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Overview

The concept of deformation in atomic nuclei is a cornerstone of nuclear physics. Mul-
tipole moments and transition strengths, which can be directly or indirectly accessed
through various experimental techniques, are some of the collective observables used to
study the shape of deformed nuclei. The lowest mode of surface deformation corresponds
to the quadrupole one, which is the most frequent in nuclei. The octupole deformation is
a rarer phenomenon in comparison but it plays a role in intriguing nuclear-structure phe-
nomena. For this reason, it is one of the most studied topics in nuclear-structure physics.
The susceptibility of an even-even nucleus to collective octupole correlations is reflected
in the low energy of its first 3� state and the enhancement of the rate of the γ–ray transi-
tion depopulating this state to the ground state (3�1 ! 0+

1 ). Throughout the nuclear chart,
a few nuclei exhibiting strong octupole correlations have been found.

The subject of this thesis is octupole collectivity in the 96Zr isotope, for which the
structure of the first 3� state has been widely debated in the literature. Previous measure-
ments suggested that the γ–ray transition probability for the 3�1 ! 0+

1 transition is one of
the largest across the nuclear chart. This observation has never been reproduced by any
theoretical calculations, and it is puzzling as it does not correspond to a similar increase
in the neighbour isotopic chains. However, a recent study provides a significantly reduced
γ–ray transition probability for the 3�1 ! 0+

1 transition, which is in better agreement with
state-of-the-art shell-model calculations. Nevertheless, up to now the experimental values
were obtained via indirect methods.

The present work aims at extracting for the first time the 3�1 ! 0+
1 γ–ray transition

probability via the low-energy Coulomb-excitation technique. This technique is an ex-
perimental method to study the electromagnetic properties of low-lying nuclear states. Its
basic feature is that the excitation of nuclear states is caused solely by the electromagnetic
field acting between the reaction partners, while the contribution of short-range nuclear
forces can be neglected. Hence, unlike in other nuclear reactions, the interaction pro-
cess can be described in a model-independent way because the theory of electromagnetic
interaction is well-known.

The experiment took place at the INFN Legnaro National Laboratories (LNL) with the
setup composed of the γ–ray tracking spectrometer AGATA coupled with the heavy-ion
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detector array SPIDER. This work reports about one of the first experiments performed
with AGATA in its second campaign at LNL, and the first full low-energy Coulomb-
excitation analysis performed with AGATA coupled with SPIDER.

This thesis is organized as follows: chapter 1 focuses on the theoretical background
of this work, describing the models aiming at understanding the nuclear structure. The
general framework of the zirconium isotopic chain is introduced with a particular focus
on 96Zr. The low-energy Coulomb-excitation technique is summarised in chapter 2, de-
scribing the aspects relevant to the experiments. The GOSIA code, the reference code for
low-energy Coulomb-excitation analysis, used in this work, is also briefly introduced. In
chapter 3, the RBS (Rutherford Backscattering Spectrometry) measurement performed
at the INFN LABEC laboratory to characterize the 96Zr target employed in this work is
described. The AGATA and SPIDER arrays and their acquisition system are presented
in chapter 4. The description of the calibrations and the data-reduction procedures is
provided in chapter 5. In chapter 6, the final Coulomb-excitation analysis is reported,
together with the results of this work.
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Chapter 1

Introduction

The atomic nucleus, discovered by Ernest Rutherford in 1911, is a quantum-mechanical
system composed of Z protons and N neutrons (the nucleons), which interact via the
electroweak and strong forces. The system’s complexity increases with the number of
nucleons, i.e., with the mass number A = N + Z. A specific nuclear species, or nuclide,
is indicated by the form A

ZXN , where X is the chemical symbol. The wide landscape of
nuclei is well depicted in the Chart of Nuclides shown in figure 1.1, also called Segrè
Chart, from the name of the Italian-American physicist Emilio Segrè who invented it.

Figure 1.1: Chart of Nuclides. The nuclides are arranged according to the number of
protons (vertical axis) and neutrons (horizontal axis). Colors are used to group nuclei
according to their half-life, reported on the right. Adapted from Ref. [1].

Studying the atomic nucleus is challenging for two main reasons. First, the difficulty
from the mathematical point of view of solving the many-body problem. The mutual
interactions of the A nucleons are described by a set of coupled equations that cannot be
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1.1. MODELS IN NUCLEAR STRUCTURE

solved analytically. Second, the complex nature of the strong interaction. For instance,
there is evidence that the nucleons can interact not only through mutual two-body forces
but also through three-body forces. Such forces have no classical analogue.

This chapter provides a theoretical background for the description of the nuclear struc-
ture, with a specific focus on zirconium isotopes.

1.1 Models in Nuclear Structure

Nuclear structure models offer a simplified view of the actual nuclear structure, still con-
taining the essentials of nuclear physics. Two criteria characterize a successful model:

1. it must agree with measured nuclear properties;

2. it must be capable of predicting additional nuclear properties.

1.1.1 Shell Model

In 1963, Maria Goeppert Mayer and Hans Jensen were awarded the Nobel Prize for their
work on the Nuclear Shell Model [2, 3] (from now on in this work, simply the Shell
Model). This is one of the earliest nuclear-structure models, arising from the observation
that nuclei with specific numbers of protons and/or neutrons are particularly stable com-
pared to their neighbours. These numbers, corresponding to the so-called Shell-Closures
and known as Magic Numbers, were found to be: 2, 8, 20, 28, 50, 82, and 126.

The starting point of the shell model is the Schrödinger equation:

Hψ(r1, ..., rA) = E ψ(r1, ..., rA) (1.1)

here ψ is the wave function characterizing the nuclear state, E its energy, and H the
Hamiltonian operator. The nuclear Hamiltonian H , neglecting third or higher-order inter-
action terms, is:

H =

� AX
i=1

p2
i

2mi

+
AX
i<j

V (ri � rj)
�

(1.2)

where mi, ri and pi are mass, position and momentum of the i-nucleon, while A is the
total number of nucleons. The first term is the sum of the kinetic energies of the nucleons
and the second one is the two-body interaction potential. The fundamental assumptions
of the shell model are [4]:

• the motion of a single nucleon is governed by a potential U caused by all the other
nucleons;

• the existence of definite spatial orbits determined by the Pauli exclusion principle.
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1.1. MODELS IN NUCLEAR STRUCTURE

In the mean-�eld hypothesis, the Hamiltonian (1.2) can be separated into two components:

H =
� AX

i =1

p2
i

2mi
+

AX

i<j

V(r i � r j ) +
AX

i =1

U(r i ) �
AX

i =1

U(r i )
�

= H0 + H res (1.3)

where

H0 =
AX

i =1

p2
i

2mi
+

AX

i =1

U(r i ) (1.4)

and

H res =
AX

i<j

V(r i � r j ) �
AX

i =1

U(r i ) : (1.5)

TheH0 part is the component describing the motion of the nucleons in the nucleus, while

H res is the residual interaction between the nucleons, which is treated as a perturbation.

