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Introduction

The ACDM model currently provides the most successful description of the gravitational
and cosmological phenomena in the Universe. This paradigm is based on Einstein’s theory
of General Relativity (GR) and is characterized by two exotic fluids: the Dark Energy,
which is associated to the expansion of the Universe and takes the form of a cosmo-
logical constant (A), and a non baryonic type of matter known as Cold Dark Matter
(CDM). The Dark Energy should account for the ~ 68% of the energy density of the
Universe, while the CDM and the baryonic matter should constitute the residual ~ 26%
and ~ 5%, respectively [1]. Other components, such as neutrinos and photons, only con-
tribute subdominantly. A large variety of astrophysical and cosmological observations are
in agreement with the ACDM model, ranging from Type la Supernovae to the Cosmic

Microwave Background (CMB) radiation and the Large Scale Structure of the Universe.

However, it is worth pointing out that the ACDM model is affected by some shortcom-
ings. The main examples are given by the huge discrepancy between the theoretical and
observed value of the cosmological constant, as well as the fact that no particle candi-
date for Dark Matter has been observed at fundamental scales so far. These issues have
motivated a growing interest toward extensions of the general relativistic description of
the gravitational interaction, stemming from the possibility that GR is not valid at the
scale and regimes where Dark Matter and Dark Energy need to be introduced, hence the
theory itself has to be changed. It is clear that many ways to extend General Relativ-
ity are possible: some models involve the introduction of new scalar fields (scalar-tensor
theories), or the replacement of the Ricci scalar R in the Einstein-Hilbert action with an
higher-order function, like in f(R) theories. Another interesting possibility is represented
by Teleparallel Gravity, where the gravitational interaction can be described in terms of
torsion rather than curvature, such that the metric tensor does not constitute the funda-

mental object of the theory.

Among these theories, non-local extensions of GR are drawing increasing attention. Non-

locality has indeed played a significant role in the history of Physics: the first theories
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to be developed were inherently non-local, and the success of Quantum Mechanics in the
last century has given rise to a renewed interest toward non-local phenomena. On the
one hand, Quantum Mechanics exhibits a so called kinematical non-locality, i.e. non-
locality of the quantum mechanical states of the theory; on the other hand, Quantum
Field Theory (QFT) exhibits a dynamical non-locality, i.e. non-locality of the action and
equations of motion. Therefore, within the gravitational framework, the introduction of
non-local terms in the Hilbert-Einstein Lagrangian could be an effective approach rather
to bridge GR and QFT, or to fix the ACDM shortcomings. Indeed, a crucial feature of
these Non-local Gravity theories is that non-local corrections can be significant both in

the ultraviolet and infrared regime.

In this master thesis, a specific Non-local Gravity model, known as the Deser-Woodard
model, will be investigated. It was first introduced almost two decades ago in order
to explain the late-time acceleration of the Universe. Then, it has been tested in several
bounded gravitational systems, ranging from the orbits of the star S2 around the Galactic
centre [2] to the gravitational lensing effects in massive galaxy clusters [3]. Therefore, this
work aims at performing a completely new test of the Deser-Woodard model by leveraging
the data from Ultra-Diffuse galaxies (UDGs). These galaxies represent the ideal scenario
for testing extended theories of gravity as well as the Dark Matter hypothesis, since the
UDGs exhibit a wide range of behaviours with respect to their Dark Matter content. In
fact, recent observations suggest that some of these galaxies are made up almost entirely
by Dark Matter, while others seem to completely lack any Dark Matter contribution. The
non-local Deser-Woodard model will be then tested in two different configuration: one
case in which the non-local effects only play the role of A, and another case in which the

non-local corrections to the Newtonian potential act as both the dark fluids.

In this thesis, the attention is focused on the Ultra-Diffuse galaxy DrangonFly44 (DF44),
in the Coma cluster. Observations carried out in 2016 [4] indicated that this galaxy might
be dominated by Dark Matter for 99% of its total mass. Therefore, DF44 emerges as the

perfect system to test Non-local Gravity as a theory that might be able to explain the
CDM along with the Dark Energy.

Throughout our analysis, the Dark Matter component has been modeled by a generalized
Navarro-Frenk-White (gNFW) profile, while the stellar component by a Sérsic profile. The
statistical analysis is carried out in the Bayesian framework, using Monte Carlo Markov
Chain techniques, implemented through the software Wolfram Mathematica. This ap-
proach aims at estimating the best ranges for the parameters of the non-local model, and

also at comparing the Deser-Woodard model with General Relativity.
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The thesis is organized as follows:

e Chapter 1 is devoted to a description of the concept of locality and non-locality in
Physics, drawing the distinction between kinematical and dynamical non-locality
and analyzing carefully two examples from Quantum Mechanics: the phenomenon
of entanglement as an evidence for kinematical non-locality and an analogue of the
so called Aharonov-Bohm effect for the the dynamical non-locality. Moreover, I will
present two dynamical non-local modifications of GR: the Infinite Derivative theories
of Gravity (IDG) and Integral Kernel theories of Gravity (IKG). It is also interesting
to investigate how a non-local modification of GR is possible in the framework of
the Teleparallel formulation of General Relativity. Finally, I will investigate the

relation between non-locality and the notions of causality and unitarity.

e In Chapter 2 the Deser-Woodard model will be described in detail, together with
the so called localization of the action. This procedure allows to recast this model
in terms of a biscalar-tensor theory. In this chapter I will also outline the so called
Noether Symmetry Approach, a theoretical selection criterion for gravity models,
and some cosmological applications of the Deser-Woodard model related to the
accelerated expansion of the Universe. In the last part of the chapter I will present
the solution of the field equations of the Deser-Woodard model which shows how the
non-local degrees of freedom are encoded in two characteristic lengths that specify

the magnitude of the non-local corrections.

e In Chapter 3 I will outline the general features of Ultra-Diffuse Galaxies and the
modelization of the matter profile of the galaxy in terms of a stellar and Dark
Matter component. It is also important to notice that in non-local gravity Gauss’
theorem does not hold, hence the gravitational potential derived for a point particle
source has to be extended in order to take into account the mass distribution of sys-
tems like Ultra-Diffuse galaxies. Finally, I will derive the theoretical prediction for
the dispersion velocity in the Deser-Woodard model, which constitute the physical

observable that will be compared with the experimental data.

e In the first section of Chapter 4 I will delineate the statistical technique employed
for testing the Deser-Woodard model. In particular, the attention is focused on the
general features of Bayesian inference and Markov Chain Monte Carlo methods. I
will also describe the Metropolis-Hastings algorithm and the effectiveness of this
approach for the purposes of our analysis. Finally, the last section is devoted to a

discussion of the results obtained in the statistical analysis.

The conclusions will be finally drawn, focusing on the main results and the future prospects

in the framework of Non-local Gravity.






Chapter 1

Non-local Theories of Gravity

1.1 Locality and non-locality in Physics

The fundamental idea behind the principle of locality is that an object can be influenced
only by its immediate neighborhood.

This principle is incorporated in all modern theories of Physics, from Quantum Field
Theory (QFT) to General Relativity (GR). However, it is worth noticing that in the
history of Physics, the first theories conceived were inherently non-local. This is the case
for Newton’s law of universal gravitation or Coulomb’s law of electric force. Those theories
were formulated in terms of a so called “action at a distance”, the idea that an object
can be affected instantaneously by another object spatially separated from it. Notice also
that the notion of action at a distance was already difficult to accept for Newton, who

famously said [5]:

“It is inconceivable that inanimate Matter should, without the Mediation of
something else, which is not material, operate upon, and affect other matter
without mutual Contact...That Gravity should be innate, inherent and es-
sential to Matter, so that one body may act upon another at a distance thro’
a Vacuum, without the Mediation of any thing else, by and through which
their Action and Force may be conveyed from one to another, is to me so
great an Absurdity that I believe no Man who has in philosophical Matters a
competent Faculty of thinking can ever fall into it. Gravity must be caused by
an Agent acting constantly according to certain laws; but whether this Agent

be material or immaterial, I have left to the Consideration of my readers.”

Technically, Newton’s law of gravitation as well as Coulomb’s force are described by the
Poisson’s equation, a second order linear partial differential equation that encodes the

notion of action at a distance.
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This problem persisted for a long period of time, until Faraday and Maxwell introduced
the notion of a field. The crucial idea for the gravitational field, for example, is that a
particle of mass M produces a gravitational field at every point of space and time that
can act on other massive particles, and vice versa.

The same results holds for electromagnetism since Maxwell’s equations account for all
electromagnetic phenomena in terms of electric and magnetic fields. Thus, the notion of
field encapsulates the principle of locality and identifies a physical entity which carries

energy and momentum.

Despite the fact that all modern theories incorporate the principle of locality, there are
many interesting phenomena in the electrodynamics of media that are intrinsically non-
local. For instance, in the treatment of electrodynamics of bulk matter it is sometimes
necessary to add non-local constitutive equations in order to specify the properties of the
materials under investigation.

More generally, the dynamics of the electric and magnetic fields can be non-local, i.e.
expressed by integral or integro-differential equations which cannot be written in terms
of differential equations of integer degree. Non-locality in time has to be considered when
the fields change more rapidly than the characteristic period of oscillation of the medium.

Similarly, spatial non-locality has to be considered if the fields vary rapidly in space.

The interest toward Non-local theories of Gravity is also motivated by modern research
in the field of Quantum Gravity. In fact, there are many indications suggesting that one
of the fundamental assumptions in modern physics such as locality, causality, unitarity,
etc. has to be abandoned in order to find a consistent theory valid at Planck scale.

An example of how Quantum Gravity may affect locality is related to the localizability
problem [6]. Let us consider the process of measurement of the position of a particle,
where a probe (e.g. a photon) has to interact with the particle. As long as the probe
is a classical object there are no limitations on how accurate the measurement can be
made. Nonetheless, if we wish to measure the position of the particle with accuracy dx
at quantum scale it is necessary to take into account Heisenberg’s uncertainty principle,
which implies that the energy necessary to perform this measurement has to be of order
(6z)~t. This thought experiment is known as the “Heisenberg microscope” and shows
that any increase in the accuracy of the measurement of position requires a corresponding
increase in the energy of the probe. If the energy of the probe is extremely high then it
is impossible to neglect gravitational effects. For instance, it turns out that if the probe
is a quantum particle of mass m then the uncertainty on the position measurement dx

1

is proportional to m~/2. This implies that if we want to reduce the uncertainty on the

position measurement we need to increase the value of the mass of the probe but we have
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a fundamental limitation from GR. In fact, extremely massive objects may lead to the
formation of a black hole hence there is an upper bound on the mass of the probe and

consequently a lower bound on the measurement uncertainty dx, which is typically of the
order of the Planck length Lp = \/hGx/c® ~ 107 m.

For the purposes of this thesis, it is crucial to distinguish between two types of non-
locality: kinematical non-locality and dynamical non-locality. The former refers to the
states of a theory while the latter refers to the interactions, hence to the form of the
action and equations of motion. Non-locality emerges naturally in Quantum Mechanics
and can be considered one of the main issues in the attempt to merge the formalism of
QFT and GR. In particular, all the fundamental interactions in QFT exhibit dynamical
non-locality as soon as their one-loop effective actions are considered.

Quantum Mechanics exhibits both kinds of non-locality: kinematical non-locality is ap-
parent from phenomena such as entanglement; while dynamical non-locality can be identi-
fied in the so called Aharonov-Bohm effect. It is also worth pointing out that kinematical

non-locality does not imply dynamical non-locality and vice versa.

1.1.1 Kinematical non-locality

Entanglement is one of the most surprising consequences of Quantum Mechanics and is
strictly connected to the notion of kinematic non-locality. In order to understand the
phenomenon of entanglement it is crucial to introduce the notion of “Bell experiment”
[7], which can be outlined as follows.

Let Alice and Bob be two observers separated by an arbitrary distance. Now suppose
that two systems, which may have previously interacted (for example they were produced
by the same source), are now spatially separated and each one of them can be measured
by Alice or Bob.

The two observers can perform many different measurements on each system, e.g. a mea-
surement of position or spin. An example of this type of system may be a pair of spin 1/2
particles produced by the same source, and whose spin in different directions is measured.
Let = denote the measurement done by Alice and y the measurement done by Bob.
Once the measurements are performed on the two systems, they yield outcomes a and
b respectively. Notice that the actual values assigned to the measurement choices x,y
and outcomes a, b are purely conventional; they are only labels to distinguish the differ-
ent possibilities. Furthermore, repeating the same procedure many times, even when the
same choices of measurements x and y are made, results in outcomes a and b that can be
significantly different. Thus, the possible outcomes of the experiments follow a probability

distribution p(ablzy), which can depend on the particular experiment being performed.
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A fair estimate of such probabilities can be obtained by repeating the experiment a suffi-
cient number of times and collecting the observed data.

In general, it is found that
p(ablzy) # plalz) p(bly), (1.1)

implying that the outcomes of the experiments are not statistically independent from each
other.

The crucial observation in this scenario is that, in principle, the two systems may be
separated by a large distance, they may even be space-like separated.

Notice that the results obtained so far are not in contradiction with the notion of locality,
since there is still the possibility that this correlation is the result of some dependence
relation between the two systems that was established when they previously interacted.
Hence there is no evidence of a direct influence of one system on the other.

This observation is particularly relevant for the understanding of what is meant in general

by locality in physics.

The assumption of locality implies that there exists a set of past factors, described by
some variable \, that have an influence on both outcomes, and which accounts for the
observed dependence between a and b.

In this context it is clear that once the effect of those factors is taken into account, then

the two outcomes should be completely decoupled, that is

p(ablzy, A) = p(alz, A) p(bly, A), (1.2)

and the probabilities for a and b factorize.

This property implies that the probability for a (orb) only depends on the set of past
variables A and on the local measurement z (ory), but not on the distant measurement
and outcome. In addition, notice that the set of past variables A\ does not have to be
constant for all runs of the experiment, because it may depend on physical quantities
that are not fully under control. The variability of A can be taken into account by
introducing a probability distribution ¢()\), which results in the following expression for

the probability of the outcome a and b:

plablry) = / IX () plalz, N) p(bly, A) (1.3)

assuming that A is the range of possible values of the set of variables A and that the
probability distribution ¢(\) does not depend on the measurements x and y.

The existence of a decomposition like (1.3) is usually associated to the so called local
hidden-variable or local realistic models. It is also the notion of locality used in the con-

text of Bell experiments, called local causality rather then locality by Bell.
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Notice also that the only assumption in equation (1.3) is locality, there are no restrictions
on the physical laws governing this causal relation. In relativistic terms, it is required
that events in one region of spacetime should not influence events in space-like separated

regions.

