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Introduction

In the �eld of quantum technology, the search for superconducting quantum bits (qubits)
has inspired a relentless pursuit of innovation in the fabrication, characterisation and
analysis of Josephson junctions (JJs), the fundamental components of all superconducting
qubits. The main motivation for the development of Josephson junction qubits has been
their potential application as building blocks for a quantum computer. This is why com-
panies such as IBM and Google now have large teams of researchers trying to make a
signi�cant number of Josephson junction qubits work well together [1]. Superconducting
qubits have become a dominant platform for realising large-scale quantum processors
[2], which would perform in the near future remarkable computational tasks far beyond
the capabilities of classical computers, such as prime factorisation [3] and the simulation
of complex quantum systems [4]. Unlike other forms of quantum computing, such as
electron spins, trapped ions, ultracold atoms and nitrogen-vacancies in diamond, where
quantum information is stored in natural microscopic two level systems, these circuits
allow their properties, including their characteristic frequencies to be designed with a
high degree of �exibility and scalability [2].
Among the large variety of superconducting qubits that have been designed to date, the
transmon has become one of the most widely used since its creation and forms a key part
of many scalable quantum information processing architectures using superconducting
circuits [5]. Its frequency tunability through the use of the magnetic �ux that threads a
loop geometry is one of the key advantages. This �ux tuneability, which allows for faster
gate operations, has however important drawbacks, the most important the susceptibility
to �ux-noise, which reduces the typical relaxation and phase coherence times. Further-
more, the milliampere currents that control the �ux generate crosstalk between qubits
and heating, thus complicating the integration [6, 7]. Recently, a proof-of-concept for
a hybrid ferromagnetic transmon qubit, known as ferro-transmon, has been proposed
[8]. If it is successfully implemented, this novel approach to qubit architecture has the
potential to discover new avenues for engineering superconducting quantum processors.

The main concept behind this architecture is to use a magnetic Josephson junction
(MJJ) as the magnetic sensitive component of the superconducting quantum circuit instead
of a typical tunnel Superconductor-Insulator-Superconductor (SIS) JJ, which is commonly
used as the non-linear element in qubit architectures. This choice allows an alternative
tuning of the qubit frequency using magnetic �eld pulses. MJJs made of a Superconductor-
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Ferromagnet-Superconductor (SFS) structure have issues with quasiparticle dissipation,
which compromise the qubit performance. However, SIsFS JJs have a di�erent structure
that allows high quality factors and low quasiparticle dissipation, achieved by including
an insulator barrier [9]. Since superconducting quantum circuits almost exclusively rely
on aluminium technology, aluminium-based SIsFS have been realised for the �rst time
[10].
In this thesis, two types of Josephson junctions are compared in order to identify the
main characteristics of a SIsFS JJ: the �rst without ferromagnet; the second with a layer of
ferromagnetic material, Permalloy (Ni80Fe20). The thesis is organised in the following way:
the �rst chapter presents theoretical notions necessary to understand the Josephson e�ect
and the behaviour of a JJ in a magnetic �eld. Then the phase dynamics of underdamped
and moderately damped JJs will be addressed, both in the thermal and in the quantum
regime.
The second chapter is focussed on MJJs. After providing a brief overview of the key
characteristics of ferromagnetic materials, we proceed to examine SFS and SIsFS JJs,
discussing their similarities and di�erences. Then, our discussion is focused on the
realization of scalable SIsFS JJs, demonstrating that they are the smallest memory elements
compatible with standard superconducting circuits [11].
In the third chapter the experimental setup will be described with a special focus on the
cryogenic (dilution refrigerator) and room temperature measurement set-up. The role of
�lters and temperature control techniques within the cryostat are discussed. In the fourth
chapter, transport properties of SIS and SIsFS Josephson junctions based on aluminium
are discussed. In particular, the main electrodynamic parameters of the fabricated JJs are
presented. The dependence on the magnetic �eld and the conductance-voltage trends for
tunnel and ferromagnetic junctions are then examined. Finally, in the last section of the
chapter, the measurements of switching current distributions are reported, thus providing
fundamental insights of the measured junctions.



–1–
Conventional Josephson junctions

The purpose of this chapter is to present the principal notions and theories that we will
reference in this thesis. Firstly, after a brief introduction to the notion of superconductivity,
the basic principles of the Josephson junction and how it operates when subjected to a
magnetic �eld are presented, emphasising the physical quantities involved in the di�erent
processes. After that, we’ll discuss the theory of phase dynamics of Josephson devices,
which is necessary for a complete understanding of their electrodynamics.

1.1 Introduction to superconductivity

In 1911, while studying the properties of matter at very low temperature, Kamerlingh
Onnes discovered that the electrical resistance of mercury goes to zero below 4.2K . This
was the very �rst observation of the phenomenon of superconductivity.
Below the critical temperature Tc , materials undergo a transition into the superconduct-
ing state. This state is characterized by two main properties. Firstly, materials in the
superconducting state display zero resistivity to the �ow of electrical current. Secondly,
weak magnetic �elds do not penetrate the superconductor but concentrate on its surface,
resulting in perfect diamagnetism. In the latter case there is thus a simultaneous transition
from a positive �nite value of the magnetic susceptibility χ forT > Tc to a value of χ = -1
for T < Tc .

3



Figure 1.1: Illustration of the Meissner e�ect: at temperatures higher than Tc (normal
state), magnetic �eld lines pass through the material; at temperatures lower than Tc
(superconducting state), the �eld is expelled from the material [12].

The combination of these two properties provides a clear distinction between a su-
perconductor and a perfect conductor (which has unique transport properties associated
with zero resistance) [13].
Consider a system initially exposed to a zero magnetic �eld and at temperature T > Tc ,
and then cooled until T < Tc . At this point, by turning on the magnetic �eld and being
below the critical temperature, we observe that the magnetic �eld lines are expelled from
the superconducting system. Now suppose we reverse the order of events: at temperature
T > Tc we turn on the magnetic �eld and there will be a �ux associated with the material,
then we cool the material to a temperature T < Tc , again there will be an ejection of the
magnetic �eld �ux lines from the superconductor. The ejection of the magnetic �eld is
due to the generation of surface screening currents, which in turn induce a magnetic �eld
that balances the external magnetic �eld. This �eld expulsion phenomenon is known as
the Meissner e�ect [14] (Fig. 1.1).
The �rst phenomenological model to explain the transitions to the superconducting state,
and in particular the Meissner e�ect, was proposed in 1935 by F. and H. London using
two equations. Their idea was to treat the superconducting system as a two-�uid model,
where the current density �owing in a superconductor is given by the sum of the normal
current density and the superconducting current density.

The �rst London equation describes the dynamics of electrons in the absence of
collisions and implies that a perfect conductor cannot sustain an electric �eld. The
second London equation predicts that a superconductor under stationary conditions
cannot support a magnetic �eld inside it, except for a thin surface layer. Indeed the
magnetic �eld penetrates into the superconductor within a characteristic distance, the
London penetration lenдth: using the theory of Ginzburg and Landau, it is derived to be
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equal to

λL =

√
msc2

4πnsq2
(1.1)

where, ms is the mass, ns represents the superconducting electron density and q is the
charge.
The value of the London penetration length depends on the material.

London penetration length increases slowly at low temperatures and diverges as it
approaches the transition temperature Tc . The empirical law predicting the temperature
dependence of the London penetration depth is

λL(T ) = λL(0)
[
1 −

(
T

Tc

)4]−1/2
(1.2)

To understand what happens when an external magnetic �eld is applied to a supercon-
ductor, consider a semi-in�nite sheet of superconducting material placed in a region of
space with a uniform magnetic �eld with a direction parallel to the z-axis, as shown in
Figure 1.2.

Figure 1.2: a) Geometry of the semi-in�nite superconducting plate; b) penetration length
of the magnetic �eld parallel to the surface as a function of the z axis.

So a magnetic �eld parallel to the interface, for example along the z-axis, penetrates into
the superconductor and decays exponentially according to the behaviourB(z) = B(0)e−z/λL
[15].

1.2 Ginzburg-Landau theory
An important theoretical approach explaining superconductivity is the macroscopic
phenomenological theory of Ginzburg-Landau (1950) [16]. This theory focuses primarily
on current carriers in the superconducting state, called superparticles, which were later
identi�ed, thanks to the BCS (Bardeen-Cooper-Schrie�er) microscopic theory, as special
bosonic entities, called Cooper pairs, consisting of electron pairs with opposite spin, mass
m∗ = 2me and charge e∗ = 2e [17].



To describe the superconducting state, a macroscopic complex function is introduced,
the order parameterψ , which characterises the level of order reached in the transition
from the disordered phase for T > Tc (normal metal) to the ordered phase for T < Tc
(superconducting phase), the modulus of which is proportional to the density of Cooper
pairs [18].

ψ (®r ) =
√
ns(®r )e

iθ (®r ) (1.3)
where the real quantity θ (®r ) is the phase. ψ (®r ) at a given temperature T is related to the
local number of the carriers in the superconductor by the relation:

npairs = |ψ (®r )|
2 (1.4)

The thermodynamic properties of the superconducting state can be described in terms
of the free energy F (T ) = U −TS , where U is the internal energy, T is the temperature
and S is the entropy, according to the mean-�eld theories [12]. Because we are near the
transition, the order parameter is small. This led Ginzburg and Landau to suggest that
near the critical temperature the free energy can be expressed as a series of the order
parameterψ (®r ) [16]:

FS (®r ,T ) = FN (®r ,T ) + α |ψ |
2 +

β

2 |ψ |
4 +

1
2m |(−i~

®∇ − 2e ®A)ψ |2 + B2

2µ0
(1.5)

where FN (T ) is the free energy in the normal state, α and β are two phenomenological
parameters and the last term is the vacuum energy of the magnetic �eld. The magnetic
vector potential A is such that ®B = ∇ × ®A. FS (T ) is a functional of the order parameterψ .
We remark here that since all the terms in eq. (1.5) represents energy densities, the total
free energy of the system is

FS (T ) =

∫
V
d®rFS (®r ,T ) (1.6)

We now apply the variational method to �nd the equilibrium condition δFS (T ) = 0, which
gives us the f irst and second Ginzburд-Landau equations:

αψ + β |ψ |2ψ +
1
2m

(
−i~®∇ −

2e
c
®A

)2
ψ = 0

®Js =
e~

2im (ψ
∗∇ψ −ψ∇ψ ∗) −

2e2
mc

ψ ∗ψ ®A

(1.7)

Let us consider the �rst equation of GL 1.7. In the absence of a magnetic �eld it becomes:

α(T )ψ + β |ψ |2ψ −
1
2m~

2∇2ψ = 0, (1.8)

from which dividing by α gives:

ψ +
β

α(T )
|ψ |2ψ −

~2

2mα(T )∇
2ψ = 0. (1.9)
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The coe�cient for the second derivative in the �rst GL equation represents a new charac-
teristic length: the coherence lenдth ξ de�ned as the characteristic length over which the
macroscopic wave functionψ varies

ξ =

√
~2

2mα(T ) . (1.10)

Let us assume that, in the vicinity of Tc , α(T ) ∼ α0(T −Tc) and β(T ) ∼ β0, with α0 and β0
de�ned as positive and such that α(T ) vanishes atTc and is negative belowTc . In this way,
we obtain a temperature dependence given by [12]:

ξ =
~2

2m |α0 |


(
T

Tc
− 1

)− 1
2
f or T > Tc(

1 − T

Tc

)− 1
2
f or T < Tc

(1.11)

The coherence lenдth, together with the London penetration lenдth, helps us to understand
the di�erence between a type 1 and a type 2 superconductor.

Figure 1.3: Variation of magnetic �eld ®H and wave function ψ at the normal metal -
superconductor interface. a) In a type I superconductor we have λL < ξ , instead in a type
II superconductor b) we have λL > ξ [12].



• A type I superconductor will not accept a magnetic �eld until a critical applied �eld
Hc is reached. Above this value, the �eld completely destroys the superconducting
state and it reverts to the normal state.

• In a type II superconductor, the external magnetic �ux is completely expelled until
a �rst critical �eld HC1 is reached, at which point a mixed state occurs in which the
�ux partially penetrates the superconducting region in the form of vortices, each
carrying a �ux quantum de�ned asϕ0 = h

2e . WhenH > HC2 > HC1, there is complete
penetration of the �eld, again resulting in the destruction of the superconducting
state.

1.3 Josephson E�ect

One of the most important theoretical breakthroughs in superconducting physics came
in 1962, when Brian D. Josephson �rst predicted that a non-dissipative current could
�ow between two superconducting electrodes separated by insulating barriers of a few
nanometres. This device, known as a Josephson junction (JJ), has become a widely used
tool in science and for engineering applications in superconducting electronics. From
a fundamental physics point of view, the Josephson e�ect is unique in that it provides
direct access to the phase di�erence φ of the macroscopic wave function that describes
the superconducting state. We will therefore give some hints about the quantum nature
of the Josephson e�ect in insulating barrier junctions (SIS), commonly referred to as
conventional JJs, since their properties have been widely represented by models obeying
BCS theory.

1.3.1 Josephson equations

The Josephson junction consists of two superconducting electrodes separated by a thin in-
sulator (SIS). The operation of the Josephson junction is based on the physical phenomenon
of the tunneling of Cooper pairs through the insulating layer from one superconductor
to the other, so that the whole system behaves as a single superconductor. Therefore, in
order to understand the Josephson e�ect, let us look at the simpli�ed model of a Josephson
junction (�g. 1.4). There is a Josephson e�ect as long as the macroscopic wave functions of
the two electrodesψL = |ψL |e

iφL andψR = |ψR |e
iφR overlap in the barrier region, giving rise

to a �nite current of Cooper pairs, the supercurrent Is . This is a non-dissipative current,
i.e. there is no �nite voltage across the junction in the superconducting state.
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Figure 1.4: Qualitative behaviour of the superconducting wave functions in a JJ. In the
central region it is possible to observe the overlapping of the wave functions.

The �rst and second Josephson equations are the following [17]:
Is = Icsinφ

∂φ

∂t
=

2eV
~

(1.12)

where φ = φL − φR is the phase di�erence between the two superconducting electrodes
φL and φR . The �rst equation states that the supercurrent �owing through the junction
depends only on the phase di�erence between the two superconducting electrodes. Ic is
the critical current of the junction. The critical current is the maximum current that can
�ow through the junction without a voltage drop across it. The second equation predicts
the behaviour of the phase di�erence as a function of time when a �nite voltage appears
across the junction.
The �rst Josephson equation de�nes the current-phase relation (CPR) of the device and is
fundamental to calculate most of junction properties [1]. A more general expression of Is
includes the higher harmonics for unconventional junctions:

Is = Ic sinφ +
∑
m=2

Icm sin(mφ) (1.13)

We note from the Josephson equations that even atV = 0, current can �ow by biasing the
current up to the maximum value of the supercurrent, Ic . Instead, in the presence of a
potential di�erence V , 0, the phase varies with time

φ = φ0 +
2eV
~

t (1.14)

and an alternating current appears

I = Ic sin
(
φ0 +

2eV
~

t

)
(1.15)



with a frequency ω = 2πν = 2eV
~ . This is referred to as the a.c . Josephson e f f ect . The

ratio between frequency and voltage is constant and is given by:

ν0
V
=

2e
h
= 483.6MHz/µV (1.16)

The experimental observation of this phenomenon can be seen in the case of a junction
subjected to microwaves with a DC voltage bias, where there are steps in the current at
constant voltage. Such steps were �rst observed by Shapiro [19] in 1963 and are therefore
called Shapiro steps . The steps current occurs at voltage:

Vn =
nh

2e ν0 (1.17)

where n is an integer number.
Above we have introduced the critical current of a junction in a somewhat phenomenolog-
ical way. The expression for the critical current can be derived rigorously on the basis of
the microscopic BCS theory, and it was �rst done by V. Ambegaokar and A.Barato� [20].
The resulting Ambegaokar-Barato� (AB) relation for the critical current of the junction
reads:

Ic(T ) =
π

2eRN
∆(T )tanh

(
∆(T )

2kBT

)
, (1.18)

where an increase in temperature causes a suppression of the critical current Ic . RN is the
normal-state resistance and ∆ is the superconducting gap [20]. For T = 0, Eq. 1.18 takes
the following simpli�ed form

Ic(0) ≈
π∆

2eRN
. (1.19)

1.3.2 Magnetic field e�ects

One of the most useful and exciting aspects of the Josephson junction is its behaviour in
a magnetic �eld. Let us consider a planar junction, as shown in the �gure 1.5, in the x-y
plane and apply a magnetic �eld along y. From the second Ginzburд-Landau equation, it
is possible to derive the phase gradient as a function of the current density:

®∇φR,L =
2e
~c

(
mc

2e2 |ψ |2
®Js + ®A

)
(1.20)
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Figure 1.5: Scheme of a standard Josephson junction in an external magnetic �eld Hy .
The areas in yellow indicate the regions where the �eld penetrates the superconducting
electrodes.