With this assumption, the shell model is also calledIndipendent-Particle Model, and the

many-body problem is reduced toA one-body problems of the type:

hi  � i =
�

p2
i

2mi
+ U(r i )

�
 � i = � i  � i : (1.6)

The mean-�eld potentialU can be described as a good approximation in terms of the

Woods-Saxon potential but the eigenstates associated with this potential can be obtained

only numerically. Often, the harmonic oscillator potential is used instead, for simplicity.

In addition, the inclusion of a spin-orbit component, which couples the orbital angular

momentumL with the spin of the nucleusS, is necessary to correctly predict the oc-

currence of the magic numbers. The index� i in (1.6) speci�es the quantum state of the

particle. Nuclei are represented as being �lled with nucleons in discrete shells of differing

total angular momentumj , parity � , and principal quantum numbern. These shells are

populated following the Pauli exclusion principle. The wave function � for one con�g-

uration of the nucleus, solution of the Schrödinger equation

H0  � =
AX

i =1

�
hi

�
 � =

AX

i =1

�
p2

i

2mi
+ U(r i )

�
 � = E0 � ; (1.7)

is given by the Slater determinant1 of the � i . The actual wave function of the nucleus

(equation 1.1) becomes:

 =
X

�

a�  � : (1.8)

A detailed description of this derivation can be found in Ref. [5]. As a result, the expec-

tation value of the energyE from the total wave function will be simply the sum of the

1Nucleons are fermions, therefore, their wave functions must be antisymmetrized.
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1.1. MODELS IN NUCLEAR STRUCTURE

product of the single-particle energies� i weighted by the coef�cients of the expansion.

Often, the nucleus is treated as an inert core with valence nucleons, and these are limited

to exist in a �nite number of shells outside the core. This shell structure is a valid starting

point in stable nuclei. However, as more neutrons (protons) are added, the shell structure

may change, orevolve. As more nucleons interact, the strength of residual interactions

becomes very important and, thus, in a more rigorous approach, the residual interaction

cannot be neglected in the understanding of nuclear structure.

1.1.2 Collective Model

More than half a century has elapsed since the publication of one of the milestones of

nuclear physics:The coupling of nuclear surface oscillations to the motion of individual

nucleons, in the Danish journalMatematisk-fysiske Meddelelser, by Aage Bohr in 1952.

The collective model was subsequently developed in collaboration with Ben R. Mottel-

son and James Rainwater, for which the three authors were awarded the Nobel Prize in

1975. The collective model should be regarded, as Bohr was warning, as a complemen-

tary approach to the shell model and should be used to shed light only on certain aspects

of nuclear structure. In this picture, the nucleus consists of a core treated as a liquid drop

and extra-core particles that contribute cooperatively to the nuclear properties. An exten-

sion of this model is the Nillson model, or distorted-shell model, in which the shell model

potential is assumed non-spherical and the nucleons are not strongly coupled and move,

approximately, independently. The slowly varying potential arises from nuclear deforma-

tion, which can occur as a result of the polarizing action of one or more loosely bound

nucleons on the remaining nucleus. Bohr's paper was con�ned to the treatment of a sin-

gle nucleon interacting with the nuclear surface. Overall, all these approaches introduce

the concept of deformation in the atomic nucleus, absent in the original form of the shell

model.

The deformation of the atomic nucleus has been one of the primary subjects of nuclear

structure. The deformation varies asZ or N changes in such a way that it tends to be less

pronounced near magic numbers, while it becomes more evident towards the middle of

the shells. There are some properties of nuclei that can be reasonably identi�ed not with

the motion of a few valence nucleons, but instead with a motion that involves many of (if

not all) the nucleons [4]. Such properties are calledcollective properties. In most cases

(but not always), the collective properties vary smoothly and gradually with the mass

number. The deformation in the shape of the nucleus leads to modes of excitation which

are classi�ed asvibrationalandrotational.
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1.1. MODELS IN NUCLEAR STRUCTURE

Nuclear Vibrations

The Vibrational Collective Model for atomic nuclei is due to Lord Rayleigh, who showed

in 1897 that small surface oscillations of an incompressible liquid drop around a spherical

shape can be described with time-dependent coef�cients� �� (t) de�ned as

R(�; �; t ) = R0

�
1 +

1X

� =2

�X

� = � �

� �� (t)Y�� (�; � )
�

: (1.9)

In this equation,R0 is the radius of the nucleus,(�; � ) are the polar coordinates,Y�� (�; � )

are the spherical harmonics,� is the multipolarity, and the subscript� takes the values

� � to � . The � = 0 term is incorporated into the average radiusR0. The � = 1 term

gives rise to thedipolevibration, which is a net displacement of the centre of mass and,

therefore, cannot result from the action of internal nuclear forces. The next lowest modes

are the� = 2 (quadrupole) and� = 3 (octupole) vibrations, shown in �gure 1.2.

Figure 1.2: Dipole, quadrupole and octupole vibrational modes.

Figure 1.3: The low-lying lev-
els of 120Te. Adapted from
Ref. [4].

In analogy with the quantum theory of elec-

tromagnetism, a quantum of vibrational en-

ergy is called aphonon. For example, a

quadrupole phonon (� = 2) carries 2 units

of angular momentum. Figure 1.3 shows

an energy spectrum that could be treated in

terms of a model based on vibrations about

a spherical equilibrium shape. The single

quadrupole phonon state (�rst2+ ), the two-

phonon triplet, and the three-phonon quintu-

plet can be seen. The3� state presumably is

due to the octupole vibration. Above 2 MeV,

the structure becomes quite complicated, and

no vibrational patterns can be identi�ed.
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1.1. MODELS IN NUCLEAR STRUCTURE

Nuclear Rotations

The rotational motion can be observed only in nuclei with deformed equilibrium shapes,

and can be described in axially-symmetrical nuclei with two sets of orthogonal systems

of axes [5, 6]:

1. laboratory-�xed reference frame (x, y, z);

2. body-�xed reference frame (1, 2, 3), with direction 3 used as the symmetry axis.

Figure 1.4 de�nes some useful quantities for describing nuclear rotations. The vectorR

represents the angular momentum of rotation, which is perpendicular to the symmetry

axis 3 due to the axial symmetry. The vectorj is the angular momentum of the intrinsic

nuclear state2, and its projection
 on the 3 axis coincides with the projectionK of the

total angular momentumI = R + j .

Figure 1.4: Schematic diagram for angular momenta in deformed nuclei.