The results obtained so far have to be compared with the predictions of quantum mechan-
ics. In a paper published in 1964 [8], J.Bell considers exactly the scenario outlined above:
measurements performed independently on the two separated particles of an entangled
pair. He proved that the assumption that the outcomes depend upon a set of variable
A implies a mathematical constraint (Bell inequalities) on how the outcomes of the two
measurements are correlated.

Bell also showed that quantum mechanics predicts correlations that violate this inequal-
ity, proving the kinematical non-locality of quantum mechanics. The violation of Bell
inequalities were first confirmed experimentally by Freedman and Clauser in 1972, then
by Aspect in 1982 and in many other experiments. This result has deeply influenced
our understanding of Physics, from the foundational perspective to quantum information

science.

1.1.2 Dynamical non-locality

A good starting point to study dynamical non-locality is the so called Aharonov-Bohm
(AB) effect, a feature of Quantum Mechanics that has no analog in classical physics.

This effect is characterized by a measurable phase shift in the wave function of a charged
particle that rotates around a region inaccessible to the particle, where an electromagnetic
field is located. It means that the motion of the particle happens in a region where the
electric and magnetic fields are zero, but the scalar and vector potential are nonzero.

The non-locality discovered in the Aharonov-Bohm effect is completely different from the
violation of the Bell inequalities [9]. In fact, the AB effect shows a dynamical type of

non-locality which directly involves the equations of motion.

It is of paramount importance to understand the previous statement with regard to the
Schrodinger equation, the basic equation of motion of Quantum Mechanics. This equation
is completely local since it contains only quantities that are local in space and time such
as the potential V' (r) and the wave function ¢(r,t), and a finite number of its derivatives.
The crucial point is that the dynamical locality of Quantum Mechanics cannot be inferred
from the Schrodinger equation, since it refers to the wave function v (z,t) which is neither
directly observable nor gauge invariant.

In order to check for the validity of the locality principle, the evolution of observable
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physical variables, such as position and momentum and their equations of motion, should

instead be analyzed.

Let us consider the well known double-slit experiment. A source emits electrons toward a
screen with two narrow slits, behind which there is a second screen covered with electron
detectors. Electrons leave the source one by one and they end up at different points on
the second screen. Three experimental scenarios are quite interesting in this context, in
fact, we can consider the case where alternatively only one the two slits is open and the
case where both slits are open. We are mainly interested in the number of electrons that
reach a position  on the screen, denoted Ni(x), No(z) and Nyjp(x) respectively, over a
fixed amount of time.

The predictions of quantum mechanics strongly differ from their classical analogues, since
Nis(z) # Nyi(z) + No(x). Moreover, the number of particles that reach the screen when
both the slits are open, Nio(z), exhibits an interference pattern.

In the framework of Quantum Mechanics this experiment is explained via a dual process.
First of all, the electron is described by a wave function which propagates from the source
to the screen. The wave funciton passes through the two slits and exhibits an interference
pattern at the screen.

Notice that the propagation of the wave function from the source to the screen is viewed as
an ordinary wave interference phenomenon, not very different from interference of sound
waves for example. Here the AB effect plays a crucial role, since the phase that governs
the interference is local classically, but non-local quantum mechanically. More precisely,
the wave function ¢ (r) of the electron can be written as a superposition of two terms,

each describing a wave propagating through one of the slits:

1 ian ta
l/J(T):E(e Ui(r) + €2 Pa(r)). (1.4)

The interference pattern that emerges at the screen depends on the relative phase given
by a = ay — ay.

The difference with classical wave interference is that classically, it is possible to measure
the relative phase as well as the individual phases of the waves (for instance in the case
of water waves), while quantum mechanically oy and as cannot be observed. Hence the
individual phases of the two wavepackets cannot be measured locally, they simply have

no observational meaning.
Let us consider for simplicity a one-dimensional situation: two non overlapping wavepack-

ets ¢ (x) and 19(x). They are similar to the wavepackets describing the electron imme-

diately after passing through the two slits in the double-slit experiment.

10
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Let the wave function at ¢t = 0 be
B 1
V2

where « is the relative phase. It is clear that the interference pattern due to the overlap

U(x) (¥1(2) + € a(2)) (1.5)

of the two wavepackets will depend on this relative phase.
Let us analyze which observables encode the information about this phase a at ¢ = 0.

The position operator x has an average given by:

T = /@b*(m)x@b(x)dx, (1.6)

which does not depend on the relative phase « since the wave functions are non-overlapping.
Analogously any power of the operator x has average that does not depend on «.

In the case of the momentum operator p the average p is given by:

p= [ v )i s (1.7)

similarly to the position operator, only the cross terms depend on «, hence p does not
depend on « either. Furthermore, it can be shown that also 27p*F do not depend on «, for
any n and k.

It seems that there is a paradox since every observable related to the particle can be
constructed from the operators x and p, but the moments of x and p do not depend on
«, thus no observable can depend on «. The contradiction is that at a later time, when
the two wavepackets overlap, the interference pattern does depend on the relative phase,
so this information must be encoded somewhere also at ¢t = 0.

It turns out that the information is contained in the “shift operator”, e?%/". This operator
is responsible for the shift of the wave function of a particle by a finite distance L. Taking
the two wavepackets to be identical up to a shift, ¥y (z) = ¢;(x + L), the average of the
shift operator is e7*@/2, that clearly depends on a.

We can conclude that the information about the interference is contained in the average
of the shift operator, not in the averages of any power of position or momentum.

Notice that, technically, the shift operator is non-Hermitian and therefore is not an ob-
servable. The actual observables are its Hermitian components, sin(pL/h) e cos(pL/h).
In what follows the shift operator will be considered for mathematical simplicity since the

same results hold for its Hermitian component.

Let us investigate the properties of the shift operator. First, it is clearly non-local: it
shifts the wave function of a particle by a finite distance. Second, it is a purely quantum
operator: it contains A in such a manner that it is not defined in the classical limit of
h — 0.

11
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Let us also investigate how the shift operator evolves over time. The position and mo-

mentum operators x and p evolve according to the Heisenberg equations of motion

dx_ﬁ d_p_ dVv

dt om0 odt dr

which is very similar to the classical evolution of position and momentum. However, in

(1.8)

Quantum Mechanics x and p are not represented by real numbers, rather by self-adjoint
operators.
The consequences of this observation become clear when looking at the evolution of the

shift operator. Classically, the time evolution of e/ is

dez‘pL/h B deipL/h dp B _Z-éeipL/hﬂ'

d ~ dp dt h dx

(1.9)

In Quantum Mechanics, however, this procedure cannot be applied since we are dealing
with operators and not ordinary functions, hence the chain rule for differentiation cannot

be used. Instead, we have to solve directly the corresponding Heisenberg equation

d ipL/h ] 2
ih edt = [ePL/h [, where H = 2p—m —V(x), (1.10)

which leads to

= —1

dt h L
The shift operator has a local equation of motion in classical mechanics, but the equation

ipL/h L . L) —
de _esz/hV(QH' ) V(x) (111)

becomes non-local in quantum mechanics, because it depends on the potential difference
between two remote places, V(2 + L) and V (z).

This thought experiment has the same structure as the scalar AB effect, which predicts
a phase shift for a wave function due to a scalar potential, but in the context of the

double-slit experiment.

This argument gives an interesting perspective also on the relation between locality and
causality that will be analyzed in more detail later. The idea is that non-local interactions
do not violate necessarily causality because of the Heisenberg’s uncertainty principle. Vice
versa, we can think of the uncertainty relations as a mean for allowing non-local interac-

tions in nature.

1.2 Non-locality in Quantum Field Theory

In QFT a theory is generally considered local if the Lagrangian density £ is a function of

the fields and their derivatives up to finite order at a single point in spacetime, i.e.
L=L(},00,....,0"). (1.12)

12
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This notion is strongly related to causality and it is imposed in order to avoid any action
at a distance [10].
The definition (1.12) shows that a straightforward generalization to non-local actions in

QFT is possible simply by adding to £ non-local operators such as
L=L(¢,00,..,0", 0 ¢ Mg ), (1.13)

where M, is a characteristic non-local energy scale.

Non-locality in this case is due to integral operator such as [J=! or non-polynomial opera-
tors such as e?/™2 that involve an infinite number of derivatives. Furthermore, these types
of non-locality naturally emerge in QFT when one considers one-loop effective actions:
functionals of the vacuum expectation value of the field, obtained by integrating out the

quantum fluctuations.

An example of non-locality in the quantum effective action is given by quantum electro-
dynamics [11], where integrating out the quantum fluctuations associated to the electron

and considering only the terms that involve the photon results in the following effective

action . .
LoeplAy = —= [ d'z | Fu——=F" FY1. 1.14
QED[A] 4/ x{ ) +0( )} (1.14)
In the limit |[3/m?| >> 1, the term 1/e*(0J) can be written as
1 1 1 U
~ — 1 —— 1.15
0=~ () (115

where p is the renormalization scale and e(u) is the renormalized electric charge at the
scale . Notice that the logarithm of the d’Alembert operator is a non-local operator

which can be represented by the integral

O > 1 1
log [ —— ) = dm? — 1.16
Og( M2) /0 " [m“r;ﬂ m2—5]’ (1-16)

in this case the non-locality of the effective action reflects the running of the coupling

constant.

As far as gravity is concerned, there is a 2D gravity action that is interesting for the
development of this thesis. The 2D action for the gravitational interaction, including a

cosmological constant A, is given by
1
S=55 d*z /=g (2R — A) + S, (1.17)
K

where S(™ is the action associated to matter and k% = 87Gy/c*.

It is crucial to notice that in a two dimensional spacetime the Einstein-Hilbert actions is

13
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a topological invariant and gives no contribution to the dynamics. However, the gravita-
tional dynamics is not trivial at quantum level and the quantum effective action associated
to the quantum fluctuations of the matter fields is the so called Polyakov quantum effective
action in two dimensions:
N —25
967

r=-—

/d% \/—_gRD‘lR—A/de\/—_g (1.18)

where N is an integer related to the matter action S™.

The effective action (1.18) is intriguing because the non-locality is due to the inverse of
the [ operator, and a similar action will be introduced later in the context of the Deser-
Woodard model. Finally, the emergence of non-locality in fundamental interaction is an

additional motivation for the interest toward non-local descriptions of Gravity.

1.2.1 Locality and causality

A question that naturally arises once non-local operator are involved in a theory is whether
or not the principle of causality is valid [12].

Causality is in fact a fundamental requirement in all modern theories of Physics and it is
crucial to understand how this notion is affected by the introduction of integral operators
such as (-1, For sake of simplicity, it is enough to focus on a non-local action for a scalar
field ¢(x) [11] such as

S= / d'z ¢(z) O~ 6(x) (1.19)

where the term [J71¢ can be expressed in terms of the Green’s function associated to [J71
introduced before. Let us now consider the variation of the above action with respect to
the scalar field ¢ in order to determine the field equations of the theory and make some

important observations on the notion of causality:
05 1) )

o) = s ] TroRE @ = g [tz o@0t o) =

:/Q%G@www>g/&xameuwra/#xwww>H%awwwy
(1.20)

Therefore, the application of the variational principle results in equations of motion where
the Green’s function is symmetrized.

It appears that these equations violate the principle of causality, since both the retarded
and advanced Green’s functions contribute. It means that the behavior of the field at a
point x depends on the value of field at points y that belong to the future light cone of

z, 0 > 20
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1.2. NON-LOCALITY IN QUANTUM FIELD THEORY

One possible way of removing those ambiguities consists of assuming that the non-local
action is not fundamental. In this approach the non-local action is taken as a quantum
effective action whose functional argument is the mean quantum field and any advanced
Green’s function has to be replaced by hand with a retarded Green’s function.

It is worth pointing out that this breakdown of causality does not immediately lead to
inconsistency in the calculation of scattering amplitudes or (in|out) matrix elements, be-
cause of the Feynman diagrammatic techniques involved. Furthermore, the only physically
observable quantities are bilinear combinations of the scattering amplitudes, and they can

be always written as expectation values of quantum operators in the initial state |in).

1.2.2 Locality and unitarity

It is also interesting to investigate how locality is related to another crucial notion in QFT
such as unitarity [10]. In fact, unitarity is associated to the conservation of probability
and sets many relevant constraints. For instance, unitarity imposes that the states in the
Hilbert space transform through unitary representations of the Poincaré group. It also
affects the form of the interaction terms in the Lagrangian, since the S-matrix must be

unitary, i.e. STS =SSt =1, where 1 is the identity operator.

Let us consider the following Lagrangian density for two scalar fields ¢ and 7 of mass

M and m respectively
1 1 A
£:—§¢(D+MQ)¢—QW(DerQ)WJFEQW% (1.21)

In order to study the relation between unitarity and non-locality, let us integrate out
a field, that is, substitute one of the fields in (1.21) with its classical expectation value
given by the solution of the equations of motion. A similar procedure is applied in the
framework of the weak interaction where the 4-Fermi theory is recovered by integrating
out the W and Z bosons.

For the field ¢ the equations of motion are given by

A
—(D+M2)¢+§7r2 =0, (1.22)
hence the action (1.21) has the following non-local form
1 2 A, 1 2
Lron—tocal = _577 (D +m )Tf' + gﬂ' mﬂ s (1.23)

where non-locality is due to the inverse of the d’Alembert operator [J.
It is also worthwhile to mention that it is possible to obtain a local expression of (1.23)
in the limit O < M? as

L —_1 O 2 _2 7T_4_ ——— 1.24
local — 27T( —|—m)7T+ ™ T+ ( )
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The implication of this result for unitarity is that at energies close to M? there is an
apparent pole instead of the scalar field ¢ which has been integrated out. In particular,
unitarity would be violated if the particle ¢ had actually been removed from the Hilbert
space when we integrated it out, because it results in a violation of the so called optical
theorem.

The upshot is that, in the regime of energies greater than M?, a different effective de-
scription is necessary, where the particle associated to the pole is given a corresponding
field. Furthermore, this example shows the emergence of a relation between non-locality

and the loss of unitarity.

1.3 Non-local Gravity Theories

In this section two models of Non-local Gravity will be analyzed in detail: the Infinite
Derivative theories of Gravity (IDGs) and Integral Kernel theories of Gravity (IKGs) [13].
In addition, an approach to Non-local gravity based on the Teleparallel formulation of
GR will be presented.