To obtain the relationship between the supercurrent passing through the junction and
the applied magnetic �eld, we need to integrate along the path shown in the �gure 1.5.
Assuming that the thickness of the superconducting �lms is much greater than the London
penetration length, we can extend the contours CL and CR outside the penetration region
where ®Js current density becomes zero. We choose the integration paths shown in the
�gure so that they are perpendicular to the supercurrent ®Js inside the penetration region.
In this way we obtain [17]

φ(x + dx) − φ(x) = [φLb(x + dx) − φRb(x + dx)] − [φLa(x) − φRa(x)]

=
2e
~c

[∫
CL

®A · d®l +
∫
CR

®A · d®l
]

=
2e
~c

∮
®A · d®l

(1.21)

In the last expression, the integral along the two paths is equal to the circuit of the vector
potential and thus to the magnetic �ux. Switching to di�erential notation, we can rewrite
the previous equation as

dφ

dx
=

2e
~c
(2λ + t)Hy (1.22)

which, when integrated along x , becomes

φ =
2e
~c
dmHyx + φ0 (1.23)



where
dm = (λL + λR + t) (1.24)

is the magnetic thickness, i.e., the thickness penetrated by the external magnetic �eld
Hy [15, 21], with λL and λR the London penetration depths in the two superconductors, t
the thickness of the barrier and φ0 is the phase di�erence for x = 0. This relation is valid
until the electrodes can be considered bulk, i. e. when dL(R) > λL(R), where dL(R) are the
left (right) electrode thicknesses. For junctions with dL(R) < λL(R), instead, the e�ective
magnetic spacing becomes

d′ = t + λLtanh
(
dL
2λL

)
+ λRtanh

(
dR
2λR

)
. (1.25)

Substituting equation 1.23 into the �rst Josephson equation 1.12 and integrating over the
entire junction area, we obtain the analytical expression for the critical current Ic(H ).
In particular, a rectangular junction with a lateral size L and a uniform tunneling current
distribution shows a dependence of the maximum supercurrent on the applied magnetic
�eld in the form of a Fraunhofer-like di�ration pattern as shown in �gure 1.6:

Ic(Φ) = Ic

�����sin(πΦΦ0
)

π Φ
Φ0

����� (1.26)

where Φ = HyLdm is the magnetic �ux and Φ0 =
h
2e = 2.07 · 10−15Wb is the magnetic �ux

quantum. The analogy with the course of the light intensity in the Fraunhofer di�raction
produced by a slit of the same shape as the barrier is obvious, where in this case the
minima are found at values of the magnetic �eld �ux multiples integer of the �ux quantum,
arranged symmetrically and uniformly with respect to to the origin [17]. The periodicity
of Ic is de�ned as half the amplitude of the �rst lobe of the Fraunhofer pattern. In terms
of magnetic �eld it is given by

∆H =
Φ0

L(λL + λR + t)
(1.27)

and if the two superconductors are equal (λL = λR) this periodicity furnishes a method for
the determination of the London penetration depth. This applies as long as the thicknesses
of the superconducting �lms are large compared with λL. When this condition is no longer
satis�ed, eq. 1.27 is modi�ed as

∆H =
Φ0

L
(
λLtanh dL

2λL + λRtanh
dR
2λR + t

) (1.28)

For circular JJs with a uniform zero-�eld tunneling current distribution, modulation takes
the form of an Airy pattern [17]

Ic(Φ) = Ic

�����2J1(πΦΦ0
)

πΦ
2Φ0

����� (1.29)
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where Ic = πR2Jc e J1(x) is the Bessel function of the �rst kind. In this case, the �ux
threading the junction is: Φ = µ0H2Rdm, with R the radius of the junction. For H oriented
along x̂ or ŷ and Jc uniform, the secondary lobes are of much smaller amplitude and the
minima are not integer multiples of the �ux quantum Φ0, in contrast to a rectangular
junction. A qualitative sketch can be looked at in Fig. 1.6.

Figure 1.6: Dependence of the maximum supercurrent on the external �ux for di�erently
shaped JJs. Square junctions follow a Fraunhofer pattern (solid line), circular junctions
follow an Airy di�raction pattern (dashed line) [15].

Ic(Φ)measurements are an important tool for characterising the quality of the junction.
Deviations from the expected behaviour of Ic(H ), such as minima with non-zero current,
suppression of the amplitude of some lobes, asymmetry of the pattern and inaccurate
de�nition of the junction geometry (e.g. patterning problems) or spatial inhomogeneities
in the tunnel barrier, can be related to non-uniform current distribution, arbitrary orienta-
tion of the applied in-plane magnetic �elds or structural �uctuations [17]. The periodicitiy
for a circular junction is given by [22]

∆H =
Φ0
2Rd (1.30)

This description is valid within the short junction limit, i.e., when R is smaller than the
Josephson penetration depth λ J :

λ J =

√
Φ0

2πµ0Jcdm
, (1.31)

which is de�ned as the penetration length for the phase-di�erence φ. In this limit, the
self-�eld due to the current �owing in the junction electrodes can be neglected. In the



long junction limit, i.e. for a JJ with transverse dimensions larger than λ J , instead, the
self-�eld due to the current �owing in the electrodes cannot be neglected and a distortion
of the Fraunhofer pattern is experimentally measured [17].

1.3.3 Phase dynamics
Current-voltage (I−V ) curves are the �rst indication of the nature of the junction. Through
them, it is possible to de�ne the transport mechanism of a junction, its electrodynamics
and understand its potential applications for digital and quantum circuits.
When the temperature of the system is �nite (T > 0), we excite several quasiparticles,
a number of Cooper pairs, due to thermal excitation, break and single electrons can
�ow through the junction. This happens when the voltage at the ends of the junction
is non-zero. For temperatures close to the transition temperature (T < Tc) the energy
2∆(T ) (∆ is the energy gap) required to break up a Cooper pairs is much smaller than kBT .
Therefore, almost all Cooper pairs are broken up and the concentration of quasiparticles
is close to the electron density in the normal state [23]. Consequently, the current follows
the usual ohmic law

IN = GNV = R−1N V (1.32)
where RN is always identi�ed as the normal resistance and GN is the normal conductance
of the junction. We observe this ohmic regime due to quasiparticles also for junction
voltage above the so-called gap voltage, Vд = (∆L + ∆R)/e , at all temperatures.
At T = 0, the equivalent conductance for the normal channel is given by [18]

GN (V ) =


0f or |V | < 2∆/e

1
RN (T )

f or |V | ≥ 2∆/e . (1.33)

At �nite temperatures, thermally excited quasiparticles can form at voltages below the
gap voltage with a �nite resistance Rsд(T ), called the subgap resistance. Thus for T > 0
the conductance is given by [18]

GN (V ) =


1
RN

f or |V | ≥ 2∆/e
1

Rsд(T )
f or |V | < 2∆/e .

(1.34)

Here, it has been taken into account that the energy gap, and thus the gap voltage, is
temperature dependent. It’s clear that the non superconducting channel results in a
nonlinear conductance GN (V ,T ) that depends on voltage and temperature [23].
Indeed, in addition to the supercurrent, one can observe the displacement current due to
the �nite capacitance of the junction and a dissipative quasi-particle current responsible
for the ohmic behaviour of the circuit. As the voltage between the two superconducting
electrodes varies over time, a displacement current ID begins to �ow through the device:

ID = C
dV

dt
(1.35)
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The junction’s capacitance can be schematised as a capacitor with �at, parallel planes.
For a planar tunnel junction with area A and an insulating barrier of thickness d the
capacitance is just given by

C =
ϵrϵ0A

d
. (1.36)

The voltage dependence of R is considered in the framework of nonlinear resistive shunt
junction models (RSJN) and microscopic tunnel junction models (TJM). In RSJN model [24,
25], the term IN = V /RN has been for instance approximated by a simple piecewise-linear
behavior [1]:

IN (V ) = V ·

{ 1/RL f or |V | < Vд

1/RN f or |V | > Vд
(1.37)

or by a power-law:

IN (V ) =
V

RN

(V /Vд)
n

1 + (V /Vд)n
(1.38)

with n � 1.
An almost exact description of hysteretic JJs with insulating barriers can be given

by the Tunnel Junction Microscopic (TJM) model, developed by Werthamer, Larkin and
Ovchinnikov in 1966. In fact, the TJM model gives a complete microscopic description of
tunnel JJs within the tunneling Hamiltonian formalism [26]. In essence, the TJM model
uses the simple sinusoidal current-phase relationship and the external parallel resistance
used in the basic RSJ model are replaced by a more general expression for the current
I (φ) derived from the microscopic theory, which includes the e�ects of both quasiparticle
and pair transport [17, 27]:

I =
Φ0
2πC
∂2φ

∂t2
+ I (φ), (1.39)

where the phase φ is related to the voltage by the a.c. Josephson relation (Equation 1.12).
In the adiabatic approximation, the voltage V (t) is small and slowly dependent on time
compared to the gap frequency 2∆/~ and equation 1.39 thus becomes becomes:

I =
Φ0
2πC
∂2φ

∂t2
+ IqpV (t) + I J2V (t)cos(φ(t)) + I J1V (t)sin(φ(t)). (1.40)

The time-dependent total current I (t) that �ows in the device is given by the sum of
a supercurrent term Is(t), which includes the terms I J1 and I J2, due to the tunneling of
Cooper pairs, and a quasiparticle dissipative current Iqp(t) [26]. The phase dependent
quasiparticle term in equation 1.40 is not simply related to the ohmic resistance above the
gap voltage, but to the shape of the subgap branch (V < Vдap) in the I (V ) characteristic
and the slope of the I (V ) curve near the superconducting branch, i.e. the subgap resistance
Rsд. The latter is related to the tunneling of quasiparticles and their dissipation [17, 28,
29]. The TJM model is therefore a powerful tool for estimating quasiparticle tunneling.
It is therefore essential for the engineering of superconducting circuits. In fact, a large
subgap resistance in JJs, exploited in superconducting qubits, provides a reduction of
quasiparticle noise, which a�ects both relaxation and coherence times [30, 31].



Figure 1.7: I-V characteristic of a conventional JJ Nb-AlOx -Nb at T = 4.0K .

Figure 1.7 shows the I -V characteristic of a Josephson junction Nb-AlOx -Nb JJ atT = 4.0K :
the vertical branch represents the passage of the supercurrent through the junction, with
a maximum value of Ic (or -Ic ). When the current �owing through the junction exceeds
the critical current value, a �nite voltage value is observed at the ends of the junction and
the so-called quasi-particle branch (green branch) is observed; the normal state branch is
shown in black.
In general, the Josephson junction can be schematised according to the RCSJ (Resistively
and Capacitively Shunted Junction) model in an external circuit modeled as an ideal JJ in
parallel with a resistance R and a capacitor C [17]. The capacitance C results from the
charge accumulation at the interfaces between the superconducting electrodes, while the
ohmic element is due to the generation of a dissipative current. The circuit is assumed to
be current biased [1].

Figure 1.8: Equivalent circuit of a current biased Josephson junction according to the RCSJ
model showing a dc Ibias source and the parallel of a JJ, its capacitance and resistance.

If a d.c. current I is biasing the JJ, the balance equation is obtained by solving the
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Kirchho� second circuit law for the circuit in the �g. 1.8

I = Ic sinφ + IN +C
dV

dt
(1.41)

Combining formulae (1.12), the voltage across JJ is given by

V (t) =
~

2e
1

Iccosφ

dI

dt
(1.42)

i.e., a JJ is a non-linear inductor with

L J =
~

2e
1

Iccosφ
= Lc

1
cosφ

(1.43)

If I = 0, the junction can be schematised as an anharmonic LC oscillator with resonant
frequency (plasma frequency)

ωp0 =
1
√
LcC
=

√
2eIc
~C

(1.44)

By applying Eq. (1.12) we can explain this balance equation in terms of the phase
di�erence φ as it follows:

I =
~

2eC
∂2φ

∂t2
+
~

2e
1
RN

∂φ

∂t
+ Ic sinφ. (1.45)

Multiply by ~/2e and de�ning the Josephson coupling energy, i.e., the energy stored in
the junction in the superconducting state, as

E J =
~Ic
2e (1.46)

we obtain (
~

2e

)2
C
∂2φ

∂t2
+

(
~

2e

)2 1
RN

∂φ

∂t
+
∂

∂φ

{
E J

[
cosφ − I

Ic
φ

]}
= 0 (1.47)

which can be expressed in terms of a potential energy. Thus, the RCSJ model allows
the dynamics of a Josephson junction to be described by the motion of a phase particle
moving in a tilted washboard potential U (φ, I ) [1]:

U (φ, I ) = −E J

(
cosφ + I

Ic
φ

)
. (1.48)

It is immediately evident that equation 1.47 is equivalent to the motion equation of a
phase particle of mass M =

(
~
2e

)2
C and damping η =

(
~
2e

)2 1
R moving in the washboard

potential U (φ, I ).



Another mechanical analogue to the motion of a particle of massM in the tilted washboard
potential is the physical pendulum. The equation governing the motion dynamics of a
torque-driven pendulum is [23]:

D = Θ Üθ + Γ Ûθ +mдlsinθ . (1.49)

In this equation, θ stands for the pendulum angle coordinate, with mass m, positioned at
a distance l from the axis of rotation. The term Θ =ml2 denotes the moment of inertia of
all the rotating components of the pendulum, while the term Γ Ûθ ˙ describes the damping of
the pendulum with the damping constant Γ, which is dependent on the angular velocity
of the pendulum. Once again, the analogy between equations 1.45 and 1.49 is evident,
where high capacity junctions have a high moment of inertia, whereas 1/RN corresponds
to dynamic friction.

Figure 1.9: Trend of normalised washboard potential U (φ)/E J for di�erent values of
normalised polarisation current I/Ic [32].

Washboard potential is a useful tool for visualising the phase dynamics and the I-V
curve. Using the tilted washboard potential model (eq. 1.41), the following regimes are
distinguished (�g. 1.9):

• for I < Ic the washboard potential is tilted and the phase particle remains in one
of the potential wells and oscillates within it until I = Ic is reached, which implies
that on average the phase does not change over time and the junction is in the zero
voltage state.

• Increasing the bias current for I ≥ Ic , the particle moves easily along the potential,
it follows that the time derivative of the phase is non-zero, thus generating a voltage
at the ends of the junction, implying its transition to the resistive state.
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• When decreasing the bias current, the particle remains in a non-ohmic resistive
state that corresponds to the subgap branch of the I-V curve. We have seen that V
does not reaches zero until the retrappinд current Ir is reached.

Hysteresis re�ects the inertia of the moving phase particle, which with light damping
can overcome a barrier that would have stopped it with heavy damping [15]. If there
were no damping, the particle sliding down from a potential maximum would not retract,
because the slope (∝ I ) is reduced to zero, corresponding to Ir = 0. With �nite damping,
Ir is �xed by the current (or the slope of the washboard), at which the energy dissipated
in advancing from one washboard maximum to the next equals to the work done by
the bias current during the same motion. The two main energy scales are therefore the
height of the barrier (∆U (I )) and the energy dissipated when the system moves within
the washboard potential [33].

Figure 1.10: Current-voltage characteristics for (a) overdamped junctions (Q < 1) (b)
moderately damped junctions (Q > 1) and (c) underdamped junction (Q � 1) [17].