ConsideringI 1, I 2 andI 3 as the components ofI along the body-�xed axes andI 1 = I 2

= I as the moments of inertia for rotations around an axis perpendicular to axis 3, the

rotational Hamiltonian is given by:

H =
~2

2I
R2 =

~2

2I
(I � j )2 =

~2

2I
j 2 +

~2

2I
(I 2 � 2I 3j 3) + Hcoup (1.10)

where the term

Hcoup = �
~2

2I
2(I 1j 1 + I 2j 2) (1.11)

2This description is valid for an even-even core and a loosely bound (unpaired) nucleon. In this picture,
j is equivalent to the intrinsic angular momentum of the unpaired nucleon.
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1.1. MODELS IN NUCLEAR STRUCTURE

includes small terms related to the coupling of the intrinsic and rotational motion, which

are generally negligible at slow rotations. The rotational wave functions are the D-

functions, the transformation function for spherical harmonics under �nite rotations. De-

noting byM the component of the total angular momentumI along the z-axis (see �gure

1.4), the relations satis�ed by the angular momentum operator can be written as:

I2 D I
MK =

�
I (I + 1)

�
D I

MK (1.12)

I z D I
MK = M D I

MK (1.13)

I 3 D I
MK = K D I

MK (1.14)

Hence, the energy eigenvalues of the Hamiltonian (1.10) have the form:

E IK =
~2

2I

�
I (I + 1) � K 2

�
+ E j (K ) (1.15)

whereE j (K ) is a constant that involves the projectionK and quantities related to the

intrinsic part of the system. For even-even nuclei (i.e., with even numbers of protons and

neutrons), which constitute the case of interest in this work, the intrinsic part does not

contribute to the total angular momentum and, therefore,K = 0. Hence, the energy of

the rotational band is given by:

E I =
~2

2I

�
I (I + 1)

�
with I = 0; 2; 4; ::: : (1.16)

Figure 1.5: Excited states resulting
from rotation of the ground state in
164Er. Adapted from Ref. [4].

Figure (1.5) shows the excited states of a typ-

ical rotational nucleus. Notice that the con-

cept of a shape has meaning for a rotating

nucleus. This motion is far slower than the

internal motion of the nucleons [4]. There-

fore, the correct picture of a rotating de-

formed nucleus is a stable equilibrium shape

determined by nucleons in rapid internal mo-

tion in the nuclear potential. The rotational

model is sometimes described asadiabatic

for this reason.
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1.2. NUCLEAR SHAPE

1.2 Nuclear Shape

Equation (1.9) can be used to describe static shapes by removing the dependence on time:

R(�; � ) = R0

�
1 +

X

� �

� �� Y�� (�; � )
�

: (1.17)

The complex coef�cients� �� become the deformation parameters and are equal to zero

when the nucleus is a sphere. The index� (multipolarity) indicates the type of deforma-

tion. For a �xed multipolarity� , there are2� + 1 modes of deformation (� = � �; :::; � ).

The requirement of reality for the nuclear radius implies that

� �� = ( � 1)� � �
� � � .

Equation (1.17) constitutes the starting point for the study of nuclear surface deforma-

tions. The lowest mode of surface deformation corresponds to the quadrupole mode� = 2

since a deformation of order� = 1 is equivalent to a translation of the system. Con-

sidering quadrupole deformations� = 2 (the most frequent in even-even nuclei at low

energy), the expansion parameters� 2� are � = � 2; � 1; 0; 1; 2. These �ve coef�cients

can be mapped to a set of other �ve variables(�; 
; � 1; � 2; � 3), known as Hill-Wheeler

coordinates. The Euler angles� i describe the relative orientation between the body-�xed

reference frame (1, 2, 3) and the laboratory-�xed reference frame (x, y, z). The subset

(�; 
 ) de�nes a two-dimensional polar coordinate system, where� is a measure of the

Figure 1.6: Quadrupole deformed shapes as a function of the Hill-Wheeler parameters (� ,

 ). Different colours identify the symmetry axis of the intrinsic reference frame. Adapted
from Ref. [7].
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1.2. NUCLEAR SHAPE

Figure 1.7: (Left) The nuclear spherical single-particle levels with the most important
octupole correlations. (Right) Chart of the nuclides with the proton and neutron numbers
having the strongest octupole correlations. The white lines indicate the positions of the
magic numbers. Adapted from Ref. [8].

deviation from sphericity (the larger the value of� , the more deformed the surface) and


determines the shape of the nucleus, as shown in �gure 1.6. For instance, for� 6= 0, the

nuclear shape is prolate if
 = 0 and oblate if
 = 180� . For most studies, the relevant

information is in the shape itself and not in the symmetry axis. Therefore, it is usually

suf�cient to consider shapes with0� < 
 < 60� .

Octupole deformation� = 3 in nuclei is a rarer phenomenon in comparison to the

quadrupole one. In this case, the main contribution comes from the spherical harmonic

Y3;0, and hence from the interaction between nucleons in two opposite parity single-

particle states with� j = � l = 3. When protons and neutrons approaching the Fermi

surface are found in these states and the spacing is small, octupole correlations are en-

hanced and octupole deformation is more favourable. The regions where this appears are

located around the so-calledoctupole magic numbers, which are: 34, 56, 88, 134. Inter-

estingly, these values are just greater than the shell-model magic numbers, where nuclei

are nearly spherical. The octupole magic numbers are superimposed on the chart of the

nuclides on the right-hand side of �gure 1.7, indicating the nuclei having the strongest

octupole coupling.
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1.2. NUCLEAR SHAPE

1.2.1 Shape Transition and Shape Coexistence

The transition from spherical to deformed shapes as a function of the neutron and proton

numbers is known asshape transition. In this regard, the structures of neutron-rich nuclei

of mass around 100 provide some of the best examples of the interplay between micro-

scopic and macroscopic effects in shape transition. In this mass region of the nuclide

chart, one of the �rst experimental evidence of shape transition was the observation of

rotational-like behaviour in even-even �ssion fragments (Zr, Mo, Ru, Pd isotopes) from

the spontaneous �ssion of252Cf [9]. Further supporting demonstrations of shape transi-

tion were obtained following the measurement of excitation energies of the �rst2+ states

and two neutron separation energiesS2n , summarized in �gure 1.8. A very sharp drop of

the2+ energies is observed fromN = 58 to N = 60 for the Sr and Zr isotopes, whereas

the transitions are more gradual for Mo and Ru. This behaviour can be explained by a

sudden change from a mostly spherical to a well-deformed quadrupole shape atN = 60.

Figure 1.8: (a) Excitation energies of the �rst2+ states and (b) two-neutron separation
energies for nuclei aroundN = 60. Adapted from Ref. [10].

Shape coexistence[11] is a very peculiar phenomenon consisting of the presence

within the same nucleus, at low-excitation energy, and within a very narrow energy range,

of two or more states having well-distinct properties that can be interpreted in terms of

different intrinsic shapes. The observation of a speci�c nuclide exhibiting eigenstates

with different shapes is a unique type of behaviour of the nucleus in �nite many-body

quantum systems. Such behaviour is familiar in molecules but, in this case, the different

shapes involve different geometrical arrangements of widely spaced atoms (constrained

by identical chemical bonds), at variance with atomic nuclei.