The IDGs involve analytic transcendental functions of the d’Alembert operator

0 = g V'V = \/%_gﬁu(\/—_g #d,), (1.25)
where V* is the covariant derivative and ¢ is the determinant of the metric; while the
IKGs are mainly constructed from the inverse d’Almebert operator (171,

An interesting feature of the IDGs is that they provide renormalizable and unitary quan-
tum gravity theories. They can also be used to address the black hole and Big Bang
singularity problem in GR. On the other hand, IKGs deal with infrared (IR) quantum
corrections coming from the formulation of QFT in curved spacetime. They were firstly
considered in order to study the late-time cosmic expansion of the Universe without in-
voking Dark Energy contributions. Despite these features, there is no local or non-local
theory capable of solving all the large-scale structure issues and fitting all the available

observations obtained so far.

In order to understand the features of non-local theories of gravity, it is worthwhile to
recall briefly the properties of General Relativity [14].

This theory offers a metric description of the gravitational interaction where spacetime is
a dynamical object described by a pseudo-Riemannian manifold. The conceptual foun-
dation of General Relativity is the Equivalence Principle. In its Weak formulation this
principle states that the inertial mass of an object, which measures the resistance of the

object to acceleration, coincides numerically with the gravitational mass, i.e. the mass
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1.3. NON-LOCAL GRAVITY THEORIES

measured using the force and acceleration due only to gravity.

On the other hand, the Strong Equivalence Principle states that, at any spacetime point,
it is possible to choose a local inertial reference frame such that, in a sufficiently small
region surrounding that point, all physical laws take the same form they would take in
absence of gravity, namely the form prescribed by Special Relativity. Another crucial
notion in GR is given by the principle of general covariance, which affirms that the form
of the physical laws is invariant under arbitrary differentiable coordinate transformations

(diffeomorphisms).

The field equations of GR can be obtained from the Einstein-Hilbert action which is

local:
1

— 4 _ _ (M)
—— /d vv=g(R—20)+8 (1.26)

where R is the Ricci scalar, A is the cosmological constant and S™) is the standard

matter action. The variation of the action (1.26) with respect to the metric results in the

field equations

87TGN

1
R, — éng, +Ag = TTW, (1.27)

where R, is the Ricci tensor, g, is the metric tensor and 7, is the stress-energy tensor.
The field equations of GR constitute a system of ten independent second order partial
differential equations, whose solutions are the components of the metric tensor g, .

It is crucial to notice that, despite the fact that the metric tensor has 10 independent
components, the degrees of freedom of the gravitational field are two. This results from
the gauge symmetry associated to the choice of a coordinate system and the Bianchi

identities for the Riemann curvature tensor Rag.:
Raﬁ/,w + Ra,uzzﬁ + Ral/ﬁ,u = Oa (128)

vryRaﬁuy + VHRag,/y + V,,Rag,w =0. (1.29)

The contraction of the second Bianchi identity shows that the Einstein tensor G, =

R,, — Rg,u /2 has zero divergence:
1
viG,, =V <RW — ing) =0. (1.30)

From the field equations (1.27), since the divergence of the metric tensor is equal to zero,

it is clear that this condition implies
VT, =0, (1.31)
which is a conservation law for the stress-energy tensor.
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1.3.1 Infinite Derivative Theories of Gravity

In order to analyze the main features of IDGs, it is useful to start from the following

infinite derivatives Lorentz-invariant action [15]:

§= [ dtady o) K - y)ot) - [ ata Vo) (1.32)

where ¢ is a scalar field, K(x —y) is an operator depending on the distance (x —y) between
two points through a generic function of the d’Alembert operator [J and V(¢(x)) is a local
potential term.

It is worth mentioning that the operator [ has the dimension of an inverse length squared,
hence a dimensionless quantity can be obtained as [J/M?, where M, is an appropriate
mass scale. For sake of brevity, only [J will be used in the following instead of [J/M?2.
Notice also that the operator K(x — y) signals the non-locality and the kinetic term can

be written as follows
1
Sic = [ didty o)k - y)ot) - (133)

— 5 [ dedyols) [ <§i7f§4F<—k2> e o(y) =

_ % / d'z d*y ¢(x)F(D) / %e“‘*’”‘%(y) -
1

_1 / d*z ¢(x) F(O) ¢(a),

2

using the Fourier transform F(—k?) of (x — y) and the integral representation of the

Dirac delta. The general form of the operator K(z — y) is
K(z —y) = F(0)§ (@ —y), (1.34)

and a factorization of F'(OJ) yields

FO) =7 O[O -m)), (1.35)

=1

with v(0J) being an entire function, so it can be represented as a power series. By means
of a Fourier transformation, it is possible to show that ghosts appear when N > 1. For
this reason, hereafter we focus on the N = 1 choice, where unitarity is preserved.

It is also important to understand why infinite order derivative operators have a non-local
nature. This property is apparent from the notion of discrete derivatives: in order to eval-
uate the discrete version of the first derivative of a function it is necessary to evaluate

the function in two adjacent points on a lattice. Hence to calculate the second derivative
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1.3. NON-LOCAL GRAVITY THEORIES

three points are necessary and so on. Consequently, as the order of derivation increases
also the number of points where the function has to be evaluated increases. It is clear
that, when the order of derivation is infinite, the number of points where the function has

to be evaluated is also infinite and non-locality emerges.

The most general action made of functions of the d’Alembert operator, which is ghost-
free and quadratic in the curvature [16][17], must contain infinite covariant derivatives
and reads

1
S = o / d'r /=g [R+ a(RF(O)R+ R, F2(0)R™ + R, F3(O)R*™*7)],  (1.36)

where the F;(O) are transcendental analytic functions of 0.
An interesting example of non-local action is a subcase of (1.36), which also provides GR

at the zero order:

eH=0) g

1 —
S=— /d43:«/_—g R—G,———R" ) +8™, (1.37)
2K 0
where H(—[J) is an analytic function of [J and S is the usual matter action. The field
equations, up to order O(R?) read
G + O(R?) = ke~ HEDTmM (1.38)

py

and they are equivalent to GR at the lowest order of the Taylor expansion.

In spherical symmetry, equation (1.38) yields regular black holes without singularities,
while in an homogeneous and isotropic universe, it admits bouncing cosmological solu-
tions.

The mechanism aimed at avoiding classical singularities basically consists in a non-local
smearing of the point-like source of the Schwarzschild background [18], which automat-
ically implies that the metric can no longer be considered as a vacuum solution. In the
non-local region, where r < 2/M,, the effects of non-locality start being relevant, while
as soon as the radius start to increase, the solution approaches the Schwarzschild one. As

mentioned above, the theory does not contain singularities for any value of r, including
r=0.

Another interesting example is given by the following action [19]:

1 V-1 A
= — d* — — VQ— pro 270 72 1.
S 2/{/ T/ g(R G, o R" + 5 C R, (1.39)

where
Vil = ety (), (1.40)
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1
Vil = 5 [0 (1 4 0) — M=) | (1.41)

with H; and p(™2) being analytic functions. It turns out that this model is unitary, renor-

malizable and represents the maximal UV-completion for Starobinsky Gravity.

It is also important to mention how the principle of causality is affected in the case
of IDG theories. In [15] it is shown that non-local interactions imply a violation of causal-
ity confined in a region [y = 1/Mj in coordinate space given by the scale of non-locality.

In terms of momentum &, causality is violated for k* > M?2.

1.3.2 Integral Kernel Theories of Gravity

The other family of non-local theories of gravity is represented by IKGs. In this case, the
non-locality is due to transcendental functions of the Ricci scalar, such as (J7'R, which

can be expressed as an integral operator:
O 'R(z) = /d4a: G(x, 2" )R(2'), (1.42)

where G(x,2') is the Green’s function associated to [J7'.
The integral nature of the (0~! operator gives rise to long range non-localities, hence
it can be used to address the IR shortcomings of GR. This type of operator appears
at fundamental level when non perturbative methods are applied to QFT on curved
spacetime. In addition, the action is generally covariant and the stress-energy tensor is
conserved if the following boundary conditions are imposed [20]:

G(z,y) =0 = 0, 0uG(z,y) = 0, (1.43)

0 0

which imply that the non-local effects are significant from a specific time .

An example of IKG action is obtained in [21]:

S /d% Vo9V (@) + V()0 - V)W) + éz, (1.44)

where V' (z) is a generic potential and ¥ is a boundary term that contains the non-local

operator (17! defined as follows
1 4 —1 v 1 -1 v -1
) =5 d*z /=g [R— R,O'G" + 5R(D R*) (O 'R, )+
— RO 'R,)(O'R) — 2O 'R™)(V,O 'R (V, O ' Rap)+
—2(VFO 'R\ (V, 0 'R0 'R+ 07 'R™(V, O 'R)(V, 0 'R)+

+O(R},)]. (1.45)
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It turns out that this action is quite complicated to treat analytically: the associated
equations of motion are highly nonlinear and of high order, hence it is intricate to find
exact solutions. Nonetheless, similar actions have been analyzed in the literature such as
the Deser-Woodard model, that will be used in this thesis, for which the action reads

5= % d'z V=g R[L+ f([O'R)] + 5™, (1.46)

where f(OO7'R) is a generic function of O R.

Among the possible IKG models, a prominent role both at theoretical and cosmologi-
cal level is played by the so called “RR-model” [22]:

1 2

Snvp = — [ d*zv/—=g (R-"“ROR), (1.47)
2k2 6

where the non-local operator is (072 instead of (0~! of the Deser-Woodard model.

One of the main features of this model is that the coefficient of the non-local term 2R

depends on a mass parameter m. This model can be written in a local form through the

so called localization procedure [23] by setting

U=-0'"R and S=-0"'U=07R, (1.48)
here U and S are two auxiliary scalar fields.
This condition can be imposed in the action (1.47) by means of two Lagrange multipliers
& and &, such that

2
Sni = % d*z \/—g {R (_%s) —&(@AOU+R) - &MOS+U)| + 8™, (1.49)

The variation with respect to the metric tensor yields the following equations of motions
2

G = %KW + 871G T, (1.50)

where the tensor K, satisfies the condition V#K,, = 0 and depends on the metric and
the scalar fields U and S:

K =25G, —2Y,0,8 — 2Ugu, + g 0,5 0°U (1.51)

1
— 39w U = (9,50,U +8,59,U).

This approach is intriguing because it shows that non-local operators allows to introduce
a mass term without breaking the gauge invariance of the massless theory both in elec-
tromagnetism and linearized massive gravity. Furthermore, this model can be applied to

Cosmology in the so called degravitation mechanism [24].
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1.3.3 Non-local Teleparallel Gravity

It is worthwhile to mention an approach to Non-local theories of Gravity based on the so
called Teleparallel formulation of General Relativity [25]. Similarly to GR, Teleparallel
Gravity offers a geometric description of the gravitational interaction, where the gravita-

tional field is described in terms of torsion rather than curvature.

The crucial idea is the introduction of a tetrad field [26]: a set of four vector fields
e, defined on the entire spacetime manifold M, such that for every point of the manifold
the vectors of the tetrad field form a basis for the tangent space T,,M at that point.

If the coordinate induced basis for the tangent space at a given point of the manifold is

denoted as {0, }, the tetrad vectors at the point p are given by
ea = €,/ Oy (1.52)

A tetrad determines also a co-tetrad at a given point p, a set of 1-forms related to the

coordinate induced dual base {dz*} by
e = e, dat, (1.53)

such that
et e’y = Oap, (1.54)

where latin a greek indices are used to label the coordinates on the manifold and the
tangent space respectively.
The tetrad field has to satisfy an orthonormality condition with respect to the metric

tensor g,,,, namely

gm/ e“a eyb = Tab, (155)

where 1y, = diag(+1,—1,—1,—1) is the Minkowski metric.

Notice that of the sixteen degrees of freedom of the orthonormal tetrad field, ten are
fixed by the metric and the other six specify the tetrad field with respect to a fiducial
orthonormal frame field. This is an essential property of this formulation and encodes
the notion that at each event x, the different orthonormal tetrad fields are related to one
another by an element of the local Lorentz group, which can be characterized by three

boost speeds and three rotation angles.

In Teleparallel Gravity, Einstein’s theory of General Relativity is recast as the gauge
theory of the Abelian group of spacetime translations, indicated as GR);. Hence it bears
some resemblance to electrodynamics, which is the gauge theory of the Abelian U(1)

group. It is important to notice that the gauge approach gives rise to spacetime theories
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with curvature and torsion.

There is a spectrum of such theories: on the one hand there are theories based on a
pseudo-Riemannian manifold with curvature but no torsion such as General Relativity;
on the other hand there are theories with torsion and no curvature.

In particular, Teleparallel Gravity is characterized by two connections: the Levi-Civita

connection that emerges naturally in GR from the metric

1
Fgﬁ = 59“17(8&9677 + O Gna — &,gag), (1.56)

which is torsion free and metric compatible; and an additional connection, the so called
Weitzenbock connection:
[V, = et On ey, (1.57)

«,

which is not symmetric, hence torsion is nonzero, but it is curvature free and metric

compatible. The torsion tensor C,p is then given by

and plays a crucial role in Teleparallel Gravity.
The upshot of these considerations is that at each event in spacetime, the gravitational
field is characterized by both torsion and curvature. They are complementary represen-

tations of the gravitational field.

The tetrad formulation of GR dates back to Einstein’s attempt to unify the gravita-
tional and electromagnetic interactions. In fact, it turns out that the field equations of
Teleparallel Gravity are very similar to Maxwell’s equations of electromagnetism.

This resemblance is extremely interesting for a non-local extension of GR [27], since in the
electrodynamics of non-local media Maxwell’s equations are unchanged but a non-local
constitutive relation has to be introduced.

This observation motivates the construction of a non-local theory of gravity in close anal-
ogy to the non-local electrodynamics of media, where the role of the torsion tensor is
very similar to that of the electromagnetic tensor F),, and non-locality is added to GR|
through a constitutive equation. This approach has also been used to address the Dark
Matter problem in GR as can be seen in [28].

The field equations of GR without a cosmological constant can indeed be written in the

framework of GR)| as
0
@Huyc =Vv—4g (Tc# + Ec'u)J (159)

where H", is the so called auxiliary field strength, constructed from the torsion tensor

(&
C, ﬁ“ ; while T.# and E_* are related to the energy-momentum tensor of matter and grav-

itational field respectively.
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The equations (1.59) are very similar to the inhomogeneous Maxwell’s equations

0.(V=gH"™) = =g ", (1.60)

if H* is the magnetic field strength and j* is the electromagnetic four-current.