It is important to note that the I-V characteristics of a Josephson junction are strongly
in�uenced by the capacitance associated with the junction as it determines the hysteresis
of the characteristic itself. The RCSJ model provides another parameter characterising the
e�ect of Josephson junction capacitance: the dimensionless Stewart-McCumber parameter

βc = Q
2 (1.50)

where Q is the quality or damping factor of the junction that characterizes the strength
of friction in the phase particle’s motion

Q = ωp0CRN. (1.51)

By using the quality factor Q and normalized time τ = ωp0t , equation 1.45 is frequently
expressed in dimensionless variables. In this way it becomes [34]:

d2φ

dτ 2
+

1
Q

dφ

dτ
+ φ =

I (φ)

Ic
. (1.52)

Two operating modes can be distinguished according to the Q values.
If Q � 1, the system is in the underdamped regime, i.e., in the presence of large capaci-
tances, the device is poorly dissipative, causing hysteresis in the I-V characteristic. In fact,
due to the high kinetic energy and low damping, the phase escapes from the well at a
certain value of current I1, the switching current, and even manages to overcome local
maxima. It is only trapped again when the potential has a slope Ir < I1.
If Q < 1, the system is said to be overdamped, the capacitance is small, the equation
can be solved analytically and a non-hysteretic current-voltage characteristic is obtained.
These features are typical of JJ with a metallic barrier. In this case, the particle is trapped
at the same value as the switching current, which returns the junction to the zero voltage
state, due to its small kinetic energy and the high viscous friction it is subjected to.
When I < Ic , ignoring thermal �uctuations, the particle mass is con�ned to a local
minimum where the potential is approximately harmonic for small biases. Thus, the
plasma frequency, which for I = 0 isωp0, comes to mean the frequency of small oscillations
around a minimum. Instead, at a given bias current I , it is [17, 35, 32]

ωp = ωp0(1 − (I/Ic)2)1/4. (1.53)

As the bias current decreases, the particle is retracted into a well, returning to zero
voltage when the retrapping current in the weak damping limit is reached [33] [15] [1]:

Ir ≈
4Ic
πQ
. (1.54)

The RCSJ model is appropriate when the JJs are in the overdamped regime (Fig 1.10
(a)). When the resistance below the gap depends on the voltage, as occurs in hysteretic
I(V) curves (Fig 1.10 (c)), the RCSJ model cannot describe the physical processes occurring
in the device. An analytical correction to the RCSJ model is represented by the Non-Linear
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RCSJ (NLRCSJ) model, in which a non-linear dependence on voltage (typically a power-
law V n, where n is an integer) is introduced in the dissipative element RN (V ) for voltages
below the gap, i.e. the subgap region [17, 27]. This model does not provide any further
information about the dissipation mechanisms within a JJ.

Using the representation in terms of φ and interpreting the phase as the position
variable of the particle, it can happen that the potential to which the particle itself is
subjected takes the form of a barrier, and tunneling can take place through it. However,
this tunneling does not involve a Cooper pair, but a macroscopic set of particles described
by the phase φ. This is known as macroscopic quantum tunneling (MQT). In fact, in the
case of underdamped regime and very low temperatures, the phase escapes from the
tilted washboard (eq. 1.48) potential well through quantum tunneling, and the system
thus passes from the state in which the voltage at the ends of the junction is zero to that
in which there is a potential di�erence, without necessarily exceeding the critical current
Ic . In this regime, the escape rate becomes independent of temperature. The passage from
the superconducting to the running state of a junction can also happen due to thermal
activation (TA) above the potential barrier. In escape processes, the barrier height ∆U of
the potential, between a minimum and the subsequent maximum, is [1]:

∆U (I ) = 2E J
©«
√
1 −

(
I

Ic

)
−

(
I

Ic

)
arccos

(
I

Ic

)ª®¬ (1.55)

that when the bias approaches Ic gives the cubic potential approximation:

∆U =
4
√
2

3 E J

(
1 − I

Ic

) 3
2
. (1.56)



Figure 1.11: Phase dynamics of hysteretic current biased JJ. a) TA and MQT representations
in the tilted-washboard potential; the phase ends running down the potential after escape
(voltage state); b) di�usive motion of the phase, due to multiple retrappings after escapes;
c) The escape is a stochastic phenomenon and one can measure the distribution of the
switching currents by repeatedly sweeping the bias current. Taken from [36].

The e�ect of �uctuations on the phase particle in the potential is to increase or
decrease its energy by an amount kBT . Therefore, the condition for which TA dominates
is kBT � ~ωp . In this case, the I-V curve of JJs is signi�cantly a�ected by the presence of
thermal �uctuations in the thermal bath and the escape rate is given by the Kramers rate
[37]:

ΓTA = aTA
ωp

2π e
−∆U (I )/kBT , (1.57)

where aTA = 4/[(1 +QkBT /1.8∆U )1/2 + 1]2 is a damping-dependent prefactor valid for
moderately underdamped junctions. Depending on the di�erent damping regimes, the
prefactor has di�erent expressions [38].

Due to �uctuations, the escape and retrap of the phase particle are both stochastic
processes, governed by speci�c probability distributions [39]. This is the Switching
Current Distributions (SCDs).

Signatures of this regime are asymmetric SCDs with a higher mean value when
decreasing temperature, since at low temperatures thermal �uctuations become less
relevant, and larger width at higher temperatures [40]. The escape events can be collected
in an histogram whose width increases following a universal scaling law T 2/3.



Chapter 1 - Conventional Josephson junctions 23

The MQT regime is characterized by saturation in the width and mean of the SCDs [39]

ΓMQT = aMQT

ωp

2π exp
[
−7.2∆U
~ωp
(1 + 0.87/Q)

]
(1.58)

with

aMQT =

√
864π∆U
~ωp

(1.59)

Due to the stochastic nature of the escape processes, the distribution of switching events
is characterised not only by a temperature dependent standard deviation σ , but also by a
negative skewness (a measure of the asymmetry in a distribution) of the order of -1, i.e. a
tail is generally observed for switching currents Isw < Imean, where Imean is the mean value
of the SCD [40]. The separation between the thermal and quantum regimes is expressed
by the so-called crossover temperature [41]

Tcross =
~ωp

2πkB

[(
1 + 1

4Q2

)1/2
−

1
2Q

]
(1.60)

which is simpli�ed to Tcross ≈ ~ωp/2πkB in underdamped junctions (Q � 1), while for
overdamped JJs Tcross tends to zero, i.e., MQT arises only for low dissipative JJs in the
underdamped regime [22]. To express the experimental measurements of the escape rate
in a way that is as independent as possible of the parameters of the junction, a parameter,
called "escape temperature" (Tesc), is traditionally introduced [39]. The rate can therefore
be re-parametrized in therms of Tesc [42, 43]:

Γesc =
ωp

2π exp
(
−

∆U

kBTesc

)
. (1.61)

Besides the thermal activation and the macroscopic quantum tunneling mechanisms,
a third regime can show up in the dynamics of Josephson junctions, the phase di�usion
(PD) regime, and is typical of moderately damped junctions (1 < Q < 5). This regime
is quite di�erent from the well-known case of underdamped systems and appears to be
quite common in junctions characterized by low Ic or by higher dissipation, due to the
nature of the junction. Due to the increasing use of nanotechnologies in superconducting
electronics and the resulting low values of Ic , research on Moderately Damped Regime
(MDR) is important for all types of nanoscale junctions. [1]. After phase particle escaping
from one barrier, the energy gained by passing from one well to the next one barely
exceeds the dissipative losses and the particle eventually gets re-trapped (see Fig. 1.10
b) [44, 45, 46, 47], di�using to the next wells. At low bias, the process of escape and
retrapping can therefore occur several times, producing extensive phase di�usion, until
an increase in the slope of the potential due to a change in the bias current increases the
velocity of the particle and the junction can switch to the running state. The analytical
expression for the retrapping rate from the resistive to the superconducting state, which



thus takes into account the probability that the phase particle is retrapped several times
along the washboard [22], has been introduced by Ben-Jacob in Ref. [48]

ΓR = ωp
I − IR0
Ic

exp

[
−E JQ

2 (I − IR0)
2

2kBT Ic

]
(1.62)

where IR0 is the retrapping current in absence of thermal �uctuations [49].
The transition temperature,T ∗, comes into play, which is de�ned as the temperature value
at which the amplitude σ of the SCD reaches its maximum value. BelowT ∗, ΓR � ΓTA, and
all switching events are solely caused by thermal activation processes. As shown in the
�gure 1.12a, the corresponding maximum amplitudes of the normalized SCDs decrease
with increasing temperature (red curves). When increasing the temperature aboveT ∗, the
characteristic collapse of σ with increasing T is observed, as shown in Fig. 1.12b, and the
maximum amplitudes of the SCDs increase in this temperature range. In this case, one
can observe SCDs becoming more and more symmetric at higher temperatures [37, 40],
i.e. the skewness γ increases gradually from -1 to 0.
Such a counterintuitive phenomenon of σ can be elucidated as follows: when retrapping
processes are present, a single escape event does not lead to the switching to the voltage
state; when a larger number of �uctuation events are required to induce the transition to
the running state, the stochasticity in the switching process reduces, leading to sharper
distributions of switching currents. This phenomenon also impacts the shape of the SCDs:
as in the TA regime the switching hystogram shows asymmetry with a distinct tail on
the ascending side of the distribution, in the PD regime, the histograms exhibit more
symmetry due to multiple retrapping that halts the switching at lower values of the bias
current. This results in a gradual reduction of the tail on the ascending side of the SCD
[1].
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Figure 1.12: a) Measurements of SCDs as a function of temperature in the moderately
damped regime. The red curves indicate �ts of the SCDs in the TA regime, while the
blue points indicate measured histograms in the PD regime. b) Temperature dependence
of the standard deviation σ of the switching distributions. Three distinct regimes were
identi�ed: MQT for T < Tcr , TA for Tcr < T < T ∗ and PD for T > T ∗, respectively [1].

In order to determine the escape rate, a certain sample of switching events is collected
at a �xed temperature and the probability distribution is given by the following equation:

P(I ) =
ΓT (I , t)

dI/dt
exp

©«−
I∫

0

ΓT (I , t)

dI/dt
dI

ª®¬ (1.63)

where dI/dt is the current ramp rate. The resulting distribution of the switching probabil-
ity P(I ) is used to compute the escape rate out of the zero-voltage state as a function of
the bias current [35, 49]:

Γ(I ) =
1
∆I

dI
dt ln

(
Σi≥IP(i)

Σi≥I+∆IP(i)

)
(1.64)

where ∆I is the channel width of the analog-to-digital converter.

In the quantum description of a Josephson junction, the phase φ and the Cooper pair
number N are the two fundamental quantum operators. In the absence of dissipation, the
Hamiltonian describing the behaviour of a JJ is a function of the phase di�erence φ and of
the charge Q transferred between the electrodes [15]:

H (φ,Q) =
Q2

2C − E J cosφ. (1.65)

The �rst term is the capacitive charging energy and the second the Josephson energy.
The operators for charge and phase satisfy the commutation relation [φ,Q] = i2e , i.e.,



they are bound by the Heisenberg uncertainty relation. Depending on which of the two
contributions, kinetic or potential, is dominant, two situations can arise. When E J � Ec ,
φ is well de�ned while Q has very large �uctuations. Therefore, the particle itself can be
thought of as con�ned in one of the wells with a de�nite value of φ. On the other hand,
when E J � Ec , Q is well de�ned, while the phase is subject to large �uctuations. In this
situation the junction is known as a Cooper-pair box [50].

1.4 Ferro-Transmon �bit prospective
The Josephson junction is the element that provides the nonlinearity needed to turn a
superconducting circuit into a qubit. Superconducting quantum circuits have almost
exclusively relied on Al/AlOx /Al tunnel Superconductor/Insulator/Superconductor (SIS)
JJs [2, 51]. However, many exciting phenomena and functionalities can be accessed by
exploiting unconventional superconducting systems [8]. In fact, novel hybrid paradigms
have recently been introduced, demonstrating that devices integrating superconductors
and exotic barriers can provide additional qubit frequency knobs [52]. As an example, in
the speci�c case of tunable transmon qubits [53], which tipically use external �ux-�elds
to change the qubit frequency, hybrid superconductor-semiconductor structures [54, 55]
have been used to enable voltage-tunable transmons (gatemons), in order to provide an
alternative tuning of the qubit frequency without introducing �ux-noise [56]. Among
unconventional Josephson devices, a potential advantage can arise from the combination
of Superconductors with Ferromagnets (F). The progress in the realisation of Magnetic
Josephson Junctions (MJJs) with a wide variety of materials, geometries and structures has
created a unique playground for exploring the interplay between superconductivity and
ferromagnetism. Progress in the coupling of both ferromagnetic layers with insulating
barriers inside the JJ (SIsFS or SIFS JJs) [57] and the ability to exploit intrinsically insulating
ferromagnetic materials (SIfS JJs) [58] allow to engineer ferromagnetic JJs characterised by
high values of the quality factors and access to the MQT regime [9, 59]. These tunnel-SFS
JJs provide additional functionality not only in classical superconducting circuits, but also
in quantum architectures [8]. The new plan aims to assess a novel idea for qubit design
that employs a Ferromagnetic Josephson junction (MJJ) within the transmon architecture,
allowing for a device called the Ferro-Transmon qubit.
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Magnetic Josephson junctions

This chapter will explore the properties and functionalities of Magnetic Josephson Junc-
tions (MJJs). The �rst part of this chapter gives a brief introduction to ferromagnetism,
focusing on how it a�ects superconductivity and overall device behaviour. The second
half will focus on speci�c types of MJJs, Superconductor-Ferromagnet-Superconductor
(SFS) and Superconductor-Insulator-Superconductor-Ferromagnet-
Superconductor (SIsFS) JJs. The latter are already widely used in superconducting elec-
tronics as blocks for cryogenic RAM memories [60] in Single Flux Quantum (SFQ) logic.
In addition, in recent years there has been an increasing interest in aluminium based
SIsFS MJJs for possible qubit application [8].

2.1 Ferromagnetic materials

As superconductors, ferromagnetic materials are characterised by spontaneously broken
symmetry below a critical temperature, known as the Curie temperature TCurie . At
T ≥ TCurie , the ground state is symmetric, i.e., all magnetic moments are randomly oriented
in the bulk material (disordered paramagnetic phase). At T < TCurie , however, rotational
symmetry is broken and the spins are aligned in the same direction (ferromagnetic state).
It follows that ferromagnetic materials can exhibit intense spontaneous magnetization,
i.e. they can be magnetised even in the absence of an external �eld. The orienting action
of the exchange energy is counteracted by thermal agitation: as shown in Figure 2.1, the
spontaneous magnetisation Ms decreases with increasing temperature until it is cancelled
out at the Curie temperature.
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Figure 2.1: Spontaneous magnetization trend as a function of temperature [61].

In Weiss mean �eld theory, the order parameter for this phase transition is the magnetiza-
tion

®M = µ0 ®B − ®H . (2.1)
A ferromagnet is perfectly ordered at T = 0 but at non-zero temperature this is disrupted
by magnons. A magnon is a quantized spin wave [62]. It has the self consistent expression

M(T ) =
N

V
µBtanh

(
1

kBT

MV

N µB

Z

2 J
)

(2.2)

where N is the total spin number, V is the ferromagnet volume, Z is the coordination
number, µB is the Bohr magneton and J is the coupling constant, which is the same for all
spin pairs [18].
The dependence of the magnetisation on temperature, expressed by this formula, makes
it clear that at progressively lower cryogenic temperatures, saturation can be reached
with a smaller value of the external magnetic �eld.