Understanding the occurrence of shape coexistence in atomic nuclei is one of the

greatest challenges faced by theories of nuclear structure. The �rst discovery of the phe-
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1.2. NUCLEAR SHAPE

Figure 1.9: Regions of the nuclide chart where shape coexistence has been observed.
Adapted from Ref. [11].

nomenon was published in a paper by H. Morinaga in 1956 [12]. The level structures

of light nuclei, in particular16O, show some characteristic features that are not easy to

explain from simple shell-model theories. Among these, the presence of a0+ excited

state at 6.06 MeV. This0+ state can be seen as a rotation-less state of a strongly deformed

con�guration. Since the16O ground state is a closed-core con�guration, it should be

spherical. However, eight valence nucleons are excited in the 6.06-MeV state, causing

the deformation of the nucleus.

In 1964, G. Brown extended Morinaga's idea to a similar state in40Ca. This work

led to other investigations of nuclear structure, with the collection of extensive data sup-

porting the widespread and unequivocal manifestation of shape coexistence in the mass

region characterized by(Z; N ) � (82; 104) (�gure 1.9). The �rst indication of shape

coexistence in this region came from optical hyper�ne structure studies3 of the Hg iso-

topes (Z = 80) [13]. The emerging picture in these isotopes raised the question of the

survival of the spherical-shaped closed shell (Z = 82). This led to intensive study of the

Pb isotopes. A landmark paper, Ref. [14], reported the observation of multiple low-lying

excited0+ states in186Pb using decay spectroscopy of190Po. This study provided the ex-

perimental evidence that the lowest three states in the nucleus186Pb are spherical, oblate

and prolate (�gure 1.10).

3The hyper�ne splitting of the atomic electron levels gives direct access to some nuclear properties, such
as spin, magnetic dipole and electric quadrupole moments. Such measurements are therefore a direct probe
of changes in nuclear size or deformation as a result of the addition or removal of nucleons.
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Figure 1.10: (Left) Decay pattern of190Po and level scheme of186Pb. (Right) Calculated
potential energy surface of186Pb. Spherical, oblate and prolate minima are indicated by
thick vertical black lines. Adapted from Ref. [14].

1.3 Quadrupole and Octupole Collectivity in Zirconium

Isotopes

The Zirconium isotopes have been the subject of intensive experimental and theoretical

work to gather insight into a variety of different nuclear structure phenomena. They span

a wide range of masses from a mid-open-shell region (80Zr40), which is thought to be

deformed, through a closed neutron shell (90Zr50), to a closed neutron subshell4 (96Zr56),

and then to a sudden reappearance of deformation (100Zr60) [15], which has been shown to

persist as far as to another mid-open-shell region [16] (110Zr70). This variety of behaviour

is unique on the nuclear mass surface.

Recent state-of-the-art shell-model calculations by T. Togashiet al. [17] have yielded

a wealth of information on the collective properties and shapes of even-even zirconium

isotopes at low spin. The experimental energies and those calculated with this model for

the0+
1;2 and2+

1;2 states are reported in �gure 1.11, together with their calculated shapes.

The ground state of the even zirconium isotopes is predicted to be spherical until neutron

numberN = 58, while it becomes prolate fromN = 60. The �rst excited state with

J � = 2+ has the same shape as the ground state, except forN = 50; 58. Interestingly,

the0+
2 and2+

2 states are predicted to exhibit a variety of shapes including prolate, oblate

and even non-axially symmetric (commonly calledtriaxial) shapes as the neutron number

evolves.
4A Subshell Closureis found at a certain proton or neutron number that experimentally has locally

enhanced stability, similar to the shell closures in the shell model. Known subshell closures of interest for
this work are, for instance,N = 56 andZ; N = 40.
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Figure 1.11: Energy of the0+
1;2 (left) and2+

1;2 (right) states as a function of the neutron
number for the zirconium isotopic chain. The different symbols indicate the predicted
shapes associated with the states as shown in the legend. The solid lines indicate the
experimental data, while the dashed lines are drawn to guide the eye. Adapted from
Ref. [17].

In this context,96Zr56 occupies an intriguing position in the zirconium isotopic chain.

This isotope is positioned on subshell closures for both protons (Z = 40) and neutrons

(N = 56), which result in locally high-excitation energy for its low-lying states (�g-

ure 1.11). Also, the spherical ground state is predicted to coexist with a triaxial structure

built on the0+
2 state [17] (�gure 1.11). This feature is particularly intriguing given the

rarity of triaxial shapes in the nuclide chart.

The structure of96Zr is also particularly interesting regarding octupole deformation.

A striking experimental signature of octupole collectivity, either vibrational or rotational,

is an enhanced transition probability from the �rst excited3� state to the ground state

(3�
1 ! 0+

1 transition). In this context, the3�
1 state in96Zr is interesting because this

quantity has been the subject of intense debate in the literature. Figure 1.12 shows the

experimental energy of the3�
1 level (panel a) and the experimental3�

1 ! 0+
1 
 –ray tran-

sition probability (panel b) as a function of the neutron number for the Zr isotopes and

the neighbouring even-even Mo isotopes (Z = 42). In 90Zr (N = 50), the3�
1 level has

a relatively high excitation energy, which decreases with the neutron number. On the

contrary, the
 –ray transition probability increases going from90Zr to heavier isotopes.

A similar trend is observed in the Mo isotopes but for96Zr an unusually large value for

this quantity has been measured compared to the close92;94Zr isotopes. Indeed, the
 –ray

transition probability found in96Zr for the3�
1 ! 0+

1 transition is one of the largest across

the nuclear chart [18] and the strongest in a supposed spherical nucleus. Noteworthy, this

experimental value has never been reproduced by any theoretical calculations. A revision

of the 3�
1 ! 0+

1 branch in the decay of the3�
1 state in96Zr has been recently given in

Ref. [19], based on a reevaluation of different high-statistics datasets acquired with the

Gammasphere
 –ray spectrometer [20]. The obtained results, when combined with the
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Figure 1.12: Energies of the3�
1 state (panel a) and
 –ray transition probability for the

3�
1 ! 0+

1 transition (panel b) reported as a function of the neutron number for the zir-
conium (red, triangular dots) and molybdenum (blue, diamond dots) isotopes. Adapted
from Ref. [18].

lifetime of the3�
1 state from Ref. [21], yielded a
 –ray transition probability in better

agreement with the experimental trend.