In the electrodynamics of non-local media it is necessary to add a non-local constitutive
equation between H*” and F* in order to solve the field equations. Analogously, in
the framework of non-local GR)| it is necessary to add a non-local constitutive equation
between H"”, and the torsion tensor C,".

In conclusion, it is interesting to notice that the torsion tensor satisfies an equation that

is similar to the homogeneous Maxwell’s equation
F[;u/,p] = 0; (161)

based on its definition (1.58).
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Chapter 2

The Deser-Woodard Model

This chapter is devoted to a description of the so called Deser-Woodard model [29].
This model can be considered as a particular case of the IKGs presented in the previous
chapter, which is quite interesting from a cosmological standpoint. It will be shown that
the presence of the operator [J~! can be used to explain the late-time cosmic acceleration
of the Universe. In Section (2.2) I will outline the so called Noether Symmetry Approach
for the selection of theories of gravity. This method will be then applied to the Deser-
Woodard model in order to understand how the term (07! R modifies the Einstein-Hilbert
action. In the last section the attention is focused on the Weak-Field limit of the Deser-
Woodard model, which shows how the Newtonian limit for the gravitational potential is

recovered at lowest order of the theory and how it is modified by non-locality.

2.1 The model and the localization of the action

The Deser-Woodard (DW) model is a non-local extension of GR where the non-locality is

induced by the operator (07! acting on the Ricci scalar. The action of this model reads:

5=t /d4x V=g R[1+ f(O'R)] +SWD (2.1)

2kK2
where R is the Ricci scalar, k2 = 871Gy, S™M) is the standard matter action and f(O0"'R)

is an arbitrary function of the non-local term 'R called distortion function.

The variation of the action (2.1) with respect to the metric tensor yields:
G +AG, = &*TM (2.2)

wo

where the correction to the field equations of GR. is given by
AGuy = (G + 0 =V V) [f + 07 (Rf)]+

1
+ (8878, — 59m9™ | 007 R) 0, [0 (RS, (2.3)
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, . Of
/ ~ 9(O0°'R) (24)

It is possible to obtain a local representation of (2.1) through the so called localization

procedure [23]. Two auxiliary scalar fields ¢ and £ are introduced as follows:

§= 55 [ @V=gIRO+ F() + €@~ R + 5 =
B % d'c /=g [R(1+ f(¢) =€) — Va€ Vg] + 5T, (2.5)

where in the last passage a total derivative has been integrated out.
Notice that the Deser-Woodard model, which is a metric non-local theory of gravity, has

been recast as a biscalar-tensor theory.

Varying the action (2.5) with respect to the metric tensor yields the field equations for

this localized version of the Non-local Gravity model:

(1 +f(¢) _5) GW + %guvvag Voo = K’ T% +Vﬂ£ V., ¢+ (Vuvu _QWDXJC(@ _f)a (2-6)

where G, is the Einstein tensor while T;% is the stress energy tensor associated to matter.
The variation of the action (2.5) with respect to the scalar fields ¢ and & shows that those
fields satisfy the Klein-Gordon equations:

O¢p=R — ¢=0"'R, (2.7)
ne=-—pY 2.8
=R (28)

Those equations imply also that the scalar field £ has the role of a Lagrange multiplier,
fixing the constraint necessary to recover the action (2.1).

Another interesting equation is the trace of (2.6) which reads

[+ f(¢) =€ =3f (9] R=—r"T" + Vol V6 +3f"(9)Vad V0, (2.9)

where T is the trace of the stress-energy tensor.
It is worthwhile to mention that the equation (2.9) can be used to express the Ricci scalar

with respect to the scalar fields ¢ and & and their derivatives.

p o T 4 Ve V0 + 3f"(6)Va 9V 0
L+ f(9) =€ = 3f(¢)

Furthermore, specific forms of the distortion function can be found through the so called

(2.10)

Noether Symmetry Approach, requiring that the theory is invariant under point transfor-

mations.
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2.1.1 Cosmological applications

The Deser-Woodard model is a phenomenological model that was first proposed in order
to explain the current acceleration of the expansion of the Universe in terms of non-
local gravitational effects [29]. Indeed, this model allows a delayed response to cosmic
events, such as the transition from radiation to matter dominance. Through this delayed
response, the Deser-Woodard model accounts for the late time accelerated expansion of
the Universe without invoking any unknown form of Dark Energy. Therefore, the fine-
tuning related to the value of A is avoided.
The best way to identify these properties is to consider a homogeneous, isotropic and
spatially flat metric

ds® = dt* — a®(t)[dx* + dy* + dz7), (2.11)

such that the deceleration parameter has the form
q(t)=—— =—-1——  where H(t) = ¢ (2.12)
a

Assuming that the scale factor a(t) can be expressed as a(t) = t°, the Hubble and decel-

eration parameters become

_1—5

q(t) and H(t) = ;, (2.13)

S

where s = 1/2 corresponds to radiation dominance, while s = 2/3 to matter dominance.
Furthermore, in this framework the action of the operator (J-! on the Ricci scalar can be

written as

O 'R(t) = —/Utdt’agzt,) /Ot/ dt” a*(t")R(t"). (2.14)

Assuming that the transition from the radiation to matter dominance occurred at a par-

ticular time t = t.,, which is justified by numerical results, the expression (2.14) becomes

_ 65 (25 — 1) t 1 1 [t \
1 _ I -
DR = 3s—1 {ln (teq> 351 351 ( t > ’ (2.15)

where s is given by the scale factor a(t) in the matter dominated era.

In addition, if we choose the value of s = 2/3 and ¢y ~ 10'° years for the present time,
the above formula becomes
O R(to)|s—2/3 ~ —14. (2.16)

The upshot of this calculation is that non-local corrections can explain the observed
acceleration of the expansion of the Universe without resorting to a cosmological constant,
because the non-local correction is of the order of magnitude expected for the fine tuning

of the cosmological parameters in the ACDM model.
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In the evaluation of any extended theory of gravity such as f(R) or f(LJ'R) it is of
paramount importance the so called reconstruction problem [30]. In Cosmology it refers
to the issue of characterizing the parameters of a given model such that the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric is supported. In the case of the DW model,
we want to determine if there exists a distortion function which reproduces the ACDM
expansion without a cosmological constant.

The field equations of the DW model in for the FLRW metric take the form

3H2 + AGOO = 87TGN,O, (217)

. 1 ...
—2H — 3H” + 3307 AGy; = 871Gy P, (2.18)

where p is the matter energy density and P is the pressure. Those quantities are related

by the energy-momentum conservation law
p+3H(P+p)=0. (2.19)

The explicit form of the non-local contributions AGy, and AG;; depends on the Hubble

parameter H and the non-local term 07! R:
AGo = [3H? + 3HO,) {f(O'R) + O '[Rf(O'R)|}+ (2.20)
1
+ 3 OO0 'R)O,(O 'R (O'R))),

AGy = —[2H + 3H? + 2H0, + 9] {f(O'R) + O '[Rf (O 'R)]} g5+ (2.21)
3007 R OO RF(OR)) gy
The general reconstruction procedure starts by introducing the function
F(O'R) = f(O'R)+ O YR f(O'R)), (2.22)

and noticing that by taking the difference of the equations (2.20) and (2.21) the function

F satisfies the following ordinary differential equation
F+5HF + (6H*> +2H)(F + 1) = 87Gn(p — P). (2.23)

Once the matter content of the Universe and the function a(t) have been chosen, we have
to solve the above equation for the function F' and invert equation (2.22) to obtain an
ordinary differential equation for the distortion function f(O~'R).

By setting X = "'R and Y = X + 16.5, this approach leads to the following expression
for the distortion function f(X)

f(X) =0.245 [tanh (0.35Y + 0.032 Y2 4 0.003 Y?) — 1]. (2.24)
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Figure 2.1: Reconstructed distortion function for the ACDM background evolution with-
out cosmological constant [30].

2.2 The Noether Symmetry Approach

The Noether Symmetry Approach is a geometric criterion to select theories of gravity
based on the spacetime symmetries [31]. This method can be employed to solve the field
equations of different theories of gravity and constrain arbitrary functions in the action.
In many attempts to extend General Relativity, the Ricci scalar R is replaced by some
functions f(R), f(T),f(O7'R), f(G) etc, where T is the torsion invariant and G is the
Gauss-Bonnet scalar. Those theories provide physically reliable models only when con-
fronted with data, in other words phenomenological constrains are required. As a matter
of fact, it is also possible to find theoretical constrains searching for symmetries, such as
in the Noether Symmetry Approach.

It is crucial to point out that this approach is applied to dynamical systems described by

second order differential equations of the form
it + Iy, " " = F*, (2.25)

where I, are the affine connection coefficients obtained from the metric tensor g,,,, while
F*is a C* vector field on spacetime which is associated to the force field of the dynam-
ical system. In particular, the idea is to express the symmetries of the equation (2.25) in
terms of the symmetries of the metric. This is extremely useful, since it is much easier
to find the symmetries of the metric, the associated integral of motions and reduce the
order of the field equations.

First of all, let us introduce the crucial notion of point transformation, namely the map-
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ping of points (z,y) into points (Z,y) where x is the independent variable and y is the
dependent variable.

A class of one parameter point transformations can be written as
T=2a(z,y.€) y=y(z,ye), (2.26)
where € is a parameter. The transformations have to satisfy the following properties:
e they are invertible,
e repeated application yields a transformation of the same family,

e the transformation corresponds to the identity if, for example, € = 0
2(z,y,0) =z, y(z,y,0) =y. (2.27)

Starting from the one parameter point transformations (2.26), = and § can be expanded

around ¢ = 0, which corresponds to the identity, resulting in

ox

j(x,y,e):x—i—ea _0+...:x+ef(x,y)+... (2.28)
; 9y
y(:v,y,e):y—i—ea _O—i—...:y—i—en(w,y)—i—.... (2.29)

The vector

X = £(,9) = + 5(z,y) (2:30)

ox 8_3/
is called the infinitesimal generator of the transformations and corresponds to the tangent
vector to the group orbits at the point (x,y).

In order to investigate how differential equations are affected by these transformations, it
is necessary to prolong the transformations to the derivatives of the dependent variable
y. In particular, the prolongation of an infinitesimal generator generalizes this object
in order to account for the transformation of the independent variable, the dependent

variable and its derivatives. Furthermore, the derivative of ¢ can be expressed as

dy(z,y,e)  y'(0y/0y)+ 0y/ox

y' ) = = 2.31
v y.yse dz(x,y,e)  y(07/dy)+ 0x/0x’ (2.31)
1! / " di/
v (x,y,9,y" ) = d—Z;, (2.32)

clearly this method can be used to obtain derivatives of any order of .
Replacing the Taylor expansions (2.28) and (2.29) into the equations (2.31) and (2.32)

results in

_ dn d€ [
"o__ 1 = es o 1] 2
iy =y +€<dx ydx)—i—...—y +ent+ ., (2.33)
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dn™=Y d
g™ =y 1€ 7 - y(")—g + o=y e 4 (2.34)
dx dx

where 1)

AN LS
dz dx

is the n'* prolongation function of 7. Finally, the n'" prolongation of the generator X is

n (2.35)

D L .
oy’

5y (2.36)

As an example, let us start from the above expression for the n'* prolongation of the
generator and consider a point-like Lagrangian density £ = L(t,¢'(t), ¢'(t)), where ¢' are
the coordinates, t is the time and ¢' refers to the derivative of the coordinates ¢ with
respect to time.

The first prolongation of Noether’s vector becomes

o o .. .0
XU =&t a) g + (") g5+ (0 =€) 5

The first Noether’s theorem can be stated as follows: the one parameter group of point

(2.37)

transformations generated by X is a one parameter group of Noether point symmetries
for the dynamical system described by L if and only if there exists a function g(t, ¢*(t))
such that

XU 4éL=yg, (2.38)

whose associated first integral of motion is

. LOL 0L
[(t,q’,q)Zf(q a4 —E) ~ 5

+g. (2.39)

In conclusion, let us outline a general procedure that allows to find the Noether symme-
tries, since it will be later employed to the specific case of the Deser-Woodard model.

It is clear from equation (2.30) that the Noether symmetries are determined once the
coefficients of the generator X are known, consistently with the equation (2.38).

If the Lagrangian density L(¢,¢', ") describes a generic dynamical system, then

e write an ansatz for the spacetime metric, then the form of the generator X defined

on the configuration space is given,

e expand the equation (2.38) to obtain a polynomial depending on the coefficients of

the generator, £(,¢%) and n(t, ¢*), and products of generalized velocities ¢*,

e since the unknown coefficients £ and 7’ depend only on (¢,¢*), in order for the
polynomial to vanish, the coefficients of the products of the generalized velocities
have to vanish. Thus we end up with a set of partial differential equations for £ and

1, which can be solved in a straightforward way in many cases,
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e finally, once the generator is known, it is possible to find the first integral of mo-
tion I(t,q', ") given in equation (2.39) and reduce the order of the Euler-Lagrange
equations; depending on the number of symmetries, one can achieve the complete

integrability of the dynamical system

As a final comment, it is interesting to notice that there are also other criteria to search
for symmetries of differential equations. For instance, some methods involve the equa-
tions of motions, rather than the Lagrangian or the Hamiltonian of the system. Another
type of symmetries is given by Cartan symmetries, which are point transformations with
generators in the tangent bundle that leave the Cartan 1-form invariant. It is also worth

mentioning that the Noether Symmetry Approach has interesting applications in Cosmol-
ogy [32].

2.2.1 The distortion function

The Noether Symmetry Approach can be applied to the Deser-Woodard model (2.1)
following the procedure outlined in the previous section [2].
Since the Ultra Diffuse Galaxies are almost spherically symmetric systems, the background

spacetime is chosen as spherically symmetric, hence the line element is given by
ds? = et a2 — AN gr? — 12402, (2.40)

where v(t,7) and A(t,r) are two arbitrary functions.

Notice that it is not known whether the Birkhoft’s theorem is valid or not in Non-local
Gravity, consequently the functions A and v depend both on the radial coordinate r and
time ¢.