2.1.1 Domains and magnetization processes
An iron, cobalt or nickel crystal, in its demagnetized state, is divided into a number of small
regions, calledWeiss domains [63]. Each domain is spontaneously magnetized with its
maximum saturation value MS , but the magnetization directions of the di�erent domains
are such that the sample as a whole has zero net magnetization [64]. The direction of
magnetization in each domain in the absence of an external �eld is not random, but
the crystalline electric �eld gives a preferred direction along which the spin moments
must be oriented. The directions taken by the magnetization vector in the domains of a
demagnetized sample are called directions of easy magnetization. What happens is that
when an external magnetic �eld tries to orient the spin of an electron, due to the coupling
between the spin and the orbital motion of the electron (spin-orbit interaction), the orbit
of the electron would also tend to be oriented. But the latter is �xed by the crystalline �eld
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and thus resists the attempt to rotate the spin axis. Since an external �eld must perform
work to turn the direction of magnetization away from that of easy magnetization, this
means that if, in a crystal, the vector MS points in a direction of non-easy magnetization,
the crystal embeds a certain amount of energy, known as magnetocrystalline anisotropy
energy (Eanis). For a uniaxial anisotropy, the energy density can be written as [65]:

Eanis = K0 + K1 sin2 θ + K2 sin4 θ + ... (2.3)

where θ is the angle between the MS vector and the direction of easy magnetization.
When K1 and K2 are both positive, the energy Eanis is minimum for θ = 0, and the axis
corresponds to an easy axis of magnetization. When K1 and K2 are both negative, the
minimum value of Eanis occurs at θ = 90◦. This creates an easy plane of magnetization,
which is the basal plane of a hexagonal material, lying perpendicular to the axis [65].
The existence of magnetic domains is due to the minimization of magnetic energy. In fact,
the energy is the sum of several terms, in addition to the magnetocrystalline anisotropy
energy

E = Eex + Eanis + Edip + EZeeman . (2.4)

The exchanдe enerдy forms an important part of the total energy of many molecules and
of the covalent bond in many solids. Heisenberg showed that it also plays a decisive
role in ferromagnetism. If two atoms i and j have spin angular momentum ®Si and ®Sj ,
respectively, then the exchange energy between them is given by

Eex = −2Jex ®Si · ®Sj cosϕ (2.5)

where Jex is a particular integral, called the exchanдe inteдral , which occurs in the
calculation of the exchange e�ect, and ϕ is the angle between the spins. If Jex is positive,
Eex is a minimum when the spins are parallel (cosϕ = 1) and a maximum when they are
antiparallel (cosϕ = −1). If Jex is negative, the lowest energy state results from antiparallel
spins [65].
Because ∇ · ®H = −∇ · ®M at the edges of a sample, the magnetic �eld diverges creating
demagnetising �elds that �ll space and cost B2/2µ0 Joules of energy per cubic metre.
The energy associated with the demagnetizing �eld is called the demaдnetization enerдy,
maдnetostatic enerдy or dipolar enerдy (Edip). It takes the value

Edip = −
µ0
2

∫
V

®M · ®Hddτ , (2.6)

where Hd is the demagnetizing �eld and the integral is taken over the volume of the
sample. For an ellipsoidally shaped sample magnetized along one of its principal axes,
this energy reduces to

Edip =
µ0
2 NM2V (2.7)

where Nd is the demagnetizing factor and V is the sample volume [65]. The value of
Nd depends mainly on the shape of the body, and has a single calculable value only



for ellipsoid. It is minimized by keeping �ux inside the ferromagnet: for example, in
ferromagnetic thin �lms, it is minimized by keeping the magnetization in-plane [66].
Finally,Zeeman enerдy, or the external �eld energy, is the potential energy of a magnetised
body in an external magnetic �eld. In SI units, it is given by

EZeeman = −µ0

∫
V

®M · ®HdV , (2.8)

where the integral is done over the volume of the body V .
The boundary separating one domain from the adjacent domain is called the domain wall.
Because of the energy involved, the boundary between two adjacent domains can be
sharp (the wall has a thickness tending to zero) or gradual (the wall has a �nite thickness).
In the latter case, the domain wall is more extensive and the energy cost of exchange
to form it is less than when the boundary is sharp. In reality, however, the wall always
has a thickness other than zero and its thickness depends on the competition between
the exchange energy and that of the anisotropy. Two types of domain walls can be
distinguished (Figure 2.2). Within Bloch walls, spin rotation takes place outside the plane
of the domains, whereas within Néel walls it takes place in the plane.

Figure 2.2: Rotation of the magnetization vector ®M in Bloch and Néel walls.

While the exchange energy tries to make the wall as wide as possible to keep the
angle ϕ between adjacent spins as small as possible, the anisotropy energy tries to make
the wall thin in order to make the spin pointing in an unfavourable direction. As with any
interface, Bloch walls are associated with an energy per unit area: the crystal cannot be
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divided into an inde�nite number of domains so as not to raise the energy of the system
too high.
The position of the walls is related to the spatial distribution of lattice defects. If the crystal
were an ideal crystal, each position would be energetically equivalent, and therefore the
walls could occupy any position. The presence of lattice defects undermines this state
of a�airs: the domain walls position themselves at the defects to reduce the energy of
the crystal. It follows that the application of an increasing magnetic �eld over time will
not lead to a continuous displacement of the walls, but they will move in jerks, carrying
themselves from one lattice defect to another, and then remain anchored in the new
position until the magnetic �eld is increased by a su�cient amount to cause them to
overcome the obstacle. This is the physical origin of magnetic hysteresis. In particular, it
is expected that materials rich in defects will be characterised by rather wide hysteresis
curves, while materials poor in defects will give rise to narrower hysteresis curves [64].
The hysteresis loop describes the evolution of the magnetization M as a function of the
applied external �eld H . The shape of the hysteresis loop of a ferromagnetic material
depends on the structure and thus on the history (thermal, mechanical, etc.) of the sample.
Consider the case of a material with uniaxial anisotropy, where each crystalline grain has
its own axis of easy magnetization and the grains are randomly oriented with respect to
each other. In the �gure 2.3, the arrangement of Ms vectors in domains is represented by
a set of vectors drawn from a common origin.

Figure 2.3: Distribution of domains for di�erent magnetization states [64].

When an external �eld is applied to a demagnetized sample, M increases asH increases
according to the curve of �rst magnetization (curve OC in Figure 2.3). Initially, the domains
magnetized in the opposite direction to the positive �eld are �rst eliminated by a wall
movement of 180◦, resulting in the distribution shown in B. Once this point is reached, a
further increase in the �eld rotates the spins within the domains to the saturated state



shown in C. Since the contribution of the magnetocrystalline anisotropy energy must
be overcome, a large increase in the H �eld produces a relatively small increase in M .
When all domains have aligned in the direction of the �eld, the maximum value of the
magnetization is reached, called the saturation magnetization MS , and the external �eld
for which the saturation begins is called the saturation f ield Hs . When the external �eld
is reduced, M(H ) describes a curve di�erent from the initial one; in particular, at zero
�eld, the magnetization takes on a �nite one, since removing the �eld, the MS vectors
of the domains do not recover the initial direction, but fall back in the direction of easy
magnetization closest to the direction of the H �eld imposed before. This magnetization
value is called residual maдnetization Mr . We then arrive at point D, where the domain
vectors are evenly distributed over half the sphere [64, 67].

Figure 2.4: Hysteresis loop of a ferromagnetic material and characteristic parameters. The
yellow line is the �rst magnetization curve (also called the virgin curve). The coercive
�eld HC is the �eld required to bring the material back to zero magnetization. MS is
the saturation magnetization and the �eld value at which the magnetization reaches the
saturation value is called the saturation �eld HS .

By applying a �eld in the negative direction to a sample in the remanence state, the
magnetization domains rotating in the +H direction are reversed, bringing the sample to
the zero magnetization state, which is point E in the �gure 2.3, where the coercive f ield
−Hc is reached. The latter is de�ned as the value of the �eld at which the sample de-
magnetises after being brought to saturation. Further reduction of the magnetic �eld
below −HS causes the magnetization to saturate at −MS . If the �eld is increased again,
the magnetisation increases accordingly until it reaches zero at Hc (�gure 2.4). By further
increasing the applied �eld, M increases to saturation MS .
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2.2 Proximity e�ect at S/N interface
This section discusses transport through an SNS JJ. The understanding of this key structure
is essential for the study of the conduction mechanism through an S/F interface, where F
is typically a ferromagnetic metal barrier. When a superconductor S is in close contact
with a normal metal N, the Cooper pairs can penetrate the normal metal N for some
distance from the interface. As a result, superconducting properties can be induced in
N: this phenomenon is known as the proximity e f f ect . The proximity e�ect can be
described in the framework of the phenomenological theory of Ginzburg-Landau (GL):
the superconducting transition is a second-order phase transition that can be described by
an order parameter that depends only on spatial variables [68]. This parameter Ψ takes
its maximum value 1 well inside the superconductor and vanishes well inside the metal
normal. At the S/N interface, a continuous change in the order parameter between the
two phases is observed along the distance x from the interface. By imposing the above
boundary conditions, we solve the linearized 1-D GL equation

−ξ 2N
d2ψ
dz2 +ψ = 0 (2.9)

from which we obtain the following solution for the order parameter

ψ = ψ0exp
(
−

x

ξN (T )

)
. (2.10)

It is deduced that the order parameter decreases exponentially within the metal over a
distance of the order of the coherence lenдth or decay lenдth ξN (Fig. 2.7 (a))[69]. For an
S/N interface, this characteristic length can have two di�erent expressions depending on
how large ξN is compared to the mean free path lN of the normal metal. If lN > ξN , the
corresponding JJ is in the clean limit and the coherence length is [70]:

ξN ,c =
~vF

2πkBT
(2.11)

where vF is the Fermi velocity and kB is the Boltzmann constant. If lN < ξN instead, the JJ
is in the dirty limit and the coherence length is:

ξN ,d =

√
~DN

2πkBT
(2.12)

where DN is the di�usion coe�cient. The mechanism by which the transfer of Cooper
pairs from the superconductor to the normal metal and vice versa occurs is called
Andreev re f lection and is shown schematically in Figure 2.5. An electron from the
normal metal with an energy ϵ lower than the superconducting energy gap ∆ reaches
the S/N interface and, instead of being re�ected, pulls an electron of energy −ϵ with
opposite momentum and spin from the valence band into the superconductor, forming a



Cooper pair. This second electron is taken from the valence band, leaving a hole. This
hole travels back along the path of the original incoming electron because it has the
opposite momentum. The reverse process can also take place: the particle that reaches the
interface is a valence band gap (of energy −ϵ) which, on arrival at the interface, breaks a
Cooper pair of the condensate. One of the two electrons in the pair will occupy the hole,
while the other electron will occupy an excited state in the conduction band and travels
back along the path of the original incoming hole. The net result of an Andreev re�ection
is therefore a charge transfer of −2e from N to S (Fig. 2.5 a).

Figure 2.5: Andreev re�ection (a) at the S/N interface and (b) in a SNS JJ [1].

There is also Andreev re�ection at the SNS interface. An electron approaching one of the
interfaces is converted into a hole moving in the opposite direction, creating a Cooper
pair in a superconductor. This hole is then re�ected at the second interface and converted
back into an electron, leading to the destruction of a Cooper pair (Fig. 2.5 b).
The temperature dependence of the critical current for various small weak links in SNS
JJs, theoretically predicted by Likharev, as a function of the ratio L/ξN [69], where L is the
length of the barrier is shown in the �gure 2.6. For low values of L/ξN , the Ic(T ) curve
shows a down-ward concavity and is similar to that expected for tunnel JJs.
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Figure 2.6: (a) IcRN (T ) in the AB (dashed red line), KO1 (grey dashed line) and KO2 (blue
continuous line) limits respectively. (b) IcRN is reported in units normalized to the gap
value ∆ as a function of the temperature T, for di�erent values of the ratio between the
barrier length L and ξN [69, 1].

In point contacts in the dirty (KO1) and clean limits, the values of Ic at T = 0 K are higher
than AB value. The KO-1 theory attains its maximum asT → 0 which is 32% greater than
the maximum value of IcRN for tunnel junctions. At the lowest T there is a saturation of
Ic , while at high T (for T ≈ Tc ) Ic has a characteristic exponential dependence for high
values of the ratio L/ξN [69, 71, 72]. These two regions are connected at intermediate T
by a curve with upward concavity. The tail of the exponential growth and the width of
the intermediate region depend essentially on L/ξN [17, 69, 71].

Figure 2.7: Superconducting order parameter at a) S/N interface and b) S/F interface. The
exchange �eld causes an oscillation of the order parameter [73].



2.3 Proximity e�ect at S/F interface

According to BCS theory, conventional Cooper pairs, which are present in almost all
known superconductors, have two electrons with opposite spin and momentum (+®k ,-®k)
[74], in ferromagnetic materials, instead, the exchange �eld promotes the alignment of
the electron spins in the same direction. It is clear that these are two states of matter
characterized by antagonistic long-range orders. Since the energy gain of ferromagnetic
(hundreds of meV or a few eV) is much larger than that of superconductors (a few meV),
one would expect a strong suppression of superconductivity in S/F (superconductor/fer-
romagnet) bilayers. Speci�cally, in a hybrid S/F junction, the proximity e�ect can still
occur even though the Andreev re�ection mechanism is partially suppressed. Since in the
metal F the density of states at the Fermi level for spin-up electrons is di�erent from that
for spin-down electrons, an electron in the majority spin band has a lower probability
of causing the retrore�ection of the gap in the minority spin band. Andreev re�ection
suppression becomes more important as the spin polarization of the metal increases [73,
75]. In addition, the induced electron-hole pair undergoes exchange splitting of the spin
bands in the ferromagnet.
It was predicted by Larkin and Ovchinnikov [76] and by Fulde and Ferrel [77] that pairing
still can occur when the electron energies and momenta at the Fermi energy are di�erent
for the two spin directions, for instance as the result of an exchange �eld in magnetic
superconductors [74]. In fact, when the normal metal is replaced by a ferromagnet, the
e�ects of a non-zero spin polarization and the exchange energy Eex have to be taken into
account. The resulting ’FFLO’-state is qualitatively di�erent from the zero-momentum
state. In the framework of this model, a non-uniform superconducting state appears with
a sinusoidal modulation of the superconducting parameter with a non-zero wave vector
on the scale of the superconducting coherence length ξS [78]. The spatial modulation of
the order parameter is due to the Zeeman splitting of electronic levels in the presence
of the exchange �eld. The spatial variation of the superconducting order parameter in
the ferromagnet arises as a response of the Cooper pair to the energy di�erence between
the two spin directions in ferromagnet [74]. In absence of the exchange term a Cooper
pair comprises two electrons with opposite spins and momenta. When exchange �eld is
added, the spin up electron (with the spin orientation along the exchange �eld) decreases
its potential energy by Eex and increases its kinetic energy by the same amount, while
the down spin electron increases its potential energy and a decrease of the kinetic energy
of the same amount Eex . In the result the Cooper pair acquires a center of mass momen-
tum 2δk = µBHex

vF
, which implies the modulation of the order parameter with the period

πvF/Eex . The direction of the modulation wave vector must be perpendicular to the
interface, because only this orientation is compatible with the uniform order parameter in
the superconductor [78]. The FFLO state was never observed in bulk material, but it can
be induced in a ferromagnet (F) sandwiched between two superconductors (S). Such an
SFS junction can yield a phase shift of π between the superconducting banks [79, 80, 74].
Taking into account all spin states, the order parameterψ induced in the F-layer, in GL



Chapter 2 - Magnetic Josephson junctions 37

theory, has the form [81]:

ψ = ψ0exp
(
−

x

ξF1

)
cos

(
x

ξF2

)
(2.13)

where ξF1 ∝
(√

1 + T−Tci
Tci−Tcu

− 1
)−1/2

and ξF2 ∝
(√

1 + T−Tci
Tci−Tcu

+ 1
)−1/2

. Tcu is the transition
temperature of the system into the uniform superconducting state and Tci the transition
temperature of the system into the non-uniform superconducting state [73]. The decay
of the order parameter in the F-layer is then accompanied by its oscillation, which is a
characteristic feature of the proximity e�ect in SF systems (Fig. 2.7b).
In real ferromagnets, the exchange �eld is very large compared with superconducting
temperature and energy scales, so the gradients of the superconducting order parameter
variations are large too, and can not be treated in the framework of the generalized
Ginzburg-Landau functional. To describe the relevant experimental situation we need
to use a microscopical approach. The most convenient scheme to do this is the use of
the Bogoliubov-de Gennes equations or the Green’s functions in the framework of the
quasiclassical Eilenberger or Usadel equations [73]. In the di�usive (dirty) limit, the
coherence lengths ξF1(2) are the real and the imaginary part of the complex ferromagnetic
coherence length ξF ,

ξF =

√
~DF

2(πkBT + iEex )
, (2.14)

where DF is the di�usion constant of the ferromagnet [74, 71]. Instead, in the ballistic
(clean) limit, the S/F transport is governed by two coherence lengths: ξF1 and ξF2 . The
former corresponds to the normal metal coherence length

ξF1 =
~vF

2πkBT
, (2.15)

where the fundamental energy scale is the Boltzman thermal energy. ξF2, instead, depends
on the exchange �eld in the ferromagnet Eex ,