The present work is dedicated to extracting for the �rst time the3�
1 ! 0+

1 
 –ray

transition probability via the low-energy Coulomb excitation technique. This technique

will allow for obtaining this value directly for the �rst time instead of extracting it from

measurements of branching ratios and lifetimes, as done in previous studies.
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Chapter 2

Coulomb-Excitation Technique

Coulomb excitation is an inelastic scattering process in which two colliding nuclei are

excited via a mutually-generated, time-dependent electromagnetic �eld. The purely elec-

tromagnetic interaction causes the nucleus to undergo a transition from an initial state to

a �nal state, the latter decaying after a certain amount of time. The Coulomb-excitation

experimental technique consists of the exploitation of the Coulomb-excitation process to

extract information about the colliding nuclei by measuring
 –ray yields following the

decay from the excited states. This technique is one of the best tools for investigating

nuclear properties because the electromagnetic interaction is well-known.

In this chapter, after recalling some basic features of the
 decay, the theoretical de-

scription of Coulomb excitation will be introduced. After that, the experimental consid-

erations taken into account in Coulomb-excitation experiments will be discussed and the

GOSIA code, the standard tool for Coulomb-excitation data analysis, will be introduced.

2.1 Gamma Decay

At the �rst order, an excited nucleus can decay to a lower-energy state by emission of

electromagnetic radiation,i.e. a 
 –ray, or by internal conversion,i.e. an atomic elec-

tron. Electromagnetic radiation can be treated either as a classical wave phenomenon

or as a quantum phenomenon. The quantum description is most appropriate to describe

radiations from nuclei but it is easier to start with the classical theory.

Static distributions of charges and currents give static electric and magnetic �elds,

which can be analyzed in terms of multipole moments. The simplest distributions of

charges and currents deal only with the lowest-order multipole �elds. Indeed, a spher-

ical charge distribution produces an electric monopole �eld, and a circular current loop

produces a magnetic dipole �eld. It is usually enough to measure or calculate only the

lowest-order multipole moments to characterize the electromagnetic properties of the nu-

cleus. Another restriction on the multipole moments is directly related to the parity of the
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nuclear states. Each electromagnetic multipole moment has a parity, determined by the

behavior of the multipole operator whenr ! � r . The parity of the electric and magnetic

moments are:

� (EL ) = ( � 1)L and � (ML ) = ( � 1)L +1 (2.1)

whereL is the order of the moment (L = 0 for monopole,L = 1 for dipole,L = 2 for

quadrupole,L = 3 for octupole, ...). From (2.1) it is visible how electric and magnetic

multipoles of the same order have opposite parity. If the charge and current distributions

vary with time, a radiation �eld is produced. This �eld can be easily studied far from the

source (far compared with the size of the source itself) in terms of its multipole character.

The average radiated power energy emitted per unit time, using� = E; M to represent

electric or magnetic radiation, is:

P(�L ) =
2(L + 1) c

� 0L[(2L + 1)!!] 2

�
!
c

� 2L +2

[m(�L )]2 (2.2)

where! is the angular frequency of the electromagnetic �eld andm(�L ) is the amplitude

of the time-varying electric or magnetic multipole moment. To switch to the quantum do-

main, it is necessary to replace the multipole momentsm(�L ) with appropriate multipole

operators that change the nucleus from its initial state i to the �nal state f . The decay

probability is governed by the matrix element of the multipole operator:

mf i (�L ) =
Z

dV  �
f m(�L )  i (2.3)

where the integral is carried out over the volume of the nucleus (the detailed form of

the multipole operator can be found in Ref. [22]). If equation (2.2) is seen as the energy

radiated per unit time in the form of photons, each of which has energy~! , the probability

per unit time for photon emission (decay constant) is:

� (�L ) =
P(�L )

~!
=

2(L + 1)
� 0~L[(2L + 1)!!] 2

�
!
c

� 2L +1

[mf i (�L )]2 : (2.4)

The probability of photon emission is related to the lifetime of the initial state. Speci�-

cally, the lifetime is the inverse of the sum of the partial decay rates considering all the

possible �nal states and the different multipolarities that are involved.

The evaluation of the matrix element requires knowledge of the initial and �nal wave

functions. However, it is possible to make some estimates of the
 –ray emission proba-

bilities with the following assumptions:

• the transition is due to a single proton that changes from one shell-model state to

another;
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L � (EL ) � (ML )
1 1:0 � 1014 A2=3E 3 5:6 � 1013 E 3

2 7:3 � 107 A4=3E 5 3:5 � 107 A2=3E 5

3 34A2E 7 16A4=3E 7

4 1:1 � 10� 5 A8=3E 9 4:5 � 10� 6 A2E 9

Table 2.1: Weisskopf estimates of transition probabilities for some of the low multipole
orders, taken from Ref. [4].A is the mass number andE is the photon energy in MeV.

• the radial parts of the nuclear wave functions i and  f are constant up to the

nuclear radiusR and zero forr > R .

With these approximations, and usingR = 1:2 A1=3 fm for the nuclear radius, theEL and

ML transition probabilities for the lower multipole orders assume the values reported in

table 2.1. These estimates for the transition rates are known asWeisskopf estimatesand are

meant to provide reasonable values to compare with measured transition rates. For exam-

ple, if the observed decay rate of a certain
 transition is much greater than the Weisskopf

estimate, more than one single nucleon is probably responsible for the transition. The

Weisskopf estimates show some general properties of transition probabilities:

• the lower multipolarities are dominant;

• for a given multipole order, electric radiation is more likely than magnetic radiation.

The conservation of angular momentum and parity prohibit certain
 transitions, fol-

lowing the selection rules of the
 decay. A quantum of radiation carries an angular

momentumL of module~
p

L(L + 1) (L corresponds to the multipole order). In a tran-

sition between an initial excited state of angular momentumJi and a �nal stateJf the

conservation of angular momentum imposes

Ji = Jf + L : (2.5)

Hence, the possible values for the multipoles are:

jJi � Jf j � L � Ji + Jf : (2.6)

It must be pointed out that
 transitions withL = 0 are forbidden because the photon has

an intrinsic spin of 1, while internal conversion withL = 0 is allowed. The conservation

of the parity� requires:

EL : � i � � f = ( � 1)L and ML : � i � � f = ( � 1)L +1 : (2.7)

This means that states with the same parity can be only connected by electric multipoles

with evenL or by magnetic multipoles with oddL, while states with opposite parity

21



2.1. GAMMA DECAY

� L Multipole � i � � f = +1 � i � � f = � 1
0 Monopole Forbidden Forbidden
1 Dipole M 1 E1
2 Quadrupole E2 M 2
3 Octupole M 3 E3

Table 2.2:
 electromagnetic transitions for� L � 3 allowed by the selection rules.

can only be connected by electric multipoles with oddL or by magnetic multipoles with

evenL. If the selection rules allow more than one multipolarity�L for a transition, the

mixing ratio� is de�ned as the ratio between the decay rates associated with the different

multipolarities.