The next step is to substitute the metric (2.40) into the action (2.1). Thus, the following

point-like Lagrangian density is obtained:

1

L=e 23 —e"r? v, ¢, f/(¢) + M N\ pu f' (9)+ (2.41)
—2e"f(@)(e* + 1A — 1) — 2NV 4 2¢” + €12 €, ¢t
+ e & — PG g — ETPANG
+2e7E (X + rA, — 1) — 2e"r), ],

where the derivative with respect to the variables  and t has been denoted by the sub-
script. Furthermore, the canonical generator of the point transformation (i.e. the Noether

vector) takes the form

0 0
X =&t r,v,\ ¢, 6) 5% + & (t,r v, N, 0, €) EJF (2.42)
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+nV(t,r, v, N\, b, f)g—i-n’\(t,r,i/,/\,gb,é)g—i-
Pt A 6.6) ¢+n<trw§>a€

where the functions &, 7, n"u, 0, n® and n¢ are the coefficients of the Noether vector X.
Once the point-like Lagrangian density and the Noether vector are known, the dynamical
system (2.41) satisfies the required symmetry if the following condition holds:

et der\  dht o di
et _ 2.4
£+£(ﬂ m) a A (243)

where h' and h" have the role of the function g introduced in the previous section and
depend on the variables (¢, 7, A, ¢, ).
Notice also that XM is the first prolongation of the Noether vector X, hence it can be

expressed as

XW=x+all(t,r,v.\ 0, 5)% +80(t v, 6, f)a%+ (2.44)
AL (trvkqﬁé) +5[1]<tr1/)\¢£)335t
a
[@rvA¢£b&

having introduced the coefficients o, g1, AU 5l and €l

The expansion of the condition (2.43) results in 75 equations with 9 unknown variables:
the coefficients of the Noether vector {£¢, €7, n”, n*, n?, n°}, the unknown functions {h!, h"}
and the form of the distortion function f(¢).

The specific forms of the distortion function obtained by solving the above-mentioned
equations are:

f(¢) =caiteso (2.45)
ﬂ@:@+§é% (2.46)
1

with the associated Noether vectors

0 0 0 0
X = (Clt —+ £t<7"))a — 201 o + (CQ -+ 261)8_¢ + c3 (CQ -+ 201)8—5, (247)
0 ¢ O 0 0
— t - _ 2 _ —
X = (et +& (r))at 5" 5 + (2¢0 + 203)a + cic3 9 +c3( =y 1)85 (2.48)

where ¢,, n from 1 to 5, is an integration constant.

In conclusion, the Noether Symmetry Approach selects a linear and exponential form for
the distortion function. Those forms are already known in the literature: the exponential
distortion function has been used to describe inflation [23], whereas the linear distortion
function has been applied to solve the problem of unboundedness of euclidean gravity
[33].
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2.3. THE WEAK FIELD LIMIT

2.3 The weak field limit

The objective of this section is to study the Weak-Field limit of the Deser-Woodard model
[2]. In particular, once the distortion function has been chosen, it is possible to derive the
Non-local gravity potential, as well as the expressions for the scalar fields ¢ and &, in the
Weak Field limit.

From General Relativity it is known that the Newtonian potential for time-like particles
can be obtained by expanding the goo component of the metric to the second order.
Furthermore, the Post-Newtonian (PN) limit can be obtained by expanding the compo-

nents of the metric as
Ggoo ~ O(6),  goi ~O(B), g ~ O4). (2.49)

Notice, however, that the leading order of the PN limit does not require an expansion
to O(6). In order to determine the Weak-Field limit of the DW model, it is sufficient to
consider the gravitational field produced by a point-like source, assuming also that the
metric is static and spherically symmetric.

It is worth noticing that the Birkhoff’s theorem is not expected to hold in Non-local
Gravity, nonetheless it is reasonable to assume that as a first approximation in the weak
field limit the metric is static.

In this framework, the metric is then given by
ds* = A(r) dt* — B(r) dr? — r*dQ?. (2.50)

Since the coefficients of the metric depend only on the radial coordinate, the scalar fields
inherit the isometries of the metric: ¢ = ¢(r) and & = &(r).
In order to solve the field equations, let us assume the following expansions for the metric

coefficients and scalar fields

Alr) =1+ 6—12<I>(7“)(2) + Ci4<1>(r)<4> + C—lﬁcp(r)@ +0O(8), (2.51)
B(r) =1+ C%\If(r)@) + %xp@a)(‘*) +0(6), (2.52)
8(r) = 0+ 5 )+ 9(r) + 1 6(r) + O), (25
€)= &+ 5 £ + €M@ + 26 +0(), (254

where ¢y and &, are the constant background values of each field. Those constants are
chosen to be equal to & = e? and ¢, = 0 to recover the usual coupling of the Newton’s
constant with the Ricci scalar. In addition, we choose the exponential form for the

distortion function:

fl@)=1+¢° (2.55)
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where the integration constants in (2.46) have been set equal to one, ¢4 = ¢5 = ¢; = 1 for
simplicity. As reported in [2], once the distortion function has been chosen, it is possible
to derive the 00- and 11-components of the equation (2.6) and the two equations (2.7)
and (2.8) for the scalar fields.

The solutions of those equations can be expressed as

QGNquC G?VMQ 14 2 18T§—117‘¢
A =1-— — _— 2.56
(r) cr cAr2 |9 o+ 6717y " ( )
G3, M3 5OT§—7T¢¢ N 1692 1721 —13)
- cT - 9
B3 127r47e 27 7“2 7"35
2GNMo. G2 M? [2¢? 31
Br) =1 c - — 2.57
(r) + 3c2r + cAr? 9 + 2re Ty "l ( )
AGyMe. GIM? /11 1 2 2
_ _ _ Y, 2o 2.58
o(r) 3c2r cAr? 6re T4 " 9 + ( )
G M3 | r? 25 7 5 4¢3
- | = == — — ) ¢ — ,
63 7“3) 127 67y 81
GZM?[2¢2 (13 1
~1 c (2~ 2.
() + ctr? 3 6re T4 Tt (2:59)

+G§g]\§3 [20@?_ (%_%>r2_<131 +i>¢cr].
cr 27 Te Ty 36re 61y
It is crucial to notice that there are 3 parameters in these expressions: a dimensionless
constant ¢, and two characteristic lengths r4 and r¢. The constant ¢, modifies the grav-
itational coupling, i.e. G¢rf = Gn@., and it will be set equal to 1 in order to recover the
Newtonian limit at the lowest order. On the other hand, the two lengths scales 74 and r¢
emerge in the O(4) order and they are related to the two scalar fields.

In the Weak-Field limit the relation between the metric coefficient ggg and the gravita-

tional potential ®(r) is given by

2P(r
goo =1+ 02( >, (2.60)

and comparing this result with equation (2.56), the gravitational potential in the Deser-

Woodard model becomes

GyMo. GLM?[14 , 18rc—1lry
0] =— — _— 2.61
(r) r 2¢2r2 | 9 o+ 61Ty " ( )
Gy M? | 507 — Troy oy 10 g3 (217 —717)
- el - )
2c4 73 12r4re 27 rg 7"3)
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which can be expressed as the sum of three contributions

O(r) = Po(r) + D1(r) + Po(r) (2.62)
where
GyMo,
Bo(r) = — IV MO (2.63)
r
G2 M? [14 187, — 11r

) =N el S Rl Sl 2.64
() 2c2r2 {9¢C+ 61eTy " ( )

G3 M3 |50re —Tr 1692 12 (2rF —1r3)
2(r) 2ctr3 [ 12747 Ger + 27 r? ri (2.65)

The solutions of the non-local field equations (2.56) and (2.57) show a modification of
the general relativistic predictions which depends on two characteristic lengths r, and 7.
Those length scales characterize the regime where the non-local effects become significant
and one can wonder whether they are related to the mass of the gravitational systems
under investigation. Furthermore, these lengths may play a crucial role in recovering the
predictions of GR, since they fix the magnitude of the non-local corrections.

It is indeed expected that the effects of non-local gravity become unimportant at Solar
System scale, and more generally at all scales where GR has been probed. Deser and
Woodard proposed in [34] a so called “screening mechanism” based on the idea that the
term (07! R has different sign when evaluated in the cosmological framework or for bound
systems such as the Solar System. They argued that the distortion function could be suit-
ably set to zero at the scales of bound systems, while still being relevant cosmologically.
A subsequent study reported in [35] showed a critical flaw in this argument, proving that

there is no such sign change, hence the screening mechanism remains an open problem of
the DW model.

Let us note that the problem of the screening mechanism also affects other theories such
f(R) theories, where a chameleon mechanism [36] is usually employed. The crucial fea-
ture of this approach is the introduction of a scalar field coupled to matter; hence this
scenario is particularly interesting in Non-local Gravity where the localization procedure
allows to encapsulate the non-local contributions in two scalar fields which may depend
on the matter content of different astrophysical systems.

An example of such a screening mechanism is the so called Vainshtein mechanism [37].
This paradigm introduces a typical length scale (Vainshtein radius) such that the contri-
butions of some of the degrees of freedom of the theory are suppressed for distances lower
than this radius. In this way non-local contributions become unimportant in the case of
the Solar System where GR has been extensively tested. It is important to notice that the
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Vainshtein mechanism involves non linear effects, as well as the fact that the Vainshtein

radius depends on the type of gravitational source and model.

The DW theory has been already tested at different astrophysical scales. For instance,
in [38] this model has been tested in the case of elliptical galaxies without assuming the
existence of Dark Matter. The authors were able to identify constraints on the parameters
of the non-local theory and recover the so called fundamental plane of the elliptical galax-
ies, an empirical relation between the central velocity dispersion oy, the effective radius
R., and the mean effective surface brightness .. It was found that the best agreement
between the theoretical predictions and the observed data was obtained for values of r
and 7¢ between 0.001 kpc and 0.01 kpc.

The Deser-Woodard theory has also been tested at galaxy cluster scale [3], by compar-
ing the gravitational lensing observations from the CLASH program with the theoretical
predictions of the DW model. In this case the clusters of galaxies contain Dark Matter
and the statistical analysis aimed at constraining the parameters of the density profile of
Dark Matter as well as the non-local length scales of the model. The authors were able
to set lower bounds on the two non-local lengths r, > 10~° kpc and re > 107 kpe.
Finally, it is worth mentioning a test of DW model at the scale of the star S2 [2] that orbits
the Galactic center. In particular, the orbit of S2 has been simulated for the DW gravita-
tional potential and compared to the observations by New Technology Telescope and Very
Large Telescope. It was found that for values of r¢ > 107 kpc and 107 kpe < ry < 107°
kpc the Deser-Woodard theory can reproduce exactly the orbit of S2.

In all those cases, the authors tested the reliability of the Deser-Woodard theory at dif-
ferent astrophysical scales.
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Chapter 3

Testing Non-local Gravity at galactic

scales

In this chapter I will present the general features of the Ultra-Diffuse galaxies, analyzing
in detail the modelling of the Dark Matter and stellar matter density profile that will
be used for the statistical analysis. In section (3.2) I will generalize the Deser-Woodard
potential (2.61) to the extended mass distribution of the Ultra-Diffuse galaxy, while in
the last section I will derive the dispersion velocity ¢ which will act as the kinematical

observable in the statistical analysis.

3.1 Ultra-Diffuse Galaxies

Ultra-Diffuse galaxies (UDG) can be considered as a special type of dwarf spheroidal
and dwarf elliptical galaxies [39] characterized by an extremely low surface brightness
o = 24—26 mag/arcsec™? (in the g photometric band) and half-light radii R.;; = 1.5—4.6
kpc. In particular, their size is similar to spiral galaxies such as the Milky Way, while their
luminosity is almost indistinguishable from elliptical galaxies. Another striking feature of
some UDGs is the high number of globular clusters compared to their luminosity, usually
from 5 to 7 times more than other galaxies with the same luminosity. Furthermore, UDGs
have been observed in different types of environments, from galaxy groups to voids, and
this poses some problems for their formation process. It is possible that UDGs formed
through the process of tidal stripping [40] or from Dark Matter halos characterized by
high angular momentum [41]. Another interesting formation scenario was proposed in
[42] where UDGs would have formed about 12 billion years ago, and that a burst of star
formation induced by ram pressure between 200 million and 1 billion years ago would lead

to a halt in the process of star formation.
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In recent years there is a growing interest toward UDGs because they exhibit a wide
range of features in terms of their Dark Matter content. In fact, observations from the
Dragonfly Array Telescope suggest that some of those galaxies are dominated almost en-
tirely by Dark Matter (DragonFly44), while others seem to completely lack any Dark
Matter contribution (NGC1052-DF2 and NGC1052-DF4). This feature raises a number
of questions regarding the phenomenon of structure formation, i.e. the process by which
small densities of Dark Matter overcome the cosmological expansion, and clump up to
form Dark Matter halos which serve as sites of formation. Those properties make UDGs
the ideal testbed for both the hypothesis of Dark Matter and extended theories of gravity.

Let us consider two specific examples of UDGs: DragonFly44 and NGC1052-DF2. Those
galaxies have similar contents of baryonic matter but their Dark Matter content is com-
pletely different.

The galaxy DragonFly44 (DF44) belongs to the Coma cluster at a distance of ~ 100 Mpc
and some observations in 2016 indicated the presence of a population of approximately
100 globular clusters (although observations in subsequent years suggest that the number
may be overestimated [43]). This number of globular clusters points toward a Dark Mat-
ter halo of mass ~ 10''*M), corresponding to 99% of the total mass of the galaxy.
NGC1052-DF2, on the other hand, sits at the opposite end of the spectrum. Observed
in 2018, this galaxy in the constellation Cetus seems to contain very low amount of Dark
Matter. In fact, the dynamics of this galaxy can be successfully explained by taking into
account only the baryonic matter.

Those two galaxies have also been analyzed in other gravitational scenarios, such as Mod-
ified Newtonian Dynamics (MOND) without assuming Dark Matter [44] or Degenerate
Higher-Order Scalar Tensor (DHOST) theories [39].

Figure 3.1: Ultra-Diffuse galaxy DF44, credits: Teymoor Saifollahi and NASA /HST (HST
Proposal 14643, PI: van Dokkum)
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3.1.1 Dark Matter density profile

There are many astrophysical and cosmological observations that support the existence
of a new type of matter known as Dark Matter (DM). The best indication toward the
existence of Dark Matter comes from the rotation curves of spiral galaxies [45]. In this
case, it is easy to obtain a relation between the rotational velocity of objects that are
gravitationally bound to the galaxy and their distance from the galactic centre.