ξF2 =
~vF
2πEex

, (2.16)

with vF the Fermi velocity in the ferromagnet [22].
The damped oscillatory behavior of the superconducting order parameter in ferromagnets
may produce the commensurability e�ects between the period of the order parameter
oscillation (which is of the order of ξF ) and the thickness of a F layer. Indeed, for a F
layer thickness smaller than ξF , the pair wave function in the F layer changes a little and
the superconducting order parameter in the adjacent S layers must be the same. In this
case the phase di�erence between the superconducting order parameters in the S layers
is absent and the junction is in the 0 phase. On the other hand, if the F layer thickness
becomes of the order of ξF , the pair wave function may go trough zero at the center of F



layer providing the state with the opposite sign of the superconducting order parameter in
the adjacent S layers, in the way to obtain a π phase. A π junction is a Josephson junction
with a negative critical current Ic . Thus, the current I J through a π junction for a given
superconducting phase di�erence across the junction φ, assuming a purely sinusoidal
form for the CPR, is given by I J (φ) = |Ic |sinφ = |Ic |sin(φ+π ), in terms of the magnitude of
the critical current |Ic |. The minimum energy state of an isolated π junction corresponds
to a phase shift of π across the junction, [82] in contrast to an ordinary Josephson junction,
or 0 - junction, for which the minimum energy is at zero phase di�erence [81].
The increase of the thickness of the F layers may provoke the subsequent transitions from
0 - to π -phases, what result in a very special dependence of the critical temperature on
the F layer thickness. For the S/F bilayers, the transitions between 0 and π -phases are
impossible [73]. Rather, the 0 - π phase transition can manifest itself in a non-monotonic
thickness dependence of both the superconducting transition temperature Tc [74, 81, 83]
and the critical current Ic in SFS JJs [84, 85, 86, 87].
Usually, the single harmonic current-phase relation (CPR) is adequate for the description
of the JJ properties; high order harmonic terms can be omitted. However in the vicinity of
the 0-π transition, where the critical current for the �rst harmonic vanishes, higher-order
harmonics in the CPR in Eq. 1.12 become important [88, 89, 90]. Especially at low-
temperatures, the presence of higher harmonics at the 0-π transition prevents a complete
suppression of the critical current [91, 90, 92]. This in�uences also the phase-dynamics,
the Shapiro steps amplitude and the Fraunhofer pattern periodicity [93, 71, 94, 95, 88, 96],
since the washboard potential will change accordingly with the CPR [74, 71, 88]. Indeed,
in presence of a second harmonic CPR the washboard potential becomes [88]

U (φ) =
~Ic
2e

[
I

Ic
φ + (1 − cosφ) + д2 (1 − cos2φ)

]
(2.17)

where д is the ratio between the �rst and second harmonic critical currents. In this case,
the periodic potential has two minima at di�erent φ, depending on the sign of д (�g. 2.8):
when the second harmonic is positive (red lines in �g. 2.8), the washboard potential has
two non degenerate minima at φ = 0 and φ = π , so the junction can be in the 0-phase
or in the π -phase, with di�erent critical currents, depending on damping conditions and
other parameters [59, 88]. If the second harmonic contribution is negative (blue lines in
�g. 2.8), the junction has two degenerate minima at φ = ±ϕ0, with two di�erent critical
currents. This is the case for φ-junctions [88, 97]. One method to realise such junctions is
to make ferromagnetic barriers which have a thickness L0 for one portion of the junction
barrier and a thickness Lπ for the other portion. By doing this, an extra degree of freedom
is obtained, allowing for the ground state of the junction to be set at an intermediate value
between 0 and π . This results in an added degree of freedom for adjusting the current
phase relationship.
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Figure 2.8: Washboard potential for д = ±1, in absence and in presence of external bias
current [1].

2.3.1 SFS junction in magnetic field
As already stated in Section 2.1, the characteristic features of the ferromagnetic materials
are domain structures and magnetic hysteresis, i.e., a multivalued dependence of the
magnetic induction ®B and magnetization ®M on the external magnetic �eld H [98]. Indeed,
considering that in a ferromagnet the magnetic induction �eld B is

®B = µ0(1 + χ ) ®H (2.18)

where ®M(H ) = χ ®H is the hysteretic magnetization of the ferromagnet, Eq. 1.26 reads as

Ic(H ) = Ic(0)

�������
sin

(
π Φ(H )±ΦF (H )

Φ0

)(
π Φ(H )±ΦF (H )

Φ0

)
������� . (2.19)



where Φ(H ) is the �ux generated by the external �eld and ΦF is the magnetic �ux due
to the layer magnetization MF . In fact, it is well known that in samples containing an
F-barrier, to evaluate the total magnetic �ux through the junction Φ, the F magnetisation
�ux ΦF below the Curie temperature TCurie , which is given by ΦF = µ0MFLdF , where L is
the cross-sectional width, has to be considered [98]. Therefore, the total magnetic �ux
through the junction is

Φ = µ0HLdm + µ0MFLdF , (2.20)

where the thickness of the material penetrated by the applied �eld is dm = 2λL + dF [99].
It is clear from equation 2.20 that the �ux due to the magnetization of the F layer is added
to that generated by the external �eld. By subtracting the contribution of the external
magnetic �eld, it is possible to obtain the �ux due to the magnetization of the ferromagnet:
this gives the M(H ) dependence. Because of these properties, SFS JJs are suitable as RAM
(Random Access Memories) memories [100].
If a magnetic �eld is applied to a rectangular junction, its dependence of Ic as a function
of H is represented by the Fraunhofer pattern (sec. 1.3.2) [11, 98]. The main di�erence
between the Ic(H ) measured for a tunnel junction and a SFS JJ is the hysteretic nature of
the SFS Fraunhofer pattern. Indeed, the study of the Fraunhofer modulation of Ic in SFS
JJs is a tool to obtain fundamental information about the magnetic nature of the barrier.
The measurement of the Fraunhofer pattern in SFS JJs allows, for example, an estimation
of the the magnetization curve M(H ) of the F-layer. Due to the magnetic hysteresis of
the F-layer, the Ic(H ) curves are shifted and distorted depending on the direction of the
magnetic �eld sweep (see Figure 2.9). In particular

• by reducing H from positive to negative values, the maximum critical current
is shifted to negative values of the magnetic �eld; we can call this curve as a
down curve (black curve in Figure 2.9);

• by increasing H from negative to positive values, the maximum critical current is
shifted to positive values of the magnetic �elds; we can call this curve an up curve
(red curve in Figure 2.9).
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Figure 2.9: a) Hysteretic magnetization loop and corresponding b) Ic(H ) curve for an SFS
JJ. The Ic(H ) curve is shifted in the direction of the swept �eld. [101].

The resulting Fraunhofer patterns are shifted in the �eld to a point where the �ux due to
the external �eld cancels out the �ux due to magnetization. Speci�cally, we expect that
when H is ramped from positive to negative �elds (black Ic(H ) curves in Fig. 2.9(a)), the
global maximum of the Fraunhofer-like pattern should be shifted towards negative �elds
due to the positive remanence of the F layer (black Ic(H ) curves in Fig. 2.9(b)), whereas as
H is ramped from negative to positive �elds (red curves in Fig. 2.9(a)), it should be shifted
towards positive �elds (red Ic(H ) curve in Fig. 2.9(b)).

2.3.2 SIsFS JJs

Due to the standard metallic nature of the ferromagnetic barrier, SFS JJs are often in the
overdamped regime. In SIFS structures with an additional tunnel barrier I, the IcRN product
is increased in the 0-state [98], but the IcRN is still too small in the π -state [102] due to
the strong suppression of the superconducting correlations in the ferromagnetic layer.
However, it is possible to obtain a JJ of type SIsFS (Figure 2.10), i.e., a serial connection of
the SIs tunnel junction and sFS sandwich. Properties of SIsFS structures are controlled by
the thickness of the s-layerds and by the relationship between the critical currents IcSIs and
IcsFS of their SIs and sFS parts, respectively. The SIsFS structure has a high characteristic
voltage, IcRN , due to the presence of the tunnel barrier ’I’ and the appropriate choice of
layer s and F thicknesses and materials. At the same time the whole structure can behave
as a single junction with respect to an external magnetic �eld Hext and magnetic �ux Φ
penetrating into the structure, since the intermediate layer s is too thin to screen magnetic
�eld. The discussion of the properties of SIsFS JJs assumes the dirty limit for the materials
involved and an arbitrary �nite transparency for the bilayer interface, which is assumed
to be identical for both sF and FS interfaces. This transparency is in turn characterised by



two parameters [103] γ and γB :

γ =
ρSξS
ρFξF
,γB =

RBFAB

ρFξF
, (2.21)

which quantify proximity strength and interface transparency, respectively. Here RBF and
AB are the resistance and area of the sF and FS interfaces, while ρS and ρF are resistivities
of S and F materials, respectively. Under the above conditions the Josephson e�ect in
the SIsFS junctions can be described by solving the Usadel equations with Kupriyanov-
Lukichev boundary conditions at Is, sF and FS interfaces and with the bulk pair potential
in the depth of S-electrodes [104].

Figure 2.10: Sketch of a SIsFS junction. The red line shows the distribution of pair
potential across the structure: it reaches bulk values in both S-electrodes, is suppressed
in the superconducting interlayer s and vanishes in the ferromagnetic layer. The black
arrows correspond to the London penetration length λL and the coherence length of the
superconductor ξS , respectively [104].

Figure 2.11 shows the dependence of the IcRN product on the ratio of the s and F thick-
nesses, ds and dF respectively, over their respective coherence lengths. Here, it is possible
to observe di�erent operating modes of the structure, de�ned according to chosen materi-
als and layer thicknesses, and also according to the thickness of the intermediate layer
ds compared to the critical thickness dsc , i.e., the minimal thickness of the s layer in a sF
bilayer above which superconductivity still exists at a given temperature [104].

• Mode 1: If ds � dsc , the pair potential ∆ in the s layer is close to that of bulk
material and the SIsFS structure can be considered as a series connection of a tunnel
SIs JJ and a ferromagnetic sFS junctions. This mode branches in two di�erent cases
depending on the thickness of the ferromagnetic layer:

(a) For small dF and for the ordinary case in which Ic,SIs � Ic,sFS , then the charac-
teristic voltage of an SIsFS device is determined by its SIs part and can reach its
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maximum corresponding to a standard SIS junction. At the same time, the di�erence
in phase φ of an SIsFS junction’s ground state is controlled by its sFS part. This can
result in achieving either 0- or π -states, depending on the thickness of the F layer.
(b) At high dF , the structure becomes a standard SFS junction with no barrier
in�uence.

Figure 2.11: Characteristic voltage IcRN versus ferromagnetic layer thickness layer dF for
a SIsFS junction for di�erent values of the thickness of the superconducting interlayer
ds at T = 0.5 Tc . The dashed black line shows the corresponding behaviour of the IcRN

product for a SIS JJ. The interface parameters at the sF and FS interfaces are γBI = 1000,
γBFS = 0.3, and γ = 1 at the sF and FS interfaces [104].

• Mode 2: If ds < dsc , The absence of superconductivity in the s-electrode leads to
the formation of the complex -InF- weak junction region, where n denotes the
intermediate s-�lm in the normal state. This results in a much smaller critical
current value Ic , the magnitude of which is close to that in known SIFS junctions
[102].The dependence of Ic on the thickness ds is weak due to the large decay length
in the n-region with suppressed superconductivity.

• Mode 3: If ds ∼ dsc ∼ 3ξs , the properties of the structure are particularly sensitive
to dF and the exchange �eld of the F layer, since these parameters control the
suppression of superconductivity in the sF bilayer. Within the considered interme-
diate thickness range, the system can transform from mode 1 to mode 2. These
structures are characterized by the existence of the e�ective transition temperature



T ∗c , which corresponds to the appearance of superconductivity in the middle s-layer
and, accordingly, to an exponential growth of the current (Fig. 2.12).

Figure 2.12: The temperature dependence of characteristic voltage IcRN of SIsFS structure
in the mode 3 for di�erent values of exchange �eld Hext in the F-layer. The short-dashed
line shows the dependence characteristic for a conventional tunnel SIS junction. It can be
seen how the exchange �eld shifts the e�ective critical temperature T ∗c , corresponding to
the switching of the s-layer from the superconducting to the normal state. The circles
show IcRN measured in Nb-Al/AlOx-Nb-Pd0.99Fe0.01-Nb junctions [105], demonstrating
the existence of an e�ective critical temperature T ∗c in these samples [104].

In samples containing a F-barrier, to evaluate the total magnetic �ux through the
junction Φ, the F magnetization �ux ΦF , which is given by ΦF = µ0MFLdF , with
L the cross-section width, has to be considered. Hence, the total magnetic �ux
through the junction is Φ = µ0HLdm+ µ0MFLdF , where the thickness of the material
penetrated by the applied �eld isdm = 2λL+ds+dF+dI , withds the thicknesses of the
thin superconductor and dI the thickness of the insulator [106, 99]. This operating
regime opens up the possibility of realizing switchable elements characterised by
high quality factor and low dissipation, which can provide additional functionalities
in both digital and quantum superconducting electronics [101]. If the interlayer
thickness is such that ds < λL, then the SIsFS junction behaves as a single junction
with respect to an applied external magnetic �eld H , because the thickness value is
too small to shield the magnetic space.
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2.4 MJJs for digital and quantum electronics

A ferromagnetic barrier in a JJ creates novel physics, but also holds the key to
technological advances in �elds ranging from digital to quantum electronics. Re-
cently, interest in ultra-low-power, high-density cryogenic memory has spurred
new e�orts to exploit superconducting and magnetic properties simultaneously to
create novel switching elements with these two competing ordering parameters
[107]. Cryogenic superconducting technology is an excellent candidate for the
realization of computing systems energy e�cient digital computing. Single �ux
quantum (SFQ) cryogenic technology logic is based on the speci�c properties of
superconductors and is intended to provide support functions for qubit circuits such
as readout, control and error correction [108, 109]. However, the practical applica-
tions of these superconducting digital technologies will inevitably be very limited
without compatible in speed and signal levels, high-capacity, energy-e�cient ran-
dom access memory (RAM) [100, 110]. Nevertheless combining superconducting
elements with ferromagnetic layers and dots was suggested to achieve higher den-
sity of superconducting memory [111]. In order to achieve high energy e�ciency of
MJJ based memories, comparable to that of SFQ-type digital circuits, MJJs have to
ful�l two main requirements: fast and low energy F-layer magnetization forWrite
operation and fast SFQ junction switching for Read operation [100]. It was already
proven that a switching MJJ can be formed as a superconductor-ferromagnetic-
superconductor (SFS) junction. In previous work investigating SFS structures, the
Ic(H ) dependencies for all samples in [74, 86] were monovalent and had the standard
Fraunhofer form. This indicated that the domain structure of the ferromagnetic
interlayer was quite small scale and its magnetic �elds were completely averaged
at the scale of the F layer. Moreover, the magnetization of domains in CuNi and
PdNi ferromagnetic interlayers used in those works was perpendicular to the plane
of the sample [112]. The shift of the Ic(H ) dependence for Nb-CuNi-Nb junctions,
which was due to the residual magnetization of the interlayer, was observed for the
�rst time in [113]. The possibility of using SFS JJs as unit cells in Random Access
Memory (RAM) has been demonstrated in Nb-Pd0.99Fe 0.01 -Nb junctions [98]. In
these memory elements, there are two critical current levels below the saturation
�eld of the F-layer, which can correspond to the two memory states. Speci�cally,
an application of small external magnetic �eld changed the magnetization of the
ferromagnetic layer that in turn changes the junction Ic , allowing the realization of
two distinct states with high and low Ic , corresponding to logical ’0’ and ’1’ states,
respectively. A magnetic �eld bias is usually applied to determine the optimum
operating point, i.e., the �eld at which the di�erence between the upper and lower
critical current levels ∆I is as large as possible. If the initial state is ’0’, the memory
can be switched to the ’1’ state by applying a positive magnetic �eld pulse. On the
the rising edge of the pulse, the critical current moves along the up-curve. On the
the falling edge of the pulse, the critical current follows the down curves, and after



the pulse, the junction is in the ’1’ state (Fig 2.13a-d). Read operations are performed
with a dc current IR that lies between the two critical values corresponding to the
logic states ’0’ and ’1’. If IR is greater than the critical current level, then the output
signal is a �nite voltage, whereas if IR is less than the critical current level of the
logic state, the output signal is a zero voltage (Fig 2.13a-c). Write operations are
performed using magnetic �eld pulses to switch between the two Ic(H ) curves [100,
98, 57].

Figure 2.13: MJJ memory element operating scheme. (a) Ic(H ) curve: black and red arrows
indicate the sweeping direction of the magnetic �eld to obtain the corresponding curve.
Green vertical line corresponds to the �eld for setting the optimum working point. Blue
horizontal line corresponds to the reading current IR . Orange dots indicate the memory
states, (b) Critical current levels and corresponding logical states, blue line is the reading
current. (c) Voltage levels corresponding to the two logical states. (d) Diagram of the
pulses used to switch between logical states [101, 57]

.