The
 transition rate between an initial and a �nal state in equation (2.4) can also be

expressed as:

� (�L; J i ! Jf ) =
8� (L + 1)

~L[(2L + 1)!!] 2

�
E 


~c

� 2L +1

B(�L ; Ji ! Jf ) : (2.8)

The last term in equation (2.8),B (�L ; Ji ! Jf ), is calledreduced transition probability

and is de�ned as follow:

B(�L ; Ji ! Jf ) =
1

2Ji + 1
j hJf jjM (�L )jjJi i j 2 (2.9)

wherehJf jjM (�L )jjJi i is the reduced form of the electromagnetic matrix element (2.3).

The units of reduced transition probabilities for electric transitions aree2fm2L , while the

magnetic ones are� 2
N fm2(L � 1) where� N is the nuclear magneton. Using the de�nitions of

the Weisskopf estimates, it is possible to de�ne other common units for reduced transition

probabilities, the so-calledWeisskopf units(or single-particle units), given by:

EL : 1W:u: =
1

4�

�
3

L + 3

� 2

(1:2A1=3)2L e2fm 2L ; (2.10)

ML : 1W:u: =
10
�

�
3

L + 3

� 2

(1:2A1=3)2L � 2 � 2
� fm 2(L � 1) : (2.11)

The experimental values of the nuclear transition probabilities may show strong devi-

ations from the Weisskopf estimates. For instance, electric quadrupoleE2 and octupole

E3 transitions are often found to be strongly enhanced with respect to the single parti-

cle estimate. In this latter case, the transition is induced by the coherent contribution of

several particles, meaning that nuclear collectivity manifests. Reduced transition prob-

abilities are some of the most sensitive probes to characterize how well nuclear models

reproduce nuclear-structure properties.
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2.2. COULOMB-EXCITATION PROCESS

2.2 Coulomb-Excitation Process

The possibility of exciting atomic nuclei using the electromagnetic �eld was realized al-

ready in the 1930s [23]. It was not before 1952, however, that the process was experimen-

tally used and became known asCoulomb excitation. In the early Coulomb-excitation

experiments, light ions were used as projectiles. Therefore, only a few nuclear states

could be populated by the weak electromagnetic forces involved. The construction of

accelerators for heavy ions opened up the possibility of performing much more complex

experiments. In collisions involving heavy nuclei, the large values of mass, size and elec-

tric charge contribute to new dynamical aspects, which are typically absent in collisions

with light projectiles.

The reactions involving heavy ions at low energy (� 5� 10MeV/A) are characterized

by a wavelength of the relative motion small compared to the interaction radiusR, which

is de�ned as the sum of the radii of the two interacting nuclei (R = RP + RT ). Hence, it

is possible to use the semi-classical treatment rather than the quantum-mechanical one to

describe the process [24]. In the semi-classical treatment, it is useful to de�ne the impact

parameterb, which is the distance between the direction of the initial velocity of the pro-

jectile and the parallel straight line passing through the centre of the target (see �gure 2.1).

Figure 2.1: Classi�cation of heavy ion collisions

based on the impact parameterb.

In this work, we will use the

so-called low-energy Coulomb-

excitation process,i.e. the pro-

cess where the projectile energy

is well below the Coulomb bar-

rier so that no penetration into

the region of nuclear forces oc-

curs. Hence, the excitation is

caused solely by electromagnetic

forces. In the case of heavy nuclei

(A > 30 � 40), this requirement

can be quanti�ed using the so-

calledCline's safe distance crite-

rion [25], which states that if the

distance of the closest approach

between the surfaces of the collision partners exceeds 5 fm, the contribution from the

nuclear interaction to the excitation cross-sections is below 0.5%. The Cline's criterion is

usually satis�ed for a beam energy of� 3 � 5 MeV/A.

In low-energy Coulomb excitation, the De Broglie wavelength� associated with the

system projectile is small compared to the distance of closest approacha in a head-on
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collision:

� =
h
p

=
h

p
2mE

� a =
ZP ZP e2

E
=

2ZP ZP e2

mv2
= 2a0 (2.12)

wherem is the reduced mass of the system,v is the relative velocity of the two nuclei at

in�nity, which determines the energy of relative motionE = mv2=2, andZP andZT are

the charge numbers of the projectile and target nuclei, respectively. The requirement in

(2.12) can be expressed using the Sommerfeld parameter� as follows:

� =
ZP ZP e2

~�
=

2�a
�

� 1: (2.13)

This inequality represents the condition for the applicability of asemi-classical approach

for the description of the Coulomb-excitation process. Speci�cally, if condition (2.13)

is ful�lled, the scattering may be described accurately in terms of wave packets that fol-

low classical hyperbolic orbits. The condition (2.13) is typically satis�ed in low-energy

Coulomb-excitation experiments involving heavy ions [22]. In these cases, the excitation

is caused by the time-dependent electromagnetic �eld acting between the target and the

projectile as the latter moves along the hyperbolic orbit according to the classical equa-

tions of motion. However, for the applicability of the semi-classical treatment, another

condition is required. The excitation energy� E must not modify the orbit signi�cantly,

therefore:

� E � E ! � E=E � 1: (2.14)

2.2.1 Semi-Classical Treatment

In the semi-classical approximation the projectile trajectories are described by the Ruther-

ford scattering and quantum mechanics is used to describe the effect of the electromag-

netic �eld on the nucleus.

The Hamiltonian of the collision process is given by:

H = H0(P) + H0(T) + W
�
P; T;r (t)

�
; (2.15)

whereH0(P) andH0(T) are the Hamiltonians of the free projectile and target nuclei,

while W(P; T;r (t)) is the mutual electromagnetic interaction, which is a function of time

through the relative position vectorr (t). The interaction termW can be expanded in

electric and magnetic multipole moments of the two nuclei in their respective rest systems

and, hence, decomposed in three parts:

W
�
P; T;r (t)

�
= WE

�
P; T;r (t)

�
+ WM

�
P; T;r (t)

�
+ WEM

�
P; T;r (t)

�
: (2.16)

In this expression,WE is the mutual electric multipole-multipole interaction,WM is the
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mutual magnetic multipole-multipole interaction andWEM is the interaction between

the electric and the magnetic multipole moments. The main term inWE is the elec-

tric monopole-monopole interaction, corresponding to the Coulomb energyZP ZP e2=r,

which determines the relative motion of the two nuclear centres1. Next in importance

in WE are the interaction terms between the monopole moment of the projectile (target)

and the multipole moments of the target (projectile), which give rise to the target (projec-

tile) excitation. Higher-order multipole-multipole excitations inWE (dipole-multipole,

quadrupole-multipole, ...) can usually be neglected. Concerning the magnetic multipole

moments, the monopole-multipole terms ofWEM are usually the largest, giving rise to

weak magnetic excitations. For this reason, they are treated as perturbations. The equa-

tion (2.16), thus, can be approximated as:

W
�
P; T;r (t)

�
�

ZP ZP e2

r
+ VE

�
P; r (t)

�
+ VE

�
T; r (t)

�
: (2.17)

In low-energy Coulomb excitation, the magnitude of the monopole-monopole inter-

actionZP ZP e2=r is responsible for the great simpli�cation in the theory since it ensures

the condition (2.13). In principle, during the collision, one or both nuclei can be excited

but in the following, for simplicity, only the target nucleus is considered excited. With

Pn the probability of �nding the nucleus, after the collision, in the state identi�ed by the

quantum numbern, the differential scattering cross-section for the excitation to this state

is given by:
d� Coulex

d

=

d� R

d

� Pn : (2.18)

Hered� R=d
 is the Rutherford scattering cross-section.

