratio between the
mass and the chemical potential. Intuitively, we can figure out that, if m? > 42,
the vacuum is not driven by the chemical potential, and therefore stays invariant

2 < 442, the ground state is set

under the baryon generator. Otherwise, if m
by the same chemical potential which fixes the baryon charge, so it must change
under baryon rotations. It is a consequence that the pattern of symmetry braking
is strongly dependent on the phase and we want to check out how symmetries are

broken, both explicitly and spontaneously, in the two phases. The normal phase

is defined by the vacuum :

0 1
Hy=B=1b . beR. (3.62)
~1 0

It is self-evident that without any chemical potential, the group preserving this

vacuum under the adjoint representation;

UH,U" = H, : (3.63)

H,=B

is, by definition, the symplectic group Sp(2N), resulting in the trivial pattern:
SSB
SU(2Ny) x Ua(1) = Sp(2Ny) (3.64)

In order to get the full Symmetry Breaking Pattern we can proceed in two ways.

If the ansatz concerning the vacuum is:

Hy(t) = "B, (3.65)
with
0 1
B=1b . beR, (3.66)
-1 0
I 0
M=npu ; LER, (3.67)
0 —1

we get an addition term at the lagrangian level, which reads as

—2ipTr {M ( ¢'0op — pDo0') } . (3.68)
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The latter term explicitly breaks the starting symmetry and it is invariant under

the C(M) group, where C(M) is defined by :
UMU"=M = [U, M]=0. (3.69)
By direct computations, one can check that the latter defines :
C(M) = UL(Ny) x Ur(Ny). (3.70)

The insertion of a non-zero chemical potential not only gives rise to the term in
(3.68), but also affects the vacuum, turning the (3.62) into the (3.65). Thus, there
must be a spontaneous breaking from C(M) x U4(1) to another group, namely G,
due to a new configuration of the vacuum when the chemical potential is turned
on.

.o 25 g, (3.71)

We can figure out how G looks like just by requiring Hy to be invariant under a
certain group. Since for g = 0, the pattern must reduce to the one in (3), then
G is nothing but C(M) when "embedded” into Sp(2N¢). This argument is fully
equivalent to find the U(2Ny)-subgroup such that (3.63) is satisfied. Thus, given
the general form of the Sp(2Ny) Algebra,

A, Ba

T, = , (3.72)
Bl —Ag

with A, = Al, we should write the (243) as :

MT, —Ta'M =0, (3.73)
which leads to
1 0 A, Ba A, Bal 1 0
— =0, (3.74)
0 —1 Bl —AZ B, —AaT 0 —1
whose solutions are :
A, 0
B,=0 — T,= ) (3.75)
0 —AT

a
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Taking into account the never broken Uy(1), the latter equation defines U(Ny).
This procedure must be read as a way to enlighten and distinguish the role of M
and the one of B. There is no good reason to not writing the (3.63) up directly.
The problem of such an approach is that the pattern one gets requiring (3.63)
from the very beginning, shows both explicit and spontaneous breaking in once
and this is due to the twofold nature of Hy, which carries information about
both charge fixing and vacuum state at = 0. The previous way of finding the

symmetry breaking pattern can also be cast as follow :
e Starting from the theory £(H), we can redefine
H— ¥MH . L(H)— L(H), (3.76)

where, in principle, H carries the same symmetries of the old H. The E(ﬁ )
theory will be the same of the old £L(H) except from additional explicit

breaking terms in M.

e We can now set lflo to be ﬁo = B, in other words

L(H) % C (eQth]:I> S5B, £ (XM B + ®)) (3.77)

! ! ) (3.78)
U(2N;) E—jj> c(M) 228, U(Ny) x Up(1) (3.79)
Lp=0 (3.80)
Sp(2N) (3.81)

The explicit symmetry breaking due to the insertion of a baryon chemical poten-
tial is fixed and does not depend on the subsequent choice of the ground state,
therefore, in order to capture the symmetry breaking pattern in the broken phase
we just have to ask what is the C(M) subgroup preserving the B vacuum as

follows :

J 0
B=ib : (3.82)
J
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where J is a Ny x Ny symplectic matrix. As already stated, C(M) is nothing but
UL(Ny) x Ug(Ny), consequently the generic U € C(M) must have the form