Therefore, in Ref. [113], a junction bias current (Iread = 240 µA) was chosen to switch
the SFS junction from a superconducting to a resistive state by a weak magnetic
�eld pulse. This experiment provides the �rst evidence that a superconductor-
ferromagnet Josephson junction can be used as a non-volatile memory device with
non-destructive readout, potentially scalable to small size and high density. The
MJJ critical current can change and maintain its value through the magnetization
of the ferromagnetic layer, so a memory element size is de�ned by the scalable MJJ
device, enabling high-density RAM. [113]. However, the characteristic frequency of
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a JJ switching process ωc = (2π/Φ0)IcRN is determined by the IcRN product and it
is typically too low in devices based on standard metallic SFS.
Indeed, the characteristic voltage IcRN of these SFS devices [100] was in the order of
nanovolts, which makes them too slow (∼MHz rate) to be applicable to prospective
memory applications. SFQ logic, the main JJ technology for digital and mixed-signal
circuits [114], is mainly based on tunnel SIS JJs whose IcRN product is in the range
of 0.2 - 0.7 mV, resulting in a high characteristic frequency ωc/2π ≈ 100 - 350
GHz [107]. By inserting an additional insulating tunnel layer I in the SFS junction
(i.e. by fabricating a superconductor-insulator-ferromagnet-superconductor (SIFS)
structure), it should be possible to increase Vc = IcRN to 1 mV to achieve a high
switching frequency. This should bring the switching speed of the MJJs close to
that of the SIS JJs, while retaining the useful memory characteristics of the SFS MJJs
[100]. In fact, in order to increase the switching speed of MJJs, in Ref. [113], devices
based on Nb-Al/AlOx-Pd0.99Fe0.01-Nb tunnel junctions with Vc from 100 to 400 µV
(ωc of ∼ 50 GHz) are fabricated and demonstrated.
MJJs have mainly been used as passive elements in quantum circuits because of their
of their intrinsically high quasi-particle dissipation. However, recent capabilities
in ferromagnetic layers with an insulating barrier and in exploiting the intrinsic
insulating ferromagnetic materials inside MJJs, have opened up the possibility of
implementing JJs in hybrid quantum architectures. Superconducting qubits are one
of the most promising paradigms in quantum computing. A wealth of successful
experiments have demonstrated how e�ciently these devices can be manipulated
and read by commercial electronics, how �exible their Hamiltonian is, how precise
the control over their quantum state is [115, 116].
When implementing Josephson junctions to realise qubits, it can be advantageous
to be able to tune the operating characteristics of the entire system. One common
modi�cation used with transmon qubits is to use two similar Josephson junctions
in parallel as opposed to using a single junction [117]. The two junctions then
form a superconducting loop, i.e., a SQUID (superconducting quantum interference
device). The SQUID arrangement allows the e�ective Josephson energy of the
entire circuit to be tuned by the application of an external magnetic �ux [117]. By
modifying the Josephson energy, the e�ective inductance of the SQUID loop can
be tuned dynamically. This makes unique qubit operations possible that are not
achievable with �xed qubits, such as natural atoms or ions [118, 5]. Recently, it
has been proposed that the memory properties of MJJs can be alternatively tuned
by applying magnetic �eld pulses in a hybrid superconducting qubit, the so-called
f erro-transmon. Due to the presence of a ferromagnetic layer, MJJs allow the state
of the system to be switched as a function of the applied magnetic �eld .
In [8] it has been shown that the characteristic hysteretic behaviour of the ferro-
magnetic barrier provides an alternative and intrinsically digital tuning of the qubit
frequency by magnetic �eld pulses. Considering that superconducting quantum
circuits rely almost exclusively on aluminium (Al)-based JJs, [119, 120] the search
for novel circuit designs and combinations of novel materials plays a key role in pro-



moting alternative control and readout schemes in superconducting qubits. To this
end, the concepts and recipe optimized for SIsFS tunnel JJs in Nb were transferred
to JJs with aluminium electrodes. This transfer is extremely valuable in broadening
the possible solutions for an increasingly versatile Al-based technology [10].
For the realization of ferro-transmon, the SIsFS structure can be considered as a
series of a standard tunnel SIs JJ and the ferromagnetic sFS JJ [10]. In this way,
magnetic e�ects occur in a junction that is essentially a tunnel, but behaves like a
standard junction, with a high quality factor, an underdamped system, very low
quasiparticle current, and therefore very low thermal system excitations, all of
which are essential prerequisites for the realization of a superconducting quantum
bit. Since the ferromagnet is hysteretic, the critical current and thus the Josephson
energy of the system can be changed depending on the magnetic �eld applied to
the junction. With standard non-ferromagnetic qubits, when a static magnetic �eld
is applied, it is maintained throughout all operations of the qubit, so if the magnetic
�eld is due to an external current from a generator, it will have its �uctuations, so
it will have associated �ux noise. In the ferromagnetic qubit, on the other hand,
precisely because of hysteretic behaviour, the moment a magnetic pulse is applied,
it regulates E J , but one can continue to perform all operations on the qubit without
applying a static �eld, i.e. the external source of noise is switched o�.
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Experimental setup

In order to electrically characterise the manufactured samples, it is necessary to
reach temperatures below the critical temperature of the devices. Cryogenic systems
are used for this purpose, which not only allow temperatures close to absolute zero
to be reached, but also minimise thermal e�ects during the measurement. In this
chapter, we will describe the experimental setup and the measurement techniques
used to study the behaviour of junctions in a temperature range between 10 mK and
the critical temperature of the superconducting devices. We will focus in particular
on the description of the cooling system and �ltering system. In addition, we
will give an overview of the techniques used to perform DC- measurements for
Josephson junctions. Finally, we will describe the samples that have been analyzed.

3.1 Triton Dilution fridge

To preform d.c. measurements down to ∼ 10 mK, we employ a Triton refrigerator
system provided by Ox f ord Instruments . The Triton system is a cryofree cryostat,
i.e., it is dry, which does not require cryogenic liquids to reach temperatures in the
order of a few milliKelvin. The fridge consists of several stages of progressively
lower temperatures, enclosed in a cylindrical high vacuum chamber, referred as
the outer vacuum chamber (OVC). High vacuum is required to decouple with the
environment, and the pressure inside the chamber is less than 10−5 mbarr. The
stages are made of copper gold-and silver-covered plates, thermally decoupled
by stainless steel supports. As illustrated in Fig. 3.1, starting from the top of the
cryostat, we have:

– the RT-plate, at room temperature;
– the PT1, at ∼ 70 K;
– the PT2, at ∼ 4.2 K;
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– the still-plate, at ∼ 700 mK;
– the IAP-plate, or cold-plate, at ∼ 100 mK;
– the MC-plate, at ∼ 10 mK.

Figure 3.1: Triton system description: the labels indicate the di�erent plates and the
minimum temperature that they can reach, the green and red path indicate the dilution
unit and the pre-cool unit respectively, which are the basic units of the Triton cooling
procedure.

The temperature relative to the plates of the dilution unit was obtained using the
method proposed by Heinz and London in 1950s [121], characterized by three main
stages, which we will describe in more detail.

The �rst phase is the condensation, where a small amount 3He -4He mixture gas
contained in a sealed volume inside the cryostat is pumped into a liquid nitrogen
tank acting as a trap, where it is cooled from room temperature to 77K and puri�ed.
Then a pulse Tube Refrigerator (PTR) precools the system down to about 10 K.
Vibrations from the PTR can cause noise during the measurement phase, so special
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copper braids are used on PT2 to decouple the PTR from the subsequent plates. In
this way, the experimental set-up undergoes a Pre-Cooling (PC) phase through a
series of heat exchangers located on PT1, PT2, the still plate, the cold plate and the
Mixing Chamber (MC).
Once ∼10 K is reached, the pre-cooling loop is removed from the circuit using a
turbo pump and the mixture is compressed at high pressure (∼2.5 bar) using the
KNF 3He compressor. By using a series of heat exchangers and pressure �lters
based on the Joule-Thomson expansion principle, temperatures below ∼ 2 K are
reached at which the 3He condenses (1.7 K) in the mixing chamber, reducing its
temperature to about 1 K.

Figure 3.2: Phase diagram of 3He -4He in terms of temperature and concentration of the
mixture.

The dilution phase uses a thermodynamic process that occurs when a mixture of
3He and 4He is cooled appropriately. Below 1.2 K, when 3He and 4He are both liquid,
a phase transition point is reached at about 800 mK. At this point, as can be seen
from the diagram in Figure 3.2, there is a phase separation between a concentrated
3He phase and a dilute 3He phase, i.e. a phase with more 3He molecules and a phase
with fewer 3He molecules. The transfer of 3He from the MC is an endothermic



process that lowers the temperature to 10 mK.
Finally, the 3He molecules in the MC are pumped out through the still line and
recondensed again (circulation). In the still chamber, it is possible to increase the
degree of evaporation of the mixture, thereby optimising the circulation process.
Control of the pumps, pressures, temperatures and valves in the cryostats is achieved
using an Intelligent Gas Handling (IGH) system controlled by LabVIEW software
from Oxford Instruments.
Finally, to protect from external radiation, 70K- and 4K-plates are �tted with alu-
minium shields.

3.2 Filtering systems and electronics

To make accurate measurements of the transport properties of Josephson junctions,
it is necessary to use a special �ltering system to minimise noise from thermal and
electronic noise.

3.2.1 DC setup

The cryogenic system we use, the Triton, makes it possible to carry out four-contact
measurements on several samples at the same time, as it is equipped with 48 DC
lines, 24 of which are dedicated to carrying current and 24 of which allow the
voltage di�erence at the ends of the devices to be measured (voltage lines). In
particular, half of these lines (12 current and 12 voltage lines) are equipped with
di�erent �ltering stages, which are essential for the acquisition of very low intensity
current and voltage signals [22].
From the RT-plate to the 4K-Plate, copper and constantan twisted pairs are used
for current and voltage lines respectively. In particular, fot the current it must
be a line with low electrical conductivity, because it is current biased. From the
4K-Plate to the MC-plate, instead, to further reduce the resistance of the lines, a
superconducting alloy consisting of Nb and Ti is used for the I -lines, while the
V-lines are homemade manganin twisted cables, which have high resistance but do
not dissipate too much heat.
The constantan and the manganin are characterized by a low thermal conductivity,
and therefore suitable for voltage measurements. The manganin has best perfor-
mances at low temperatures compared with the constantan [122].

RT to 4K A �rst �ltering stage at room temperature is located on the top of the
cryostat, where the low pass EMI �lters (ElectroMaдnetic Inter f erence) connected
to the input lines I and V are positioned. These are RC �lters that remove electro-
magnetic high frequency peaks such as the ones coming from mobile phones. The I
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and V lines pass through two Electrolytic Tough Pitch (ETP) copper boxes, which
are anchored to the 4K-plate. Each copper box contains two electrically isolated
chips with six RC �lters each, with a common ground to the copper box. 12 twisted
I and V pairs pass through the box and are connected directly to the box’s RCA
output (un�ltered lines), while the other lines are connected to the �lters. The
reason for using second order RC �lters rather than standard RC stages is that the
input signal requires di�erent degrees of attenuation at di�erent frequency bands.

Figure 3.3: Picture of the �rst two �lter systems: left the EMI �lters, right the RC �lters.

IAP to MC At higher frequencies, the parasitic inductance of the capacitors causes
a signi�cant loss of attenuation. To overcome this problem, an additional �lter stage
consisting of two brass powder f ilters [123] is �tted to the IAP plate in the Triton.
The attenuation of high frequency signals is due to the dissipation of the current
induced in the grains, depending on the powder material, their size, diameter and
length of the wire [123, 124, 125]. With these precautions, high precision and reso-
lution in the microvolt and nanoampere can be achieved [9]. Finally, all signals pass
through a battery-powered, low-noise ampli�er to avoid other sources of electrical
noise.
In the Triton, we have two rows of 12 insulated manganin (for the voltage lines)
and copper wires (for the current lines) with a diameter of 0.1 mm encapsulated in a
cylindrical paste of resin, hardener and brass powder. In general, mixing the powder
with epoxies allows us to obtain a better thermalization of the central wire compared
to pure powder �lters (Fig. 3.4) [123, 124, 125]. Both manganin and copper wires
are shaped into a spiral with a distance between loops of 0.1 mm diameter. The total
length of the wires is of the order of 2.5 m. The 24 �ltered I and V lines terminate
in a RCA connector which is plugged into the sample holder stage, which is ther-
mally and mechanically anchored to the bottom of the MC plate. Inside the sample
holder, there is a home-made Cinch-to-Fischer cable made of NbTi (for the current
lines) and manganin (for the voltage lines), thermally anchored to the sample holder.



Figure 3.4: Picture of the copper powder �lters, in the box on the right a detail of the
internal structure of the copper cylinders.

The coldest possible plate, the one at 10 mK, is where the experiments are mounted
after the system has cooled down. Figure 3.5 shows the section dedicated to DC
measurements, i.e., nanostructures or, as in this case, the Josephson e�ect.

Figure 3.5: DC-sample stage.

Another aspect to consider when studying JJs is the shielding of the samples from
the external magnetic �eld. For this reason, the Triton sample holders are designed
to provide a 1 mm thick external cryoperm screen and a 1 mm thick internal lead
screen around the samples.
Finally, the characterization of JJs, and in particular SIsFS JJs, requires the use of
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superconducting coils. In the Triton the coil is mechanically anchored to a copper
ring centered on the sample stage by means of non-conducting stands. The coil
lines are copper from the RT plate to the 4 K plate and superconducting (NbTi) from
the 4 K plate to the MC. They are thermalized at the 70 K plate, the 4 K plate and
the cold plate (IAP), and otherwise covered with a �breglass glove.

3.3 Readout electronics

The electronic setup connected to the cryostat allows for di�erent measurements
useful to characterize di�erent types of devices. In this section, we will discuss the
measurement techniques used for most of the characterisation of superconducting
systems in a DC environment, including the ferro-tunnel JJs reported in this thesis.

3.3.1 I (V )measurements

The characterisation of the junctions was carried out using the four-contact tech-
nique, because one does not want to measure the resistance at the ends of the lines,
but only the resistance at the ends of the junction, so two contacts are needed to
give the current (I+ and I−) and two contacts to read the voltage (V+ and V−) at the
ends of the junction. This is extremely advantageous compared to a two-contact
measurement, as it excludes the potential drop due to the impedance of �lters and
lines, which would add to the voltage drop at the ends of the junction. The junctions
are current biased by a triangular voltage ramp with frequencies around 10 Hz,
emitted by an Agilent 33120A arbitrary waveform generator connected to a variable
shunt resistance, generally very high (1 MΩ), chosen to have a value greater than
the resistance of the junction and the lines.
The current �owing through the device is

Ibias =
Vpp

Rshunt + Rline + Rjunction
≈

Vpp

Rshunt
(3.1)

with a peak-to-peak Vpp amplitude that falls on the variable shunt resistance Rshunt .
The error on the generated voltage is is at least one order of magnitude less than
Vpp . The current passing through the device is pre-ampli�ed by the Stanford SR570
Current Preampli�er, which converts the current signal into a voltage that can be
read on the LeCroy Wave Runner 6100A oscilloscope. Finally, the voltage drop
measured at the junction electrodes is ampli�ed by a variable gain di�erential
voltage ampli�er and then sent to the oscilloscope. This instrument records a
series of 100 curves and averages the measured signal to reduce noise e�ects. The
oscilloscope is connected to the computer, where we saved all the measurements.



Figure 3.6: Sketch of the DC setup used for current-voltage measurements as a function
of temperature [101].

The experiment results can be signi�cantly a�ected by the complexity of the set-
up, along with the presence of �ltering and ampli�cation stages, electrical and
thermal noise e�ects, and the number of degrees of freedom of the solid state
sample. To accurately de�ne the properties of the junctions being studied, it is
crucial to evaluate the associated measurement errors. The temperature of the
reservoir where the Josephson junction is thermalized is registered through an
electrical measurement of diode resistance. At low temperatures, the sensitivity of
the diode resistance is about 1 × 10−4K . The voltage measurements associated error
mainly arises from the noise signal, while that due to the instruments is negligible
compared to the noise. Figure 3.7 displays a zoom of the noise band of an I-V
characteristic of a Josephson junction at a temperature of 0.8K.
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Figure 3.7: Detail of the superconducting branch of a current-voltage curve at T=0.8K for
an Al-based Josephson junction. The voltage noise amplitude is shown to be 4µV wide..