The excitation probabilities can be found by solving the time-dependent Schrödinger

equation:

i~
@
@t

j (t)i =
�
H0(T) + VE

�
T; r (t)

��
j (t)i (2.19)

wherej (t)i is the target-state vector, while the interaction potential can be written as a

function of the electric multipole momentsMT as follows

VE
�
T; r (t)

�
=

X

� � 1;�

4�e Z P

2� + 1
MT (E�; � � ) ( � 1)� [r (t)]� � � 1 Y�� (�; � ) : (2.20)

The wave functionj (t)i can be expanded in terms of the eigenstates of the free Hamil-

tonianH0 as

j (t)i =
X

n

an (t) j' n i (2.21)

1This interaction does not give rise to any excitation because it does not depend on the intrinsic degrees
of freedom of the two nuclei.
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with

H0 jni = En j' n i : (2.22)

The coef�cientsan (t) are the time-dependent excitation amplitudes

an = h' n j (t)i = h' n j i e
iE n t

~ (2.23)

and they become time independent fort = + 1 , where the interactionVE vanishes. From

these de�nitions, equation (2.19) is equivalent to the set of linear differential equations

i~
dan

dt
=

X

m

hnjVE (t)jmi e
i ( E n � E m ) t

~ am (t) : (2.24)

The initial condition of these equations is that att = �1 (i.e. VE = 0), the nucleus is in

its ground statej' 0i :

j (�1 )i = j' 0i : (2.25)

The valuesan are then the excitation amplitudes after the collision2, and the excitation

probabilities are given by:

P0! n = jan j2 : (2.26)

2.2.2 First-Order Perturbation Theory

If the interaction between the projectile and the target nuclei is weak3, the system of

coupled equations (2.24) can be solved using the �rst-order perturbation theory. This

treatment leads to the following expression for the excitation amplitude from the ground

state of a given nuclear state:

an =
1
i~

Z + 1

�1
h' n jVE (t)j' 0i e

i � Et
~ dt : (2.27)

By expandingVE into multipole components, the amplitude is factorized in a part that

depends on the nucleus only through the matrix element of the multipole moments, and

an integral that only depends on the excitation energy� E and the kinematics of the

classical orbit.

The coef�cients (2.27) can be used to compute the cross-section of the process. The

2Since the effective collision time in Coulomb excitation is of the order of 1 zs, which is108 times
shorter than the typical lifetimes of the excited states (� 1 � 10 ps), it is possible to considerj (+ 1 )i as
the wave function after the collision.

3This condition can be quanti�ed requiring that the excitation probability connecting the involved ex-
cited states must be small compared to unity.
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differential cross-section for electric excitations is written in the form

d� =
X

�

d� E� ; (2.28)

where

d� E� =
�

ZP e
~vP

� 2

a� 2� +2 B(E� ; I 0 ! I f ) df E� (�; � ) : (2.29)

In this expressionB(E�; I 0 ! I f ) is the reduced transition probability de�ned in (2.9),

while df E� is the differential cross-section function, which depends on� CM and on the

so-calledadiabaticity parameter, which can be expressed as the difference between the

�nal and initial Sommerfeld parameter:

� = � f � � i =
a � E
~vP

: (2.30)

The functionsdf are tabulated and show that an increase of one unity in the multipolarity

� roughly corresponds to an order of magnitude decrease in the value ofdf . Magnetic

excitations can be obtained by replacingE ! M andvP ! c in (2.29).

2.2.3 Second-Order Perturbation Theory

The second-order perturbation theory provides a method to describe the multi-step exci-

tation, which refers to the population of an excited state starting from the ground state and

passing through one or more intermediate states.

Multi-step excitations are processes that occur in the second order when compared to

single-step excitations. However, in certain cases, double-step excitations can compete

and even become the most important contribution to Coulomb excitation. To understand

this point, it is useful to consider the population of a4+
1 state in an even-even nucleus.

Such a state can be populated from the0+
1 ground state in two ways, as shown in �g-

ure 2.2. Direct excitation requires a transition ofE4 multipolarity, whereas two-step ex-

citation, passing through the intermediate2+
1 state, requires two successive transitions of

E2 multipolarity. Considering that the transition probabilityE4 is typically much smaller

thanE2, the dominant process in this case is the two-step excitation. Another interesting

case is that of a second, higher-energy2+ state. Such a state can be populated both by

a directE2 transition from the ground state, as well as by a two-step excitation through

the2+
1 state (see �gure 2.2). In this case, single-step and double-step excitations may be

competitive.

Multi-step excitation is more probable for larger values of the scattering angle because

in this case the nucleus experiences (on average) a stronger electromagnetic �eld during

the scattering process.
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Figure 2.2: Schematic illustration of the multipolarities necessary to populate the4+
1 and

2+
2 excited states in an even-even nucleus.

2.3 Experimental Considerations

In the present work,
 rays from the de-excitation of the Coulomb-excited states were

detected in coincidence with the scattered projectile nuclei. By using a segmented par-

ticle detector (SPIDER) it was possible to determine the scattering angle to perform a

correction on the
 –ray spectra related to the Doppler effect.

The typical lifetimes of the excited states populated in Coulomb excitation are several

orders of magnitude smaller than the typical �ight time of the scattered ions from the

target position to the particle detector. Therefore, the
 rays are typically emitted in �ight,

and their energy is affected by the Doppler shift,i.e. it is shifted to lower or higher

energies, depending on the kinematics. This effect is described in the �rst order in� by

the equation:

Edet =
E0


 (1 � � cos(#))
(2.31)

whereEdet is the detected energy of the
 ray in the laboratory system affected by the

Doppler shift,E0 is the
 –ray energy in the reference system of the nucleus (not shifted),

� is the velocity of the excited nucleus (� = v=c) and
 is the Lorentz factor. The angle#

is the angle between the direction of the emitted
 ray and the direction of the de-exciting
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scattered nucleus, and can be expressed using spherical coordinates as

cos(#) = sin( � p) sin(� 
 ) cos(� p � � 
 ) + cos(� p) cos(� 
 ) (2.32)

where the angles (� p; � p), (� 
 ; � 
 ) de�ne the directions of the emitted
 ray and the cor-

responding scattered nucleus, respectively, in the laboratory system. If the experimental

setup allows to measure (� p; � p), (� 
 ; � 
 ), it is possible to invert the equation (2.31) and

get the energyE0 from the measured energyEdet. The quantity� can be obtained by

the value of the energyEp of the scattered ions measured in the particle detector from

� =
p

2Ep=mpc2. The accuracy of the Doppler correction is determined by the precision

with which the various quantities are measured,i.e. by the degree of segmentation of both

the
 –ray and particle detectors and the energy resolution of the latter.