A0
U= ,  AA'=1, BB =1 (3.83)
0 B

If we require that U € C(M) also preserves B, we obtain
AJAT =J ; BJBT = J, (3.84)

this two equation crearly define the Sp(Ny) x Sp(Ny) group. Finally, the sym-

metry breaking pattern in the broken phase results in :

U(2N;) Ei% C(M) 228, Sp(Ny) x Sp(Ny). (3.85)

The number of spontaneously broken generators Nggg in both phases equals the
difference between dim(C(M)) and dim(G(B)), which is nothing but the dimen-
sion of the coset C(M)/G(B), where in both cases G is the group preserving the

vacuum. Thus, we get

: C(M) _ 2 AT2 _ A2
Ngpe— dim (W) ’B 0\ ON? - N?’=N (3.86)
-1 0
_ dim (M) _on? o NNED e

B=i

0 J
As a consequence of the Goldstone Theorem, we expect for each case a certain
number of massless mode that is bigger or equal to the number of broken genera-
tors. From the dispersion relations computed in the previous section it is easy to
check that such an inequality is true in both cases. For sake of completeness, we
should refer to the non-relativistic version of the Goldstone Theorem, details of
which can be found in [GBcount|, here we just recall that, in a non-relativistic
scenario, Goldstone Bosons can be classified in two categories, namely Type I GB
and Type II GB, for the former the energy w is proportional to the momentum,

w ~ p, while for the latter w ~ p?. The theorem aslo states that, in order to
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get a Type II Goldstone, at least two generator have to be broken, wherease for
the Type I Goldstones a one-to-one correspondence with broken generators still
holds. At the end of the day, in a non-relativistic theory, the number of massless

particle must satisfy the inequality :

NTypeI + 2NTypeII 2 NSBG' (388)

3.3 The non-relativistic Goldstone Theorem

25



Chapter 4

Scaling Dimension

4.1 Next to Leading Order

As we already said, our true purpose is to compute the scaling dimension A as
the computed in Chapter 1 for the U(1) case. We sow that, in order to capture
quantum fluctuation, we need first to compute the leading order energy Ero and
then a sum over dispersion relations as in ??. Let’s now compute the Leading
Order Energy of the system. First of all, it is necessary to evaluate the action on
a classical trajectory. We could, for example, chose the broken phase define by

the block-diagonal vacuum in (3.82), on which the classical energy results in :

8N p*b? + 2Njugh* + 4NFuob* + 2Npm?b? = L(H,) (4.1)

We can use the equation of motion as a constrain. Evaluating them on the same

trajectory, this yields to
AM? 4 2uo BB' + 2uy Tr(B'B) + m* =0 (4.2)
which in terms of the p and b parameters, reads as
4p® + 2upb?® + ANpvgh® + m? = 0 (4.3)

In order to compute the classical energy E; o, since we are fixing the charges, we

can proceed via the Legendre transform :
U—U=pupQ-U. (4.4)
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This expression would have been good even if we didn’t have a single charge, but
a charge for each generator of the algebra @) = {QI,QQ, ...,Q4N;,1}. For the
latter case, Legendre transform is not so trivial. However, we could have taken

advantage of the fact that the charges transform together with the field :
H - UHUT - Q - UQU' (4.5)

so we could have ideally SU(2N)-rotate the charges into Q@ = Q{1,0,...0}. Tt is
easy to see that the quantity Tr (QTQ) is invariant, so computing (@ is now trivial
and we just need to normalize the generators into Tr(t,t,) = 04 Finally we get
pn@Q = —16u*b* Ny. Now it is possible to explicitly compute the Energy and the
direct calculation leads to :

2

mN o
Ero=——""—FF (48— +8— -1 4.6
FO T Qu, + 4vg Ny < mt o2 > ’ (4.6)

coherently with what found in [nonabelian]|. The last formula can be rewritten
by reversing the relationship between p and (). Using the equations of motion
it is easy to see that pu ~ Cﬁ and that therefore Epp ~ Qg. These are the first
classical steps of the semiclassical analysis that we are going to complete with
a full calculation of the scaling dimension A next to leading order. In order to
capture the quantum fluctuations it the scaling dimension, we need to replicate
the computation scheme involved in section 2. It is easy to understand that the
right generalization of the scaling dimension in the U(1) which matches with our

model must be in the form :