The voltage noise band has a width of ∆V = 4µV , enabling the estimation of a
relative error of ∆V /V = 2% when de�ning the Ic values using a �xed voltage
threshold.

3.3.2 Measurements in magnetic fields

The magnetic �eld is generated by connecting Source Meter Keithley 2400, used as
a current generator, to a superconducting coil of NbTi, which is connected within
the system to the plate at ∼ 10 mK. It is driven by current with a current/magnetic
�eld conversion factor of 0.1 T/A. The error on the generated current is 0.012% Icoil ,
as declared in the instrument speci�cations [126].
In a �rst moment we applied a magnetic �eld from zero to an upper value (virgin
curves); then we applied a �eld from a positive value to a negative value (down
curves) and back again (up curves). For each value of the magnetic �eld, we
acquired the I (V ) characteristics with a step ∆Icoil and a waiting time tw between
each acquisition, chosen to obtain accurate measurements; we set the waiting time
to tw = 1 s. The number of average sweeps was set to 20. Source Meter Keithley



2400 is remotely connected to the PC via a GPIB (General Purpose Interface Bus)
interface, from which measurements can be initiated using labview programs.

3.3.3 Conductance measurements

Conductance spectra measurements provide information on the density of states of
the samples, as the di�erential conductance dI/dV versus V in a superconductor
is proportional to the density of states [15]. In this case, the input current is the
sum of two signals: a low frequency (1 mHz) triangular ramp and a small sinusoidal
excitation at about 30 Hz. The optimum ratio between the two signal amplitudes is
of the order of 10−3. The output dV signal is read from the lock-in ampli�er, which
is used to compute the conductance dI/dV . The quasi-dc output voltage is read
using an Agilent 34401A multimeter with a six digit display. The circuit for such
measurements is shown in �gure 3.8.

Figure 3.8: Diagram of the circuit used to measure the dI/dV curves [127].

3.3.4 Switching Current Distribution measurements

Finally, switching current distributions (SCDs) were measured, which allow the
reconstruction of the electrodynamic properties of Josephson junctions. The evalu-
ation of the probability of the current switching from the superconducting to the
�nite voltage state is a powerful tool that allows a better understanding of the phase
dynamics for the fabricated junctions. In addition, the information obtained from
these measurements also provides a means of checking the regime in which the
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fabricated junctions operate by estimating the Q factor after the SCDs have been
measured.
SCD measurements are performed as follows: �rst, the voltage at a constant fre-
quency of 5.123 Hz and a peak-to-peak value of 1.8 mV from the waveform generator
and the measured current are read on the oscilloscope. A voltage threshold is then
�xed close to the switching current value in order to detect the actual switching
event and to count it in time: a total of 5×103 events are processed for each tempera-
ture (see �g. 3.9). This allows a histogram of the switching currents to be generated.
The switching current counts N (I ) allow the switching current probability density
distribution P(I ) to be calculated by dividing the N (I ) histogram by the area of the
distribution, which is given by the integral of the switching current counts. The
mean switching current value Imean, its variance σ 2 as the second moment and the
third momentum of the distributionm3 are

Imean =
∑
i

N (Ii)

Ntot
Ii (3.2)

σ 2 =
∑
i

N (Ii)

Ntot
(Ii − Imean)

2 (3.3)

m3 =
∑
i

N (Ii)

Ntot
(Ii − Imean)

3 (3.4)

where Ntot is the total number of counts and Ii are the switching current values.
The standard deviation σ and the skewness γ are calculated as:

σ =
√
σ 2 (3.5)

γ =
m3
σ 3 (3.6)

The error on Imean is the standard deviation σ , while the error on σ taking into
account the propagation of the error

∆σ =
1
2σ

√∑
i

((Ii − I
2
mean)∆Ni)

2, (3.7)

where ∆Ni is the Poisson error on the counts ∆Ni =
√
Ni

Ntot
.



Figure 3.9: (a) Circuit diagram for SCD measurements. (b) Junction output signals and
threshold voltage (black dashed line) set for SCD measurements. (c) Histogram of switch-
ing current distribution [127].

3.4 Samples scheme

In this work, hybrid aluminium-based SIsFS Josephson junctions (JJs) have been
investigated: the samples were fabricated at the CNR-ISASI in Pozzuoli and the
Physics Department of the University of Naples. An innovative fabrication process
inspired by niobium-based technology, already well known for the production
of high quality hybrid junctions widely used as magnetic switches for cryogenic
RAM [128], has been used to obtain very high quality hybrid aluminium Josephson
junctions, supporting the use of ferromagnetic Josephson junctions in advanced
quantum circuits. Figure 3.10 shows an image of a junction set using a SEM and a
detail showing a circular junction with an area of about 7 µm2 using both a SEM
and an AFM.
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Figure 3.10: SEM image of a set of circular SIsFS with diameters ranging from 2 to 10 µm.
Upper inset: magni�cation of a circular junction with a diameter of 3 µm. Bottom inset:
AFM image of a circular junction with a diameter of 3 µm.

In addition to the choice of a di�erent superconducting material, another novelty
for the junctions investigated is the use of a ferromagnetic material. In fact, until
recently, the ferromagnetic material used for SIsFS junctions was Pd0.99Fe0.01, which
is a weak ferromagnet: however, this material, as already expressed in section 2.4.1,
is not suitable for the next generation of nanoscale JJs.
Thus, in recent years, PdFe has been replaced by a strong ferromagnetic Ni80Fe20
interlayer alloy (Permalloy), which is more suitable for the realization of small
area JJs and allows the realization of SIsFS JJs down to 7µm2 [11]. Compared to
other superconducting materials such as niobium, aluminium turns out to be a
nonrefractory material, cannot withstand strong magnetic �elds and has a rather
low critical temperature. Nevertheless, aluminium was used for these JJs, as it is the
state-of-the-art material for the fabrication of modern qubits, due to the coherence
times achieved for qubits made of Al [129].
The fabrication of these high quality micron-sized aluminium (Al) JJs uses the
concepts and recipe optimised for Nb tunnel junctions, which is based on the
anodization of the Al top layer and an additional silicon dioxide insulating layer
[130, 131]. This provides a reliable and reproducible process to obtain high quality
JJs with Al electrodes down to 12 µm2 by standard optical lithography, with E J values
suitable for integration into a transmon quantum architecture. Furthermore, the
process allows the deposition of additional layers, in particular the ferromagnetic
(F) layer, after the de�nition of the junction. These JJs appear to be the smallest
SIsFS memory elements (∼ 7µm2 ) compatible in speed and power dissipation with



single �ux quantum (SFQ) circuits. Furthermore, given the stability of the of the
magnetic properties of Py, there is in principle no limitation to further reducing the
cross section of the JJs down to submicron dimensions [101, 99]. The �gure 3.11
shows the �nished samples with the di�erent layers.
To examine the tunneling characteristics of SIsFS JJs with Al as the S layer, two sets
of SIsFS JJs with three di�erent types of ferromagnetic layer were prepared:

1. Al (200 nm)/AlOx (3 nm)/Al (30 nm)/Py (3 nm)/Al (400 nm) JJs,

2. Al (200 nm)/AlOx (3 nm)/Al (30 nm)/Py-Gd (3 nm)/Al (400 nm) JJs,

3. Al (200 nm)/AlOx (3 nm)/Al (30 nm)/Py-Gd-Nb (3 nm)/Al (400 nm) JJs.

Figure 3.11: Schematic of a �nished sample [129].

Figure 3.12 shows an optical image of a set of junctions and a circular junction with
an area of about 12 µm2 in the inset.
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Figure 3.12: Optical microscope image of a set of circular SIsFS with a diameter D ranging
from 2 to 10 µm. The inset shows the magni�cation of a circular junction with D = 5µm
[129].





–4–
Data analysis

A detailed analysis of the measurements performed on SIsFS junctions is presented
in this chapter. Measurements on the fabricated samples have been carried out at
the QT Lab of the Università degli Studi di Napoli "Federico II". The former part
focuses on their behaviour as a function of temperature and magnetic �eld. Next,
conductance measurements are taken on two speci�c junctions, with and without
the ferromagnetic interlayer. The latter half of this chapter is concerned with the
measurements of switching current distributions (SCDs) which are a powerful tool
for studying the phase dynamics of JJs.

4.1 Characterization of the samples

In order to identify the best samples, a �rst pre-selection was carried out using a
probe station (Figure 4.1) at room temperature. Room temperature resistance was
measured by connecting the Python software to Keithley via GPIB. In this way, this
tool enabled the working junctions to be distinguished from the damaged ones.
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Figure 4.1: The probe station used for the initial selection of the junctions. Measurements
were made at room temperature.

Circular hybrid SIsFS and circular tunnel SIS Josephson devices with di�erent
junction areas and the same tunnel barrier thickness have been measured.
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Figure 4.2: Chip layout of the fabricated samples. The individual junctions are with a
number representing the speci�c pad they are from and a letter representing their diameter.
The diameters are 2µm, 3µm, 4µm, 5µm and 10µm respectively: the junctions are labelled
with the letters A to E - starting with the smallest - according to their diameter.

4.1.1 Current-Voltage characteristics and Conductance

The analysis of temperature dependence of a Josephson junction is an essential
part of its characterisation. This analysis yields certain parameters that assess the
quality of a fabricated JJ. Figures 4.3 a) and b) show the IV characteristics for the
SIS and SIsFS JJs based on a Aluminum technology, at T = 10mK , in short and
long range respectively. The acquisition of IV curves, divided into two data sets,
short-range and long-range, allows us to obtain all the necessary information about
these samples. The former allows a better investigation of the critical current of
the device. The latter is useful for determining RN , but it is also used to derive the
gap voltage Vдap , which is evaluated experimentally from the graph as the point
before the subgap branch begins to bend, i.e., before the ohmic branch. As the
curve in Fig. 4.3 shows points with both negative and positive values of I and V, the



mean value (Ic+ + Ic−)/2 was found to estimate Ic , where Ic+ and Ic− are the positive
and negative critical current of the IV. The margin of error on the critical current,
Ic , was assessed using formulas 3.3 and 3.5, based on the width of the probability
distribution of the values of Ic at the base temperature (Figures 4.9-4.10). A linear
�t on the ohmic branch of the IV curve in the long range allowed us to determine
the parameter RN by the inverse of the angular coe�cient of the linear regression
line, with the corresponding error.

Figure 4.3: Current - Voltage characteristic at a) short range and b) long range for circular
JJs with R = 2µm: Al (200 nm)/AlOx (3 nm)/Al (400 nm) and Al (200 nm)/AlOx (3 nm)/Al
(30 nm)/Py (3 nm)/Al (400 nm).

According to the established empirical relation [132]

1
Cs

(
cm2

µF

)
= 0.20 − 0.043 log10 Jc(kA/cm2), (4.1)

it’s possible to estimate the capacitance for all samples by multiplying the speci�c
capacitance Cs for the junction area. This provides a geometrical estimate C of the
capacitance of JJ, which allows us to calculate, by eq. 1.51, the corresponding Q
factors for the samples.

Q =

√
2eIcR2

NC

~
(4.2)

An overview of all the parameters calculated at the temperature Tbase is shown in
Table 4.1
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Table 4.1: Parameters of circular JJs Al/AlOx /Al and Al/AlOx /Al/Py/Al at T = Tbase .

JJs A (µm2) Jc (A/cm2) Vдap (µV ) RN (kΩ) IcRN (µV ) E J (µeV ) C (f F ) Q
SIS 19C 13 0.72± 0.06 390±2 0.7 60±2 184±8 376 7

SIsFS 18C 13 0.48± 0.04 449±15 1.4 90±3 134±4 367 12

SIsFS 23B 7 0.36± 0.03 449±5 2.6 70±3 55±2 202 11

The values of the Q factor indicate that all junctions are in the undamped regime: a
more accurate estimate of this parameter is derived at the end of this chapter.

Typical conductances and I-V curves for SIS and SIsFS junctions at T = 10 mK are
shown in Figures 4.4. The critical current density was derived for both junctions.
The tunnel junction was found to have Jc = (0.31 ± 0.03)A/cm2, the ferromagnetic
one Jc = (0.33± 0.03)A/cm2. These values demonstrate consistency with each other
as the discrepancy between them is lower than measurement error. This result
indicates almost independence of the critical current density from the junction area.

SIsS JJs shows the high-quality of the tunnel barrier that is evident from the shape
of the subgap branch. In ref [10] and this behavior has been described in the frame
of the TJM model. By �tting the I–V characteristics in Fig. 4.4 a) with the TJM
model, it has been estimated a subgap resistance Rsд of the order of a few MΩ for
both the SIS JJs. Since the normal resistance of the I-V characteristic reported in
Figure 4.4 a) is RN = (1.70±0.03)kΩ, the ratio RN /Rsд is about 10−3. This estimation
is in agreement with the very low values of the measured leakage currents, lower
than 0.5 nA, which is the resolution limit of the experimental setup [99]. The Rsд
values are in the same order of magnitude as those of conventional SIS junctions,
which are commonly used as components in quantum circuits [133]. The subgap
resistance of the I-V characteristic reported, referred to instead in �gure (b), was
evaluated experimentally from the graph and found to be of the order of 105Ω,
which is exactly the inverse of the conductance. SIsFS (�g. 4.4 b)) shows normal
resistance of the order of (1.14 ± 0.02)kΩ, while the ratio RN /Rsд is about 10−2.



Figure 4.4: a) Conductance dI/dV measurement and I–V curve for the SIS junction with
a diameter of 4µm; b) conductance measurement and I–V curve for the SIsFS junction
with a diameter of 4µm. The conductance measurements were performed by applying a
magnetic �eld of 7.4 mT to suppress the Josephson supercurrent.

4.2 Magnetic field dependence

As explained in Section 1.3.2, the relationship between the critical current of a
Josephson junction and an externally applied magnetic �eld re�ects di�ractive
phenomena. This is due to the presence of an external �eld, H , causing a phase
variation in the macroscopic wave function of bulk superconductors, with a direct
impact on the critical current.
Using a current-polarized NbTi superconducting coil (sec. 3.3.2), a magnetic �eld H
orthogonal to the supercurrent �owing through the studied junctions was generated.
For each of them, IV characteristics were then measured at the base temperature
T = 10mK as a function of the magnetic �eld. The IV (H ) measurements for the
three di�erent sets of investigated junctions are shown and discussed below. This
has been found by looking at the sample IV characteristics for di�erent values of
the magnetic �eld sweep. After sampling the IV curves, we needed to obtain the
Ic(H ) values for the critical current. We accomplished this by focusing solely on
the superconductive section of the IV (H ) curves and setting two thresholds, V−
(negative) and V+ (positive). We then evaluated the corresponding critical current
values within these thresholds for the IV (H ) curves. Before proceeding with the
magnetic measurements, it is necessary to verify that the structural parameters
of the JJs are such that hysteretic behaviour can be expected. This is achieved by
calculating the London penetration depth λL and comparing it to the interlayer’s
thickness ds . Indeed, in order to realize a magnetic switching device with hysteretic
behavior of the critical current, it is crucial that ds < λL [100, 104, 98]. It is possible
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to �nd out the London penetration length by using a simpli�ed version of Eq. (2.20)
with MF = 0 because there is no F layer in the chosen sample, Φ = µ0HLdm, where
µ0H represents the �rst minimum of the pattern. It must correspond to the magnetic
�ux quantum, Φ = Φ0. L has to be replaced with the diameter of the junctions
since all the samples are circular JJs, and additionally dm represents the magnetic
thickness of the sample and has a simpli�ed expression for a tunnel JJ, dm = 2λL+dI .
The dependence of Ic as a function of H at the base temperature of about 10mK is
shown in Fig. 4.5 for a SIS JJs with diameter D = 4µm, from which the Al London
penetration depth can be determined λL ∼ 39nm > ds . Thus, when the junction is
placed in an external magnetic �eld, it behaves as a single junction and hysteretic
behaviour of the Ic(H ) curves is expected. The shape of the magnetic pattern further
con�rms the high quality of the tunnel barrier [10].
Since the junction under investigation has a circular geometry, as reported in
sec. 1.3.2, its critical current dependence on the applied magnetic �eld follows
the Airy relation, that allows to estimate the junction parameters, like the radius
and the London penetration depth λL. Using the relation 4.3, parameters such as
R = (2.1 ± 0.2)µm, λL = (40 ± 1)nm have been estimated and the obtained values
are compatible with others found in literature [134]. Thus, the penetration lengths
of London obtained by the two di�erent methods exhibit consistency.