It turns out that the best tracer for Dark Matter is indeed represented by stars, since
the rate of collision between stars is extremely low, hence their motion is determined
primarily by the gravitational interaction. Applying Gauss’ Law to a galaxy results in

the following expression for the velocity of the stars:

wlr) = /A0 (31)

where M (r) is the mass contained within the radius » and G is Newton’s gravitational
constant. This result implies that in the outskirts of a galaxy the velocity is expected to

12 since in this region the mass M does not increase significantly.

decay as v o< r~
On the other hand, the observations carried out by Vera Rubin [46] on the rotation curves
of spiral galaxies, showed that the velocity decreases very slowly with the radius (Figure

3.2), not as expected by (3.1).
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Figure 3.2: expected (A) and observed (B) profile of the rotation curve, rq is the radius

from which the mass of the galaxy does not increase significantly [47].

From (Figure 3.2) it is clear that there is a radius r¢ from which the rotation curve
becomes almost flat.

ve(1) = ve(rg) = const  for r > 7. (3.2)

Additional studies and observations showed that the flatness in the rotation curve could

not be accounted for by modifying the relative weight of the diverse galactic components,
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rather it could be explained by adding a new matter component with a different spatial

distribution.

Equation (3.1) evidently shows that the flatness of the rotation curve can be obtained if
M (r) o< r, which is exactly the mass distribution expected for a self-gravitational gas of
non-interacting particles. Hence the rotation curves can be used to infer the Dark Matter
density

M(r) 1

p(r) et (3.3)

This distribution is ascribed to Dark Matter, more precisely to Dark Matter halos that

surround the galaxy. The implicit assumption made here is that DM is distributed in a
spherically symmetric halo about the center of the galaxy, in contrast to baryonic matter
that is concentrated in the disk. This implies that DM is not dissipative, while baryonic

matter dissipates energy through self interaction and thus collapse into a disk.

In general, it is expected that Dark Matter is made up of electrically neutral particles,
otherwise they would scatter light and an electromagnetic effect would have been ob-
served.

It is also crucial to mention the importance of numerical simulations in order to study
the structure formation in the Early Universe, when Dark Matter is expected to play a
significant role. In this context, it was found that Dark Matter has to be non-relativistic
(cold) at the epoch of structure formation.

There is also evidence that Dark Matter is non baryonic from the studies of the Cosmic
Microwave Background (CMB) in Cosmology [48]. In fact, the best piece of evidence
for the existence of Dark Matter comes from the CMB, the residual background photons
from the Last Scattering Surface, at a temperature of roughly 2.7K. Around this mean
temperature, there are very small fluctuations (AT /T ~ 10~%/°) that contain information
about the amount of matter and energy in the Universe. They suggest that only 4 — 5%
of the total energy budget of the Universe is made out of ordinary, baryonic matter. The
abundance of Dark Matter is instead estimated around 27% of total energy budget, the
remaining being associated to the Dark Energy.

Finally, Dark Matter has to be almost collisionless, since observations of cluster collisions
allow to set an upper bound to the self-interaction of Dark Matter particles which is ex-

tremely low.

The Dark Matter halo is considered a key constituent of most galaxies. The halo is

usually described in terms of the so called Navarro-Frenk-While profile [49]:

Ps
pgNFW(r) = —L(l n L)Q’ (34)
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which is characterized by a length scale r; and a density scale p, specific of the galaxy
under investigation. This profile is obtained from numerical simulation of structure for-
mation and can be applied to a wide range of galaxies, showing that the Dark Matter

density scales as 1/r for r < ry, and 1/r® for r > r,.

In the case of Ultra-Diffuse galaxies, it is interesting to consider a generalized Navarro-
Frenk-White (gNFW) profile [39] for the Dark Matter density:

porew(r) = py (—) - (1 n —) | (3.5)

where v is an additional parameter related to the slope of the profile near the maximum.
This model is a generalization of the NFW profile, which is recovered when v = 1.
In this thesis we are going to consider a reparametrized version of (3.5), replacing the two

scale parameters {ps, 75} with the concentration parameter ¢y and the virial mass Magg

200

4
and  Mygy = gzoopcr;”m, (3.6)

C200 =
S

where p, is the critical density of the Universe
_ 3H?*(2)
pC - 87TGN 9
written in terms of the Hubble parameter H(z) as a function of the redshift z which for

DF44 corresponds to z = 0.023156 (the redshift of the Coma cluster). Notice also that

Moo corresponds to the mass enclosed in a sphere of radius rogg with mean density equal

(3.7)

to 200 times p.. Finally, the density scale ps depends on ¢y as

200 (3 — ’}/)(0200)’y

s = 5 Pc\R
P 3 p< >2F1[3_773_774_77_6200]

(3.8)

where ,F(a, b, ¢, z) is the hypergeometric function.

1000
In[p/ps]

10

0.1

1073 1074 0.001 0.010 0.100 1 10

1n[r/Rg]

Figure 3.3: Generalized NFW profile for different values of 7 in the range r /R, € [107°, 10]
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3.1. ULTRA-DIFFUSE GALAXIES

3.1.2 Stellar density profile

The intensity of a UDG can be modeled using a single Sérsic profile [50], which relates

the intensity of the galaxy to the distance from its center R

R 1/n
(&)

where [ is the intensity at R = 0, a, is a length scale known as the Sérsic parameter and

I(R) = Iyexp , (3.9)

n is the so called Sérsic index, which is related to the shape of the density profile.
The Sérsic parameter is usually written in terms of the half-to-light radius Ry, i.e. the

radius of the sphere that contains half of the luminous flux of the galaxy, as

Repr(D)

a(D) = G s (3.10)

In this thesis we are interested in the Ultra-Diffuse galaxy DF44 which is similar to an

elliptical galaxy, hence the half-to-light-radius has to be modified in order to take into

account this feature. Given the semi-minor axis b and semi-major axis a of the galaxy,

b

Once the intensity I(R) is known, the luminosity density profile {(r) can be obtained in

the half-to-light radius becomes

principle by deprojection. However, there is no exact expression of [(r) for a generic Sérsic

profile, rather the following analytical approximation holds

I(r, D) = 1,(D)I (ﬁ) , (3.12)

where [(r/a,) is the dimensionless function

(D)= ()" e [_ (_” (31

and p, ~ 1 —0.6097/n + 0.05463 /n? is a function of the Sérsic index. In addition, I; also

depends on n as
Ltot (D>

- drnT'(3 — pp)nad(D)

where I'(3 — p,,) is the Gamma function and L, is the total luminosity of the galaxy.

(D) (3.14)

It is worthwhile to mention that the total luminosity has to be considered as a function

of the distance
Liot(D) = 10704 (mVeos =P} =M v05) (3.15)
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if my;,, 1s the apparent magnitude of the galaxy, Mg v, is the absolute magnitude of the

Sun in the Vo6 photometric band and u(D) is the distance modulus

where the distance D is measured in Mpc.
In conclusion, the profile density for the stellar component p, can be obtained by multi-

plying the luminosity density profile by the mass-to-light ratio T, of the galaxy
p«(r, D) =T, Il(r,D). (3.17)

In the specific case of the galaxy DF44 the Sérsic index is n = 0.94, the axis ratio is

b/a = 0.68 and the central surface brightness is o = 24.1 mag arcsec™2.

2% -
— n=1
Infl(r)/11] 1077_
n=5
10-27 ¢ - n=10
0.001 0.010 0.100 1 10 100

In[r/ag]

Figure 3.4: Sérsic profile for different values of the index n in the range r/as € [1073, 100]

3.2 Non-local corrections to the Newtonian potential

The gravitational potential (2.61) is valid only for point-like mass distributions and cannot
be employed to describe extended objects such as Ultra-Diffuse galaxies. Furthermore,
Gauss’ theorem does not hold in Non-local gravity, thus the expression (2.61) has to
be modified in order to take into account the mass distribution of the galaxy. Let us

distinguish in equation (2.61) three components in terms of their dependence on Gy M:

GyM
(I)O(T) = - ];[" ’ (318)
G M? (14  187r¢—11r
P _ YN 4= ¢ ¢ 1
1(7") 2c2r? (9 + 67”5’/“(;5 T)’ (3 9)

Dy(r) = (3.20)

_G?’VM'3 507 —Try E 7“2(27“2—7“3))
2cir3 '

1274 7e " 27 rg 7’3)
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3.2. NON-LOCAL CORRECTIONS TO THE NEWTONIAN POTENTIAL

Considering the order of magnitude of the mass of the galaxy DF44 of ~ 10''M, and
the typical distances ~ kpc of the globular clusters with respect to the centre of the
galaxy DF44, we can obtain the following estimates for the three contributions to the

gravitational potential ®(r).

M

O (GI\; > ~ 107 kpc? /s?, (3.21)
G3 M?

O < 22[2 = ) ~ 107 kpc? /s?, (3.22)
3 M3

((2;2[4 3 ) ~ 107* kpc? /s2. (3.23)

For the purposes of this thesis, we are going to retain only the first two contributions and

neglect the third, given the difference in order of magnitude.

Since Gauss’ theorem is not valid, the gravitational potential at a given point r on a
spherical surface is not just proportional to the mass enclosed by that surface. Rather,
both the matter inside and outside the spherical surface contribute. This observation
implies that the extended gravitational potential can be obtained by integrating over the
entire mass distribution of the galaxy, hereafter indicated as p(r’), where the primed vari-
ables (1,6, ¢') identify the points where the mass distribution is located.

In this approach, an extended mass distribution is treated as an ensemble of infinitesimal

mass element dM which contribute as point-like masses
dM = p(r')r'"* dr' sin @' df’ dy’. (3.24)

It is worthwhile to notice that the non-local contribution to the potential ® is quadratic
in the mass M, hence the infinitesimal contribution is proportional to 2M (r')dM, where

the mass M at a point ' is

/

M(r') = 47r/ dr'v"p(r"),  forr’ <r (3.25)
0

M(r') = 47T/ dr'r"p(r")  for v’ >r (3.26)

!

while in the second expression we are assuming that the mass distribution extends up to
00.

Finally, the radius r that appears in &5 and ®; has to be substituted by |r — 1’| (where r
specifies the point where we evaluate the gravitational potential and r’ specifies a point
where the mass distribution is nonzero) in order to take into account every contribution

M (r"). If we assume spherical symmetry, the term |r — r’| can be expressed as
vt —1'| = (r? + 7% — 2r1' cos ') /?, (3.27)

47



3.2. NON-LOCAL CORRECTIONS TO THE NEWTONIAN POTENTIAL

since it is possible to choose the azimuthal angles ¢ and ¢’ to be equal.

The extended gravitational potential are given by
T ™ 2m
P (1) —/ dr’p(r’)r’Q/ df’ sin 0’/ dp'®o(r — ')+
0 0 0
o) s 2m
+/ dr'p(r')r'2/ df' sin 0'/ d'®o(r — 1), (3.28)
T 0 0

/

T r 7r 27
O (r) =87 {/ dT/p(T/)T/Q/ dr"p(r”)r'a/ df’ sin 49'/ do'®i(r — ')+
0 0 0 0
o0 00 ™ 27
—|—/ d?“/p(’l“/)T/Q/ dr”p(r")rm/ d@'sin@'/ dgo’tbl(r—r')}. (3.29)
r r/ 0

0

Once the density profiles of the Dark Matter and stellar component are chosen, the ex-
tended integrals can be computed for all the cases of interest using Wolfram Mathematica.
It should be noted that some of the extended potentials do not have an analytic form,
thus they have to be solved through tabular methods in order to obtain differentiable
expressions that can be used to determine the velocity dispersion in the last part of the
thesis. The tabular method is based on the idea of decomposing the space of the pa-
rameters on which the integral depends in a very high number of points, and evaluating
the integral numerically for each one of those points. Then, it is possible to use Wolfram
Mathematica to obtain a smooth interpolation of those points.

One last remark is necessary about the integral over the external mass distribution from
r (orr') to oco. It is reasonable to believe that the mass distribution extends up to a finite
distance, rather than infinity, hence we have set a cutoff at 50 kpc based on the properties
of the galaxy DF44. In fact, 50 kpc is almost half of the distance between DF44 and the
centre of the Coma cluster to which it belongs and more than twice the estimated size of
the Milky Way’s Dark Matter halo.

The extension of the Newtonian potential ®, has an analytic expression which for the
generalized NFW profile reads:

1— 2—y + < —2+y
(I)(eJ:,BIgM(Ta Ps,'f’s,”}/) =47 Gy ps 7’? < : ,Y(T_ 2T ) + (3.30)
N (—1)"ryBeta[—r/rs,3 —v,v — 2])
T M
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where Beta is the incomplete beta function, a generalization of Euler Beta function.
In the case of the stellar matter distribution the extended potential becomes:
D% ar(r; D) =l (D)27G (0.001 D? +0.27 D™ /2 F1(1.49,2.49, —49.27/ D)+
(3.31)

+0.17 D™ 32 F(2.43, 3.43, —49.2r/D)>

where | F} is the confluent hypergeometric function.

3.3 Kinematics of Ultra-Diffuse Galaxies

In order to test the compatibility of the Deser-Woodard model with the observational
data from DF44, we will study the so called radial velocity dispersion o,.. This quantity
characterizes the kinematic of the galaxy and provides information on the statistical
dispersion of radial velocity of globular clusters in DF44 about the mean [39].

Assuming spherical symmetry and dynamical equilibrium, the radial dispersion velocity

can be obtained from the Jeans equation

(3.32)

where the anisotropy parameter [(r) measures the radial or tangential behavior of the
globular clusters’ orbits in DF44

B(r)=1- 7:(7) (3.33)

such that the system is completely isotropic if f(r) = 0, completely tangential if 5(r) —
—oo and purely radial if S(r) = 1. Notice also that the right-hand side of (3.32) contains
the gravitational potential ®(r) of the theory under investigation.
The general solution for the Jeans equation in the framework of GR is given by
1 > M(s)
ry=—— [ d l 3.34
7H0) = o [ Ao (3.34)

r

where f(r) is a function of the anisotropy parameter 8(r).
It is crucial to understand that the observed quantity is not 2, rather its projection along

the line-of-sight, i.e. the direction between the observer and the observed object, defined

< et [~ i) o2
/R drr\/ﬂfR2 R/R drﬁ(r)r | (3.35)
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3.3. KINEMATICS OF ULTRA-DIFFUSE GALAXIES

which depends on the 2D projected radius R and the surface brightness of the galaxy

I(R). For the purposes of the thesis, it is helpful to use a more compact definition of o7

o2 (R) = % /R Tk (%) z<r)M7f7"), (3.36)

where the Kernel function K (r/R) depends on the parametrization of the anisotropy pa-
rameter 5(r) [50].