T det(S®) T & dw w? + wi(1)
R0 Og{det(—@f—ASd_l—l—m?) 2 ;”l/%gzg Og{w2+wg(l)}

(4.7)

where g; the degeneracy of the w; dispersion relation, i.e. the numer of modes
having that dispersion relation. One can note that the whole list of this number
has already been computed via the algebrical characterization of the previous

section. The integral in the last equation can be directly computed, leading to:
2 1=0 '

57



The N is just the total number of fundamental fields in the theory. It is easy to
convince ourselves that the second part of the summand in (4.8) is a sum over
ground state energies, therefore we will neglect it in upcoming computations. As
it as be done previously, A is definitely a divergent quantity and, again, we
want to capture the divergent part and then regularize it. We do expect that the
divergent part is related to the UV behavior of the scaling dimension, and it is
hence encoded it the large | asymptotic dependence of the sum over dispersion
relation. We can show that the following relation holds for sufficiently large

momenta :

anl {Zgi(N)wi(N)} 21, chld_”. (4.9)
=0 7 n=1

Crearly the g; do not depend on [, while n; and w; do. Recalling the degeneracy
of the laplacian on a d—sphere is given by (2.107), we can use the Stirling formula

to get the large [ behavior of the Euler’'s Gamma functions in n;, thus :

T+ h+1)=(+ k) ZS (14 p)EHPe ) —, (4.10)

(1 + b)) e=(+h)
[le—!

IF'(l+d—2) ny1=a—2
>y (20+ h+1
T+ 1) @i+ h+1)

The n; coefficient is also multiplied for w; (1), whose large [ behavior is an [—linear

(4.11)

function. At the end of the day it is an easy task to show that the asymptotic
dependence of the summand in (282) is :

O(lyny ~ 1"let =3 e it (4.12)

n=1
Once again, the divergent part of (4.9) must be encoded in the first five terms,
therefore we are interested in fixing the firts five coefficients of the latter expres-
sion. In order to get ¢y, ..., c5 it is sufficient to compute the large [ expansion of

A, which is easily achievable once we know the whole set of dispersion relations.
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A direct calculation shows that :

N(—1+3N 5N(—1+3N
a=NELEN) o ¢ o= NELEIN o (4.13)
2Nv [32R*u? — N(15 4+ 16 R*u?) + N%(45 + 16 R? %) +]
3= + (4.14)
8R(u+ 2Nw)
w[(16 — 32R?u%) — N(7 + 48R242) + N2(33 + 64R242)]
: 41
8R(u+ 2Nv) +0(e) ; (4.15)
2Nv [96R2 2 + 3N2(5 + 16R%u2) — N (5 + 48R%y/?
o = v [96R** + 3N(5 + 16R* ") — N(5 + 48R* )] | (4.16)
16R(u + 2Nv)
w[48 — 96R2 % + N(19 — 144R212) 4+ 3N2(—7 + 64R?1:?)]
(417
16R(u + 2Nv) 05 (@17)

As we can see, the dependence of this coefficients on the theory’s parameters,
such p or R, exactly matches the one shown in (112) of [epsilon| in the N =1
limit. Having isolated the divergent part and computed it coefficients we can now

rewrite the analogous of (2.112), which leads to :

> {Zgi(N)wi(N)} ;ZCNZW ”+% (1) (4.19)

Finally, we regularize the (4.19) expression using that > ,° " = ((—=z), and
recalling ((1 — z) ~ < for enough small z. Thus

o

5

1

QchZld”: X(p, N, R, u,v) + Y(pu, N, R, u,v). (4.20)
n=1

Where the exact expressions of X and ) can be found in the Appendix. Here
we're just interested in isolating, within the latter sum, a divergent quantity in

the € — 0 limit.