Ic
Ic,max

(H ;R,d) =

�����2 J1(πΦΦ0
)

πΦ
Φ0

����� (4.3)

where R corresponds to the radius of the junction, and d = 2λL + dI , to the length
of magnetic penetration.
Since the red �t line presented in Figure 4.5 is well adapted to the experimental
data, it indicates a good uniformity of the current distribution in the junction [134].
For the �rst junctions with Py as the ferromagnetic layer, the magnetic �eld is �rst
increased from 0mT to 22mT . The external �eld is then swept through the range
(22mT , −22mT ) in an attempt to magnetise the ferromagnetic layer. Finally, it was
returned to a value of 22mT . No hysteresis was seen because the strength of the
magnetic �eld was not su�cient to magnetize the ferromagnet. The position of the
maximum does not shift.
At this point, the �eld was switched o� and the temperature was raised above the
critical temperature of aluminium (∼ 1.2K). This high temperature is needed to
ensure that the aluminium is no longer a superconductor and that the the mag-
netic �eld can magnetise the F layer and no magnetic �ux gets trapped in any of
the S layers. As a result, the coil is supplied with a current of 45mT via Keithley
2400 Source Meter, then the �eld is switched o� again and the base temperature is
reached. To ensure that there is a shift in the critical current after magnetisation of
the F-layer, the �eld is manually adjusted to −22mT . Thus, up (−22mT , 22mT ) and
down (22mT ,−22mT ) curves were acquired. In a similar manner, magnetisation
was carried out on the negative side. So the �eld was switched o�, the temperature



was raised to 1.6K , to apply a magnetic �eld by giving a bias current of −45mT to
the coil, and then the �eld was switched o� again. At T ∼ 20mK , a magnetic �eld
of 22mT was applied manually and up and down curves were acquired.

Figure 4.5: The scattered points represent the experimental data of Ic(H ) characteristic for
a circular (R = 2µm) Josephson junction of the SIS type: Al(200nm)/AlOx (3 nm)/Al(400nm)
while red line represents the curve predicted by Airy model.

Magnetic �eld measurements were taken for the subsequent set of measurements, in
which the ferromagnetic layer is Ni85Fe12Gd3. Therefore �g. 4.6 shows Ic(H ) curves
for Al (200 nm)/AlOx (3 nm)/Al (30 nm)/Py-Gd (3 nm)/Al (400 nm) junction with
a diameter of 4µm. Small �eld sweeps from (−5mT , 5mT ) to (−30mT , 30mT ) were
applied. Again, this range applied �eld is not su�cient to shift the maximum of the
Ic curve. To do this, we supplied the coil with a current of −45mT before and 45mT
after and acquired up and down curves in a magnetic �eld range between −15mT
and 15mT . In �g. 4.6, Ic(H ) for the SIsFS JJ is shown in the downward direction of
the magnetic �eld sweep (black points) and in the upward direction (red squares).
Two sets of data show a distinctive shift of the absolute maximum of Ic from about
6 to −6mT , respectively, arising from the hysteretic reversal of the ferromagnetic
barrier.
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Figure 4.6: Ic(H ) curve for sample Al (200 nm)/AlOx (3 nm)/Al (30 nm)/Py-Gd (3 nm)/Al
(400 nm) JJs.

In the third set of measurements, Py doped not only with Gd but also with Nb
was used as a ferromagnetic barrier. However, the plot of the critical current as a
function of the magnetic �eld is the same as in Figure 4.6.
The proposed junction con�guration is highly advantageous for very useful for
potential applications in both classical and quantum circuits. The critical thickness
LSC can be de�ned as the minimum thickness of the s layer in an sF bilayer at a given
temperature, above which superconductivity still exists [10]. As discussed earlier in
the section 2.3.2, for ds much larger than 3ξs , where ξs is the coherence length of the
superconductor, the device behaves as two Josephson junction in series, a standard
tunnel junction and a metallic ferromagnetic junction. The overall properties are
dominated by the junction with lower critical current, which is usually the SIs
tunnel junction [127]. Thus, the transport properties [10] are determined by the
SIs junction with a smaller critical current if the F-layer thickness is su�ciently
small. This kind of con�guration ensures easy integration of SIsFS JJs into a variety
of digital and quantum circuits using standard fabrication procedures, since the
F layer can be deposited subsequently without a�ecting the quality of the tunnel
barrier. An alternative explanation for the similar behavior observed in magnetic and
nonmagnetic JJs involves the Al interlayers, which are not a�ected by any exchange
�eld due to a thin natural AlOx barrier that decouples Al from the ferromagnetic
layer and eliminates exchange coupling at the interface [10]. This phenomenon
has been previously studied through tunneling conductance of junctions formed on



thin Al �lms in contact with �lms of the ferromagnetic semiconductors europium
oxide (EuO) and europium sul�de (EuS) [10, 135, 136].

4.3 Switching current distributions (SCDs)

For a better comprehension of the phase dynamics, additional measurements were
taken on the fabricated samples with regard to the switching current distributions
(SCDs). The evaluation of the the distributions of probability of the switching
currents from the superconducting to the �nite voltage state is a powerful tool that
allows a better understanding of the phase dynamics for the fabricated junctions [36].
Indeed, these measurements provide an opportunity to determine the operating
regime of the fabricated junctions by estimating the Q factor.
The switching current distributions for the fabricated samples are shown, in Figures
4.7 and 4.8, for di�erent values of temperature in the range between 0.10K and
1.10K .

Figure 4.7: Switching current distributions for the tunnel Al/AlOx /Al JJ.
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Figure 4.8: Switching current distributions for the ferromagnetic Al/AlOx /Al/Py/Al JJ.

Di�erently from the low dissipation case, the SCDs broaden when lowering the T
and correspondingly the peak intensity decreases [37]. This could be attributed to
the phase di�usion (PD) regime.
For each considered temperature, the �rst moment and the standard deviation σ of
the switching distributions have been calculated, and their temperature dependence,
shown in Figures 4.9 and 4.10, is typical of a phase di�usion regime. Based on
the measurements, it is con�rmed that the standard deviation is highest at low
temperatures and progressively decreases as the temperature rises.
The trend obtained for Ic as a function of temperature reproduces the standard JJ
behaviour that occurs in each regime. Especially for the tunnel junction, considering
that the superconducting gap decreases with increasing temperature according to
the approximation BCS, the critical current follows the temperature dependence of
the superconducting gap as the temperature varies according to the Ambegaokar-
Barato� relation (eq. 1.18). In fact, the critical current tends to have a constant
value up to a temperature Tc/2 (Tc ≈ 1.3K) and then decreases approximately for
temperatures greater than Tc/2 until it is zero for T ∼ Tc . This phenomenon can
also be seen in the SIsFS junction.



Figure 4.9: Mean switching current Imean (red spheres) with error determined by formula
3.5 and standard deviation σ (black spheres) with error determined by formula 3.7 are
shown as a function of T in relation to the tunnel junction Al/AlOx /Al.

Figure 4.10: Mean switching current Imean (red spheres) with error determined by formula
3.5 and standard deviation σ (black spheres) with error determined by formula 3.7 are
shown as a function of T in relation to the ferromagnetic junction Al/AlOx /Al/Py/Al.

Figures 4.11 and 4.12 shows the experimental value of the skewness γ , de�ned in 3.6,
of the switching distributions as function of the temperature. For negative values
of skewness in Figure 4.11, it is apparent that the corresponding distributions show
a tail to the left (Figure 4.7). On the other hand, for values of skewness that are zero
or otherwise close to zero, there is a sharper symmetrization of the distributions.
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Figure 4.11: Skewness γ as a function of T for tunnel Al/AlOx /Al JJ.

Regarding the distributions of the SIsFS junctions, they have a positive skewness
and thus show a tail to the right.

Figure 4.12: Skewness γ as a function of T for ferromagnetic Al/AlOx /Al/Py/Al JJ.

It is observed that there is a moderately damped regime (MDR) in the considered
superconducting JJs. This regime is quite distinct from the case of underdamped
systems (Q > 10), and is common in junctions characterized by low Ic or by
larger dissipation, intrinsic of the nature of the junction. In the MDR regime, the



phase dynamics is quite modi�ed: following an event of escape, the particle may
travel down the potential for a few wells and then may be retrapped in one of the
following minima. A decrease of the Josephson energy E J and of the quality factor
Q enhances the retrapping rate ΓR (eq. 1.62) causing multiple retrapping phenomena
in the switching dynamics At low bias, the process of escape and retrapping of
the phase particle in the washboard potential (Figure 1.11 b)) can occur several
times, producing extensive di�usion of the phase, until an increase of the tilt of the
potential due to a change in the bias current increases the velocity of the particle
and the junction can switch to the running state [1]. PD manifests itself as an
unexpected collapse of switching current �uctuations with increasing T due to
the interplay of two counteracting consequences of thermal �uctuations [137].
On one hand, thermal �uctuations assist in premature switching into the running
state and, on the other hand, help in retrapping back to the superconducting state
[137]. In other words, temperature does not only provide energy for excitation of a
system from equilibrium state but also enhances the rate of relaxation back to the
equilibrium [1].
The investigated junctions have been fabricated with the aim of being employed
in a new architecture of transmon qubits [8], which requires junctions with low
critical currents [138]. Typically, the main operating frequencies of transmons range
from a few GHz to 10 GHz [5]. Therefore, the ratio E J/Ec must be limited in such
a way that the frequency of the qubit does not deviate from the standard range
of 4-8 GHz, i.e. the microwave range [139]. This particular qubit architecture is
a development of the archetypal charge qubit, the Cooper pair box [140]. Thus,
since it is not a phase- or �ux-oriented qubit architecture, no MQT event can be
observed as the structural parameters do not allow it and the usual junctions for
exploring quantum-activated e�ects are fabricated to have high Tcr values. If this
condition is met, it is possible to observe quantum activated escape events in all
types of junctions, from classical tunnel JJs to more exotic and unusual HTS JJs [37].
Thus, the fabricated junctions are in the PD regime, with a transition temperature
T ∗ ≤ Tbase = 10mK [141], i.e. lower than the temperatures achievable with the
dilution cryostat.
Since the frequency dependent quality factor Q(ω) = ωpR(ω)C is a measure of
dissipation in the JJ, while the critical current Ic is an easily accessible parameter,
the dissipative essence strongly depends on the value of the e�ective frequency
dependent resistance R(ω) and of shunting capacitance C , which in turn depend on
several interplaying e�ects, such as circuit impedance, subgap resistance and stray
capacitance. Since these parameters are not easily accessible, a reliable way able
to estimate the frequency dependent quality factor Q(ω) is of great interest [37].
Among other things, the SCD measurements indicate a clear PD regime, which
contrasts sharply with the Q damping factors estimated in the �rst section of this
chapter. Therefore, a more accurate determination of the damping parameters is
required. Speci�cally, a method is needed to estimate the damping factor that does
not depend on any geometrical parameter, but only on the experimental data.
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For this purpose, the damping parameters can be obtained with greater precision
by referring to the phase diagram displayed in Figure 4.13.

Figure 4.13: (Q,kBT /E J ) parameter space shows di�erent regimes. The transition curve
between the PD regime and the running state has been extrapolated by Monte Carlo
simulations [36]. The transition curve varies depending on the ratio of E J/kBT and the
damping factorQ , resulting in a universal phase diagram that is independent of the sample
[59, 1]. In the inset is show the experimental escape rates (symbols) as function of barrier
height to escape energy ratio along with the theoretical �ts at di�erent T [36].

Indeed, by calculating the kBT /E J ratio, we were able to estimate the Q factors for
the JJs by analyzing the Y-axis. These outcomes are displayed in tab. 4.2: values for
the damping factor are reasonably consistent with what is expected for moderate
damping.



Table 4.2: Table showing newly estimated Q values obtained by extrapolating data from
Figure 4.13. These values are consistent with the junctions observed in the MDR and
con�rm the PD behavior of the fabricated samples

JJs Q0 Q1

SIS 19C 7 1.3
SIsFS 23B 11 1.9

Q1 values con�rm that the way the phases behave in the SCDs is caused by phase
di�usion.
In terms of the phase dynamics in the tilted washboard potential, the phase particle
in the supercurrent branch oscillates in one well of the potential at the plasma
frequency ωp , while the voltage state involves steady motion of the phase particle
(ω ∼ 0) [46, 9]. High-frequency, ω ∼ ωp (usually ωp is of the order of 10 GHz), dissi-
pation at the switching from the superconducting to the resistive state is determined
by the high-frequency damping Q1 and is mainly a�ected by the environment, i.e.,
the circuit in which the junction is embedded [142, 9]. Low-frequency dissipation in
the subgap branch of the I-V curves (ω ∼ 0) and the corresponding low-frequency
damping Q0 are mostly determined by the subgap resistance of the junction. The
study of the electrodynamics of these junctions has therefore allowed the determi-
nation of both low-frequency and high-frequency quality factors. So, the values
in tab. 4.2 represent the physical parameters of the same junction, which exhibits
distinct behaviors.
Finally, after estimating theTcr using formula 1.60 and utilizingQ1 as the quality fac-
tor value, a value of 4mK was attained. This result con�rms the lack of macroscopic
quantum tunneling events in the measured junctions.



Conclusions

In this thesis, a comprehensive study has been carried out on Josephson junctions
(JJ) in SIS and SIsFS con�guration, based on Al technology and using Permalloy as
ferromagnetic layer F. The ferromagnetic JJs were fabricated by a combination of
deposition, etching and optical lithography steps, optimised in collaboration with
the CNR-ISASI in Pozzuoli. Junction characterisation was performed by cryogenic
magnetic transport measurements down to 10mK. The purpose of characterisation
is to obtain a deeper comprehension of the physics underlying these devices, with a
special focus on the dissipation of these junctions and on the control of its behavior
as a function of an externally applied magnetic �eld. It was observed that when
comparing the I-V characteristics and conductances of tunnel and SIsFS type junc-
tions, the presence of the Py layer does not a�ect tunnel nature of the barrier while
adding special functionalities.
The magnetic �eld dependence was then investigated by applying a such as mag-
netic �eld to magnetise the F-layer, which allowed us to observe a shift in the
critical current maximum. The direction of this shift varied depending on the sign
of the applied magnetic �eld. For a magnetic �eld of 45 mT, the maximum critical
current shifted towards negative values of the �eld. In contrast, for a magnetic
�eld of -45 mT, the critical current maximum shifted towards positive values. The
magnetic nature of the SIsFS junction, guaranteed by the F layer, is con�rmed
by the hysteretic behaviour of the magnetic �eld pattern, while maintaining the
high quality of the tunneling behaviour guaranteed by the Al oxide barrier. This
technology can be extended to most ferromagnetic materials in order to develop ad
hoc switchable elements, and ensures easy integration of MJJs into a wide variety of
digital and quantum circuits using standard optical lithography [10]. Furthermore,
the developed fabrication approach is reproducible and adaptable to a wide class
of fabrication protocols, since ferromagnetic materials can be deposited ex situ
without a�ecting the tunneling properties of the of the overall device.
The main result is the demonstration of the magnetic hysteretic behaviour of the
critical current and, at the same time, the preservation of the high quality transport
properties of Al tunnel junctions. These MJJs exhibit very low damping and a
Josephson coupling energy value that is appropriate for integration into the ferro-
transmon architecture [10, 129].
A complete low-temperature characterisation of the tunnel and ferromagnetic junc-
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tions was also carried out. For future use in transom qubit architecture, a complete
characterization of the phase dynamics of such junctions using SCDs is required, as
well as a reliable estimation of the junction parameters such as the critical current
and the quality factor. In fact, the SCDs and their Imean and standard deviation σ
are unique indicators of the phase dynamics of the junctions. The characteristic
collapse of σ is observed with increasing T , and the maximum amplitudes of the
SCDs increase in this temperature range [1]. This leads to the SIsFS JJs escape
mechanism being phase di�usion (PD), which is a characteristic of a moderately
damped regime (MDR). In this case, after the �rst escape process, the particle can
be retrapped in one of the next wells and then released again, and this is visible
through distinctive features in SCDs measurements [1].
Speci�cally, studying the PD regime provided an e�ective means of estimating
dissipation levels in the junction. This enabled a more precise estimation of the
damping factor, which was found to be greater than 1, in agreement with the MDR
regime.
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