Once the general form of the radial dispersion velocity along the line-of-sight in GR
is known, we can generalize this result to a different gravity theory such as the Deser-
Woodard model. This can be achieved by recasting the equation for the derivative of the

DW potential as
d(I) o GNMeff(T)

dr 72

where M,¢; is an effective mass that contains the non-local contributions, hence it is also

(3.37)

a function of the two characteristic non-local lengths ry and 7.

The final expression for o7 (R) becomes

o2 (R) = % /R Tk (%) zmM%f(r). (3.38)

Since it is impossible to effectively measure the anisotropy profile 5(r), in the statistical

analysis that follows we will choose a particular radial anisotropy profile:

r

r4+r,

B(r) = Bo + (B — bo) (3.39)

where By and (., characterize the profile in the limits for » — 0 and r — oo, while r, is

a scale parameter.
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Chapter 4

The statistical analysis: Methods
and Results

In this chapter the attention is focused on testing the Deser-Woodard model in the case
of the Ultra-Diffuse galaxy DF44.

First, I will outline the general features of Bayesian statistics as a fundamental tool for
parameters estimation and model comparison. In addition, I will discuss the implementa-
tion of those methods through a particular Markov Chain Monte Carlo algorithm known

as the Metropolis-Hastings algorithm and present the results of the statistical analysis.

4.1 Bayesian inference

The measurement process in Physics is strictly related to the idea of statistical inference.
Once the data have been recorded, the problem is to determine the probabilities of each
of the causes which may have produced the phenomenon under investigation.

In the framework of Bayesian statistics [51], where the concept of probability is associated
to a measure of the degree of belief that an event will occur, the inference is based on

Bayes’ theorem.

Let us indicate the data as d, the collection of parameters of the model under study

as 0 = {01, ...,0,,} and any other information on the model considered as I.

Bayes’ theorem states that the conditional probability p(6|d, I) of the parameters 6, given

the data d and the model I is

p(d|8, I) p(6|1)
pldll)

where p(6|d, I') is the posterior distribution (or posterior), p(6|I) is the prior distribution

p(0ld, I) = (4.1)

(or prior), p(d|@, I) is the likelihood and p(d|I) is a normalization factor called evidence.
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4.1. BAYESIAN INFERENCE

The two crucial elements for statistical inference are: the prior p(f|I), which corresponds
to the probability distribution of the parameters 6 before the knowledge of the data d; the
posterior p(0|d, I), which is the probability distribution of the parameters after gaining
the knowledge of the data d. Thus, Bayes’ theorem shows that the probability of a given
hypothesis (in this case the parameters ¢) has to be updated when new information is
available. An essential feature of Bayes’ theorem is that the posterior converges to a prob-

ability distribution which is independent of the prior as large data sets become available.

The initial choice of the prior is done by the experimentalist, not by the theory, and
has to reflect the current state of knowledge on the parameters of the model. For in-
stance, if some parameters have physical meaning that constraints their possible values
(e.g. mass is positive quantity) it is possible to encode this information in the prior.
A standard choice for the prior is a uniform distribution in the parameters 6 on their
domain €2y

constant, for 6 € Qy

p(0]d) = , (4.2)
0 otherwise.

It is worthwhile to notice that under a change of variable Y = Y (6) the prior becomes

00

which is not flat if the change of variable is non-linear, a feature that can be problematic

p(Yl|d) = p(6]d) : (4.3)

for a high dimensional parameter space. This method was proposed by Laplace in 1812

and aims at giving equal probability to all possible alternatives (principle of indifference).

As far as the likelihood p(d|6, 1) is concerned, it is usually constructed based on how
the data are collected. Furthermore, from equation (4.1) it is clear that if asymptotically

the posterior probability is independent of the prior,
p(01d, 1)  p(d]6, 1), (4.4)

and the posterior coincides with the likelihood. Thus the maximum likelihood method is
recovered in Bayesian statistics if the mean value of p(0|d,I) is equal to its maximum.
The form of the likelihood function also provides a criterion for selecting the prior, in
particular it is possible to choose the prior such that the prior and the likelihood are con-
jugate, which means that the posterior and the prior belong to the same distributional
family. For example the gaussian distribution has a conjugate which coincide with itself
(selfconjugate), while the conjugate prior to the Poisson distribution is the Gamma dis-

tribution.
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4.1. BAYESIAN INFERENCE

Once the posterior has been calculated and more information is available, the posterior
becomes the prior and Bayes’ theorem can be applied to determine the updated posterior
distribution. The strength of the posterior, namely how much the probability distribu-
tion of the model parameters is determined by the data, can be checked by carrying out
a sensitivity analysis, i.e. by changing the prior in a consistent way and showing that the

posterior does not change.

The last ingredient of the Bayes’ theorem is the Bayesian evidence, which constitutes
an essential tool for comparing different models as well as evaluating the performance
of a given model [52]. The above-mentioned evidence is the normalization factor of the
posterior distribution, thus it can be obtained by integrating the posterior over the range

of the parameters (2
pldir) = [ plalo. 1)p(611) do. (45)
Qg

Clearly the evidence only depends on the data d and the model I under investigation.
Notice that the posterior distribution is usually not known in a closed form, hence the
evidence must be computed using numerical methods based on the Markov Chain Monte
Carlo approach such as the nested sampling, that allows to express the multi-dimensional

integral (4.5) as a one dimensional integral.

The role of the evidence in model comparison can be immediately understood in light
of Bayes’ theorem, which allows to express the probability of the model I given the data
d from the evidence p(d|I) by inverting the order of conditioning:

p(I|d) < p(d|I) p(I), (4.6)

where p(I) is the probability of the model I. Given a set of data d, it is possible to
compare two models I; and I; by taking the ratio of the probabilities of the two models
obtained from equation (4.6):
I;|d - p(1;
pULld) _ i pT), (4.7)
p(;d) p(1;)

defining the Bayes factor Bj as the ratio of the evidences of two models
,_ pldlh)
B =———. (4.8)
7 p(d]I)

If the Bayes factor is greater (lower) than 1 then the model I; is favoured (disfavoured) over
the model I; by the data. In order to assess the strength of the evidence, the Bayes factor
is usually compared to an empirical scale known as the Jeffreys’ scale [53] (Table 4.1). The
values of |InB;| = 1.0,2.5,5.0 correspond respectively to odds of ~3:1,12:1,150 : 1.
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Table 4.1: Jeffreys’ scale.

Strength of evidence

In B;» <0 the reference model I; is favoured
0<In Bj- < 1.0 inconclusive evidence for model I; or I;
1.0 < In B;- <25 substantial evidence for model I;
2.50 < In B;'- < 5.0 strong evidence for model I;
InB% > 5.0 decisive evidence for model I;

It is interesting to notice that Bayesian statistics naturally embodies an Occam’s razor
effect, the idea that if two hypotheses are equally successful in explaining the observed
data then the simpler hypothesis should always be favoured.

In light of equation (4.8) it is possible to notice that the Bayes factor, which depends
on the data, reflects this particular criterion. In fact, let us assume that the model I; is
more complex (meaning that it has more parameters than I; or a wider parameter range)
than the model [;. It is clear that complex models are naturally more flexible, i.e. they
can accommodate a larger range of possible data by adjusting or tuning the parameters,
which implies that the probability profile p(d|/;) is much broader than the probability
p(d| ;).

This argument shows that if the model I; fits the data sufficiently well, the corresponding
probability p(I;|d) will be greater than the probability p(/;|d) associated to the more
complicated model. In conclusion, if we assume that the prior probabilities of the two

models p(I;) and p(I;) are very similar, the simpler model /; will always be favoured
because p(d|l;) > p(d|1;).

4.2 Markov Chain Monte Carlo

The name Markov Chain Monte Carlo (MCMC) refers to a class of algorithms used in
statistics to sample from a target probability distribution [54]. Those techniques are ex-
tremely useful in Bayesian inference, where the objective is to obtain information on the

unknown posterior distribution.

A Markov chain can be thought of as a collection of random variables {#(®, (1) .. 9"}
that satisfies the so called Markov property, that is, the probability of the (n + 1)-th

element only depends on the value of the n-th element. Notice that each of the ele-
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ments A is a realization of a random variable # which is usually multi-dimensional, i.e.
0 ={64,....,0,,}. Furthermore, the elements of the chain are generated in a probabilistic
fashion, with a transition probability T'(8™,§"+1) of moving from the element 0™ to
61 of the chain.

For the purposes of this thesis, the random variable 6 contains the parameters of the
gravitational model under study. The probability distribution of those parameters can be
effectively sampled by Markov chains because of the following condition: a Markov chain
converges to a stationary state where the elements of the chain are random variables
distributed according to the target distribution (in our case the posterior distribution
p(0]d)), if the chain is irreducible and has no cycles. Irreducible means that there is a non
zero probability of moving between any two elements in a finite number of steps, while a
Markov chain has a cycle when it reaches a given element iteratively.

A Markov chain can be obtained by means of the following sufficient condition known as

the detailed balance condition:
p(8™)d) T(6™, 01 = p(e V) T (p V) 9), (4.9)

which can also be written as an equality between the ratio of the posterior and transition

probabilities
T(Q(n)’e(nJrl)) B p(Q(nH)|d)
(@D, 00) ~ p(Eed)

The samples from the posterior distribution can be used to estimate the expectation value

(4.10)

of any function of the parameters through Monte Carlo techniques, e.g. the posterior mean

can be expressed as
El0] = / (0]d) 6 do ~ Z o (4.11)

and the same approach can be applied to any functlon of the parameters 6.

One of the advantages of the MCMC method is the possibility to evaluate the marginal
probability p(#;|d) with respect to a given parameter 6,

p(0;]d) = /6|d Hd&z, (4.12)

i#]

without computing the integral, rather by dividing the range of 6; in a series of bins and
counting the number of samples in each bin. This result is interesting because marginal-
ization is frequently used in Bayesian statistics to deal with nuisance parameters, i.e.
parameters that can influence the data but are of no interest for the statistical analysis.
In particular, one can infer the joint probability of the parameters of interest and the

nuisance parameters, and then integrate over the latters. A feature worth mentioning is
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that the computational time and the number of dimensions of the parameter space are
related approximately linearly.

Another crucial notion of Bayesian statistics is the so called “credible interval”, which
identifies a region that contains a percentage of the probable values. For instance, an a%
credible interval corresponds to the central part of the posterior distribution that contains
a% of the values. This concept is similar to the “confidence region” usually adopted in
the frequentistic approach, with the crucial difference that in this case the parameters are
fixed and a a% confidence region means that, once repeated samples have been collected,
there is a a% probability that the confidence region calculated for each one of those sam-

ples contains the true value of the parameter.

The MCMC algorithm that will be employed in this thesis is the so called Metropolis-

Hastings algorithm and consists of the following steps:

e sclect a random point #(¥), associated to a posterior probability py = p(#?|d), as

the first element of the chain;

e consider a proposal distribution ¢(6®,6%), which might be a Gaussian of fixed
width centered around ), and draw a candidate point of the chain ) from the
distribution ¢(0,6) :

e the point #°) has an associated probability p. = p(6(?|d) and is accepted as a new
element of the chain with probability

© g
() pO)y _ . [ Pe q(0', )
a(0'9.0%) = min (—poq(9(0)7 ey .1, (4.13)

which has a simpler form in the original Metropolis algorithm, where the proposal

distribution ¢ is symmetric

(6@, 00) = min (&, 1) ; (4.14)
Po
e 0 can be accepted or rejected based on the following criterion: generate a random

number v from the uniform distribution [0,1), and accept 8 if u < o

e If the point A is accepted, it is added to the chain and the procedure can be
repeated substituting 0 with () in the first step. If the point 8 is rejected, a
copy of the element #*) will be added to the chain and the algorithm can be applied

again.

The crucial feature of the Metropolis-Hastings algorithm is that it is not necessary to

know exactly the target distribution that we want to sample, rather it is enough to know
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a function that is proportional to the target distribution. In our case, we only need the
unnormalized posterior, i.e. the product of the likelihood and the prior.

Notice also from (4.14) that the candidate point can be accepted or not, despite p. > po,
which leads us to the topic of acceptance rate: the probability that a new element is
accepted into the chain. It is possible to show that the optimal acceptance rate is approx-
imately 25%. It is clear that the proposal distribution ¢ strongly affects the construction
of the Markov chain: if the scale of ¢ is too small compared to the scale of the target dis-
tribution then the exploration of the parameter space will be restricted to a local region,

while a large scale corresponds to a lower acceptance rate and a slow growth of the chain.

The Metropolis-Hastings algorithm is a general procedure for constructing a Markov chain
that converges to the target distribution, but since the chain is started at a random point
the initial elements of the chain are not samples of the target distribution and they have
to be discarded. In fact, the posterior probability corresponding to the initial points will
generally be small and progressively increase as the chain approaches the region where
there is a better fit to the data. This initial part of the Markov chain is called “burn in”
or “warm up”, and can be identified by studying the evolution of the chain in parameter
space as a function of the number of steps. More specifically, the chain starts sampling
from the posterior distribution when we observe a flattening of the natural logarithm of

the posterior as a function of the number of steps (Figure 4.1).

1000 1 1000

722 | 1 722

1 102 104 1 102 104
Steps Steps

Figure 4.1: Burn in period [52].

Two features of the MCMC algorithms must be highlighted: first, the MCMC algorithm is
local and it may remain trapped inside a local region of the target distribution, thus being
unable to explore effectively the parameter space; second, the elements of the Markov
chain are correlated to one another, which is not a problem in itself for the statistical
inference of parameters but in some cases it is useful to have uncorrelated samples. This
result can be achieved through the so called thinning technique, which consists of retaining

only one element of the chain every N ~ 103,

o8



4.3. BAYESIAN ANALYSIS OF NON-LOCAL GRAVITY AT GALACTIC SCALES

4.3 Bayesian analysis of Non-local Gravity at galactic

scales

The goal of our statistical analysis is to obtain a sample of the posterior probability
distribution p(#|d) of the parameters of General Relativity and the Deser-Woodard model
in the various scenarios outlined before. This goal can be reached by minimizing a x?
employing the Metropolis-Hastings algorithm, implemented through the software Wolfram
Mathematica.