4.2 Regularization

As anticipated in the last section of Chapter 2, the scaling dimension we have
computed needs to be regularized, and so far we have only shown how to isolate
divergences, but that is only half the job. We now want to show how, in a

semiclassical framework, it is possible to define and compute finite quantities,
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which we can call dressed, from divergent ones, which we will refer to as bare

instead. First we write the bare g; couplings as a function of those dressed g; :
9i = MGiZg,(9) (4.21)

where Z, defines the B—functions of the theory as

aZgi

B(gi, €) = —€gi + gi?a_gi(g)' (4.22)

We can imagine of writing the scaling dimension, or any other quantity, as
A=Y gei(A,d) =) Fe(Ad RM), (4.23)

where M is the renormalization scale, the e; are the bare coefficients and the é;
are the dressed ones, while Ay and A are just vector variables which encode a
set of bare and dressed parameters respectively on which we don’t want to focus.
The latter expression exhibits just one coupling, while we have two couplings, but
it is easy to figure out a natural generalization involving a multi-variable Taylor
Series. Also the following statements can be generalized the same way. Equation
4.21, together with 4.23 show how the dressed coefficients of a given order always
mix the bare coefficients of different orders, therefore, for the leading order energy

e_1, we could write :

e_l(?o,d) _ 6—1(;47 d S @ fi(A d,RM). (4.24)

J=0

Since the regularized next to leading order scaling dimension ey is of the same

order of fy, we have :
éo(A, d, RM) = 60(./4, d) + f0<./4, d, RM) (425)

We should point out that the next to leading order scaling dimension Ag that
we computer so far, corresponds to the ey in the right hand side of 4.25, and our
true purpose is to compute the one on the left hand side. Equation 4.23 together

with 4.24 also suggests that :

é_1<./4, d) = 6_1(A, d) (426)
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Thus, in order to get the fy coefficient, we should expand the leading order
energy Eo, which corresponds to the e_; coefficient, in powers of the couplings
but working in d = 4 — ¢, The € dependence of such quantities is ensured by the
V' volume, which obviously depends on the dimensionality, moreover, couplings
depend on € when evaluated at the fixed point where the S—functions vanish.
Hence, in order to fully characterize the f, coefficient, we need to know the
f—functions. The problem of computing the 8’s in absolutely not trivial and it
will be matter of future developments. Anyway, we can figure out what should
happen to the next to leading order scaling dimension even in absence of this
crucial information. As we can see in 4.6, there is a 1/¢ dependence, where g
specifically is v + 2vN. We can think that, If we perhaps knew the expression
of this coupling at the fixed point, making use of 4.21 for the leading order
scaling dimension Fp,we could expand it the couplings. As we said before, with
the purpose of obtaining the regularization coefficient fy, we should expand the
leading order energy in the couplings, then in €, since couplings at the fixed point
are e-dependent. We cannot know the exact expression of couplings at the fixed
point, but we can at most imagine that they should be some polynomial in e.
Whit this in mind, we could compute an e— dependent Fro by supposing the
aforementioned polynomial takes the place of couplings, therefore:
64p2m 5 MR (4;3 - M)

iR
I'(4) (Be+Ce+...) ’

2

Ero =

(4.27)

Here we have merely replaced the expression of mass and volume as functions
of radius. The polynomial —Be + C¢% + ... that appears in the denominator is
simply a formal expression of what should be the couplings at the fixed point; in
this sense, knowing the beta functions is equivalent to fixing the coefficients of
the polynomial. So, by virtue of the latter expression, computing fy is equivalent
to expanding into € and retaining only those terms which do not vanish when ¢
is set to be zero. With this in mind, we get

fo = 64T R (4P R - 1)
0 Be

where the Z(u, R, M, B,C) quantity is finite. One should notice that the fy

+ Z(u, R, M, B,C) + O(e) (4.28)

coefficient has the same structure of 4.20. This is a satisfying result because
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we expect that once fy is substituted into 4.25 the divergent part in f; exactly
cancels out the divergent part of A, i.e. the Xe! in 4.20. This suppression of
divergences solely depends on the B coefficient, and since we do not know B, due
to the lack of 3, we can solely read this procedure as a way of computing B by
requiring the regularization a priori. We also expect that the dependence on the
renormalization scale M drops at the fixed point, as expected from conformal

mvariance.

4.3 Conclusions and Outlooks
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