The data for DF44 are reported in Table (4.2) [55], where the radial circular velocities of
the globular clusters of the galaxy v;, as well as the corresponding dispersion velocities o;

are divided into nine bins with their corresponding uncertainties. From those data the y?
reads [39]

9 2 9
XQ(@) _ Z (O'eff,z - Ulo‘s,z(9>) + Z 1n<27‘-502ff,i)7 (4.15)

i=1
where 0y,,(0) is the theoretical prediction for the dispersion velocity, o.s7; = (02 +v2)'/2
is the effective velocity dispersion and do.ss; is the corresponding uncertainty. Notice
that equation (4.15) differs from the usual definition of x? which is employed to compare
the theoretical predictions of a model with the actual observations. The reason is that the
equation (4.15) is obtained from the logarithm of the likelihood function p(d|@, I). This
function is approximated as a gaussian distribution, hence the first term in our definition
of x? can be obtained from the exponent of the gaussian distribution while the second

term is due to the normalization constant.

Table 4.2: Velocity dispersion profile.

R v o
(kpc) (km/s) (km/s)
0.23 0.2%2 26.174
0.49 —3.472¢ 26.7731
0.79 —3.17%2 26.51 54
1.13 —0.7729 31.873:3
1.53 0.5720 29.1+34
1.94 0.7+%9 29.573:0
2.55 —0.4723 29.3+31
3.62 0.31%3 34.4738
5.13 5.9138 40.2779
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The number of parameters contained in 6 depends on the particular model under investiga-
tion. For example, when we study the kinematics of DF44 in the framework of GR without
assuming any Dark Matter contribution, there are five parameters 0 = {D, Y., o, Boos Ta }-
On the other hand, when we address the same problem in the framework of the Deser-

Woodard model assuming a nonzero Dark Matter contribution, there are ten parameters
6= {Da T*> 507 5007 Ta, M2007 C200, 7Yy ¢, 7'5}.

It is important to notice that the x? that was actually minimized using the Metropolis-
Hastings algorithm includes also some priors on the parameters of the theory as reported
in Table (4.3). Notice that we set flat priors on the logarithm of the non-local parame-
ters of the Deser-Woodard model r, and r¢ over a large range (—10,5). It is also worth
mentioning that some of the parameters are associated to more than one prior; the rea-
son is that, as previously mentioned, priors can also contain information on the sign of
the parameters, for instance on the distance D there is one gaussian prior based on the
observations and a uniform prior over the range (0, 00) because the distance is a positive
quantity. The same argument holds for the other parameters, a remark can be made for
the parameter 7 that is associated to a uniform prior over the interval (0,3) where the

upper limit is due to convergence of the extended potentials calculated in section 3.2.

Table 4.3: Prior distributions used throughout our statistical analysis. N refers to normal
distributions, log N to log-normal distributions, and I/ to flat priors. Moreover, f. denotes
the function f.(Mago) from the ¢ — M relation of [56].

Parameters Priors References

N (102, 14) [57]
D (Mpc)

U(0, o0) -

log (1.5, 0.1)  [58, 59]

U(o, 20) -

log (0, 0.5) -
1-86;
U(-10, 1) -

log N(fe, 0.16) (56]

U(0, 20) -

lf)g 1"12[)() (A[(“) Z/{((L 20) -

v U0, 3) -
log g (kpc) U(-10, 5) -
logr¢ (kpe) Uu(-10, 5) -
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In order to remove the burn-in and improve the exploration of the parameter space, the

following three-step procedure has been employed:

e first of all, run an exploratory Markov Chain of 10000 points using arbitrary values
for the parameters § = {61,0,,..,0,} of a given model and choosing as proposal

distribution a multivariate gaussian distribution with n x n covariance matrix C

0.01 0 0
0 00l 0 0 0
c=1 o0 . 0 (4.16)
0 0 0 001 0
0 0 0 0 001

e run an additional Markov Chain of 10000 points using as matrix C' the covariance
matrix of the previous sample. The starting point of the Markov Chain corresponds

to the parameters for which the first Markov Chain has obtained a minimum of the
X%
e run a final Markov Chain of 50000 points applying the same method of the second

chain. The sample of the target distribution obtained from this chain will be used

for the statistical analysis.

This process has been applied to the Deser-Woodard model and to General Relativity.
Once the final Markov Chain has been obtained, it is possible to gather information on

the parameters of the models such as their marginal posterior distribution.

4.4 Results

The results of the statistical analysis are reported in Table (4.4), which contains the best
estimates or ranges of the parameters for the different models analyzed, as well as the
Bayes factors. This coefficient has been calculated for the different gravitational scenarios
by taking as a reference model I; the case of General Relativity with Dark Matter, in fact

the corresponding Bayes factor is equal to 1 and its natural logarithm is zero.

First of all, in the GR case it is clear that the baryonic component alone cannot ex-
plain the kinematics of DF44 since the Bayes factor strongly disfavours this scenario with
respect to the case of GR with the additional Dark Matter component. This result is also
supported by the dispersion velocity profiles shown in the left panels of Figure (4.3). The
additional degrees of freedom associated to the DM indeed allow a significantly better fit,

showing a very good agreement with the observational data points. Moreover, the results
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of our analysis in the framework of GR are in perfect agreement with the previous results
in literature, that stand for a dominant DM contribution to the kinematical features of
DF44 [39].

In our best-fit scenario, based on GR plus a dominant Dark Matter component, it is clear
that the favoured model for the velocity dispersion is the one dominated by the tangential
component, since the parameters 5y and (., have negative values. Notice also that the
parameter r, remains unconstrained.

Furthermore, as far as the Dark Matter density profile is concerned, the value of ~ is lower
than one, exhibiting a departure from a standard Navarro-Frenk-White profile. Again,
our results are completely compatible with previous analysis like the one carried out in
[39].

Table 4.4: Results from the statistical analysis of DF44. Unconstrained parameters are
labelled with U. The Bayes factor has been computed using the standard ACDM paradigm
as reference model, where the role of A is played by the non-local gravitational corrections,

while the CDM component is retained.

Galaxy parameters Anisotropy parameters eNFW parameters Non-local parameters | Bayes factor
D T Bo Boo Tq €200 log Magg v log g log re In B,‘
(Mpc) (kpc) (M) (kpc) (kpc)
GR:stars | 1124671355 2151043 < —7.73 —0.28190% U - - - - - | —42000
GR:stars + DM| 99.92713% 1617043 | > 431 >-195 U |102874% 1031700 <062] - - 0
NL:stars 1113811378 2147040 < —778 —024700 U - - - |—a0sTEY U | —53000
NL: stars + DM | 100.3371410 1.657040 | 2707212 078100 U | >480 >1025 <0.54|-0.51727 > —3.97| —1.4170%

Let us now turn to the Non-local Gravity scenario. It is worthwhile to compare both
the non-local cases with the corresponding analyses in GR. It can be immediately seen
that the results are very similar and that non-local corrections do not provide significant
changes to the estimates obtained in the framework of GR. However, notice from the Bayes
factors that the non-local gravity model is slightly disfavoured with respect to GR. This
result can be clearly understood in light of the previous discussion regarding the Occam’s
razor effect in Bayesian statistics. Even though the fits in the non-local framework are
slightly better than those in the GR case, as shown in the right panels of Figure (4.3), this

improvement is not sufficient to justify the additional complexity of the Deser-Woodard
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model with respect to GR.

The almost equal constraints on the free parameters of Table (4.4) are due to the sub-
dominance of the non-local corrections to the Newtonian potential. The contribution of
®,(r) can be evaluated from the expression (2.64), once the potential has been extended
to the case of Dark Matter and stellar matter distributions. Let us first consider the case
of non-local gravity with only the stellar contribution: substituting the median value of
the parameters reported in Table (4.4) and a value of r of the order ~kpc clearly shows

that the non-local correction is subdominant, in fact

®; ~ 107 kpc?/s?, (4.17)
while the standard GR contribution is

g ~ 107! kpc? /82, (4.18)

Similarly, in the case of non-local gravity with the contributions of both stellar matter

and Dark Matter, the non-local correction is of the order

®; ~ 107% kpc?/s?, (4.19)
compared to the standard Newtonian term

g ~ 107 kpc? /2, (4.20)

Table (4.4) also shows that in the non-local case with only the stellar component the best
estimates for the non-local length r, is significantly lower than the one obtained when
there is also a Dark Matter contribution. This is due to the fact that in the first case
the non-local correction, which is inversely proportional to the non-local radius, has to
compensate the contribution of Dark Matter. However, as previously shown, the non-
local correction is still unable to substitute the Dark Matter contribution, thus resulting
in a poor fit of the observational data. As in the GR framework, the stellar scenario is
therefore disfavoured with respect to the case in which the DM is considered. The Bayes
factor indeed implies a strong evidence for the presence of Dark Matter, both in the GR

and the Non-local case.

Our statistical analysis in the non-local gravity framework also allows to set constraints
on the two non-local length scales r, and r¢ that characterize the Deser-Woodard model.
The non-local radius r,, associated to the dynamical scalar field ¢, is better constrained
than the length scale r¢, which is associated to the Lagrange multiplier. The latter re-
mains unconstrained in the case of the stellar fit, while a lower bound can be set when

the DM contribution is taken into account. In the best-fit non-local scenario, when DM is
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added to the modelling of DF44, the constraints on the non-local length scales therefore
are
—3.85 <logry <230 and logre > —3.97, (4.21)

In this case (NL:Stars+DM) it is also interesting to look at the marginal posterior distri-
butions associated to the parameters r, and r¢ that can be obtained using the approach
presented in section (4.2). In particular, figure (4.2) shows a smooth kernel distribution
(i.e. a nonparametric representation of a probability density function characterized by
a smoothing kernel and a bandwidth) for the marginal posteriors of r4 and r. based on
the results attained from the Metropolis-Hastings algorithm. While 74 shows a peaked
posterior, thus allowing to set proper but loose constraints, the length scale r¢ results in

an highly irregular marginalized posterior, and only a lower bound can be therefore set.

Figure 4.2: Smooth kernel distributions of p(r4|d) and p(r¢|d) with a gaussian smoothing

kernel and using the standard deviation as bandwidth
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Overall, the statistical analysis shows that the Deser-Woodard model offers a good expla-
nation for the accelerated expansion of the Universe but the corrections to the Newtonian
potential at the galactic scale of DF44 are not sufficient to replace the effect of Dark
Matter.

64



4.4. RESULTS

Figure 4.3: Velocity dispersion profiles of DF44 in the framework of General Relativity
(left panels) and Non-local gravity (right panels). Black dots and bars are the observa-
tional data oy from [55], with uncertainties. Colored dashed lines and shaded regions
respectively are the median and the 1o credible region of the oy, profile, derived from
equation. (3.38).
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Discussion and Conclusions

In this work we have performed a new test of the Deser-Woodard model in the case of
the Ultra-Diffuse galaxy DF44. We have compared this model with GR and tested two
gravitational scenarios: one where the Deser-Woodard model mimics the effects of Dark
Energy at cosmological scale and the other where this model also replaces the Dark Mat-
ter. The comparison between the observational data and the theoretical predictions has
been realized using the velocity dispersion along the line-of-sight as our reference physical
observable. For what concern the theoretical predictions, it has been necessary to extend
the non-local potential to the extended matter density profiles that models the Ultra-
Diffuse Galaxies. Therefore, to the best of our knowledge, the extension of the non-local
potential has been calculated for the first time both for the Sersic profile, modelling the
stellar component, and the generalized Navarro-Frenk-White profile, modelling the Dark
Matter distribution. This extension has been performed in the Weak-Field limit, through
tabular methods. The theoretical prediction for the velocity dispersion was then obtained

using the Jeans equation once we had specified the anisotropy profile 5(r).

The statistical analysis has shown that the Deser-Woodard model offers a good fit to
the observational data when it acts as a Dark Energy model, namely when it is used to
account for the accelerated cosmic expansion, while retaining the Dark Matter component
to account for the clustering properties of the Universe. Indeed, the corrections to the
Newtonian potential induced by the non-local model cannot explain the kinematics of
DF44 only in terms of the stellar component, rather a significant amount of Dark Matter
is required. More specifically, when a Dark Matter component is added to the model it
is possible to fit the observational data, even though the Bayesian parameters slightly
favour the GR case. A full Occam’s razor effect is here at play: the non-local corrections,
despite being subdominant compared to the GR contribution, allow a non-negligible im-
provement of the fit. However, this gain is too slight to support the additional complexity
of the non-local gravity model. Nonetheless, in this particular case we were able to set a
constraint on the non-local length scale r4 related to the dynamical scalar field ¢ and a

lower bound on the non-local length 7, associated to the Lagrange multiplier .
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As the number of model parameters is big with respect to the observational data points,
the analysis carried out in this thesis can be improved by using an additional prior to
break the degeneracy between some of the parameters. The stellar-to-halo mass relation
(SHMR) [60], which account for the co-evolution of the stellar content of a galaxy and its
Dark Matter halo, might be a robust information to add a priori to our analysis setup.
In fact, it is expected both from theoretical and numerical consideration that the stellar
mass of a galaxy is strongly related to the halo mass as a result of the galaxy formation
process. Furthermore, it would be interesting to consider a different anisotropy profile
for the velocity dispersion, with 3(r) constant. Indeed, this profile cannot be directly
deduced from observations as the instrumental resolution is not high enough to discern
the variation of the stellar kinematics over the galaxy radius.

It is also worthwhile to remember that the extended non-local potentials have been ob-
tained by interpolation once the parameter space has been suitably tabulated, hence the
results obtained so far can actually be sharpened by a denser sampling of the parameter

space. This approach may result in better constraints on the non-local parameters.

The natural continuation of this work is to test the Deser-Woodard model at other astro-
physical scales in order to study if there is a functional relation between the non-local radii
and the masses of different astrophysical systems. In fact, some tests of this model have
already been performed at the scale of the S2 star[2], which orbits the Galactic Centre,
and at galaxy cluster scale [3]. The work presented in this thesis can be considered as a
test of the Deser-Woodard model at an intermediate astrophysical scale, aimed at finding
additional constrains on the non-local lengths and studying the mass distribution of the
Ultra-Diffuse galaxy DF44. More specifically, the information gathered in all those tests,
and additional ones that will be realized in the upcoming future, can be employed to in-
vestigate a possible functional relation between the non-local radii and the gaps observed
among the typical masses and scales of galaxies, clusters of galaxies and superclusters.
This line of research may then allow to address the problem of hierarchical structure for-
mation theoretically in the framework of Non-local theories of Gravity.

Another interesting development of this work is to consider different types of Non-local
theories of Gravity, replacing the operator [J=! with other non-local operators that may
emerge from QFT or Teleparallel Gravity. To this extent the Dark Matter hypothesis, as
well as possible alternatives like Non-local theories of Gravity, can be effectively tested at

those astrophysical scales using MCMC methods and computer simulations.
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