In Coulomb-excitation experiments, the nuclear structure of both the target and the

projectile can be studied. Measurements in which the target nucleus is investigated are

typically more complicated, because the target material may contain impurities, as in the

case of the present work. Sometimes, a projectile-target nuclei combination is chosen to

satisfy the relationAP < A T . In this way, it is possible to diffuse the projectile nuclei

at backward angles where, as already mentioned, the probability of multi-step excitation

is greater. In addition, when using solid-state particle detectors, this con�guration min-

imizes the damage of the crystal lattice of the detector (the so-called radiation damage)

caused by the �ux of particles since the Rutherford cross-section is lower for backward

scattering.

2.4 GOSIA Code

To extract the observables of interest from the data collected in a Coulomb-excitation

experiment, the excitation cross-section must be reconstructed. The complexity of this

problem increases with the number of excited states. The GOSIA code [26] is the most

advanced tool for data analysis of Coulomb-excitation experiments to date. It was devel-

oped in the 1980s, in a collaboration between the University of Warsaw (Poland) and the

University of Rochester (US), to simulate and analyze experiments where single
 –rays

and/or
 –particle coincidences are detected.

GOSIA exploits the semi-classical Coulomb-excitation treatment, discussed in sec-

tion 2.2.1, to solve the system of coupled equations (2.24) and, therefore, to evaluate the

excitation cross-sections. To get this result, the
 –ray angular distributions and the ge-

ometry of the
 –ray detectors with their detection ef�ciency are taken into account. In

addition, many effects are included in the calculations, such as internal conversion de-

excitation and relativistic corrections.

The calculated cross-sections are integrated over the scattering angle and the energy
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loss in the target in GOSIA. For this reason, the particle-detector geometry and the target

thickness have to be known. In GOSIA, datasets corresponding to various scattering an-

gles can be simultaneously analysed to overdetermine the problem and to gain sensitivity

to second-order effects. Moreover, known lifetimes of the excited states and experimental

values of the branching and mixing ratios of decay transitions, obtained from comple-

mentary spectroscopic measurements, can be used to further constrain the analysis.

From the evaluated cross-sections, a sophisticated� 2 minimization procedure is im-

plemented to extract electromagnetic matrix elements (see section 2.1) from the experi-

mental data, including an estimation of the errors. The additional available spectroscopic

data are included in the global� 2 minimization procedure.

The exact calculation of the number of coincidences is complicated by the possible

dead time of the acquisition system and uncertainties related to the setup geometry as

well as beam energy and intensity. For this reason, absolute measurements (compari-

son between experimental data and absolute cross-section) are commonly avoided, and

different normalization procedures are used instead. The method adopted in this thesis

exploits the normalization to a known lifetime of a state of the nucleus that is studied. In

this way, it is not necessary to know absolute values for detector ef�ciencies and beam

intensity. However, the beam-target combination has to be chosen carefully to avoid the

energy overlapping of different transitions. Also, the normalization transitions have to be

observed with high statistics, and the relative
 ef�ciency has to be known with high pre-

cision. This is the simplest normalization method when different states are excited in the

same experiment, and the most employed, also because everything is �tted by the code

and there are no additional calculations required by the user.

Further details regarding the GOSIA code can be found in [27], including examples

of input �les for simulations and data analysis.
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Chapter 3

Target Characterization

To analyse data collected in Coulomb-excitation measurements, the energy of the beam,

the thickness and the composition of the target need to be known. For this reason, the
96Zr target employed in this work was characterized using the Rutherford Backscattering

Spectrometry (RBS) method at the INFN LABEC1 laboratory in Florence. This chapter

describes the RBS method, the experimental setup, and reports the results of this mea-

surement.

It must be pointed out that the target employed is a metallic foil with high enrichment of
96Zr, however other Zr isotopes are also present as will be discussed in Chapter 5.

3.1 Rutherford Backscattering Spectrometry Method

Rutherford Backscattering Spectrometry (RBS) [28] is based on the use of a beam with

known energy colliding with the sample to analyse, and the subsequent detection of the

scattered beam at backward angles. By analysing the energy spectra collected with a

detector (or a set of detectors) placed at known scattering angles, it is possible to extract

speci�c target properties.

3.1.1 Kinematics of the Process

If the beam energy in the RBS measurement is maintained well below the Coulomb bar-

rier, the scattering process can be considered elastic, and can be easily described by ap-

plying the principles of conservation of energy and momentum. For an incident particle

of massM 1, the initial velocity and energy arev andE0. After the collision, the velocities

and energies of the projectile and the target are (v1, E1) and (v2, E2), respectively, and

they depend on the scattering angle� and the recoil angle� de�ned in �gure 3.1.

1LAboratorio di tecniche nucleari per i BEni Culturali (laboratory for nuclear techniques applied to
cultural heritage).
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3.1. RUTHERFORD BACKSCATTERING SPECTROMETRY METHOD

Figure 3.1: Elastic collision between a projectile of massM 1 and a target of massM 2.

Conservation laws of energy and momentum imply the following equations:

E0 = E1 + E2 )
1
2

M 1v2 =
1
2

M 1v2
1 +

1
2

M 2v2
2; (3.1)

M 1v = M 1v1 cos � + M 2v2 cos �; (3.2)

0 = M 1v1 sin � � M 2v2 sin �: (3.3)

Extractingcos � from (3.3),v2 from (3.1), and replacing them in (3.2), the ratiov1=v can

be deduced:
v1

v
=

M 1cos � �
p

M 2
2 � M 2

1 sin2�
M 1 + M 2

: (3.4)

Consequently, the ratio between the initial and �nal projectile energy, calledkinematic

factorK , is determined only by the masses and the scattering angle:

K =
E1

E0
=

�
M 1cos � �

p
M 2

2 � M 2
1 sin2�

M 1 + M 2

� 2

: (3.5)

Equation (3.5) shows how the mass of the targetM 2 can be determined by detecting

the scattered beam and measuring its energyE1 and the scattering angle� .

In addition to the identi�cation of the atomic species present in the target, RBS can

also provide depth pro�les. With reference to �gure 3.2, the beam loses energy in the

target in three ways:

• � E in - energy lost on the inward path;

• � Es - energy lost in the elastic scattering process;

• � Eout - energy lost on the outward path.

By exploiting the differences in the stopping powers for the different atomic species and,

therefore, in the measured energy of the scattered beam, it is possible to reconstruct the

composition of the target in the different layers.
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Figure 3.2: Scattering in a depth pro�le.

The possibility to distinguish between two atomic species in the target that differ in

their masses by� M 2 depends on the capabilities of the experimental setup to resolve

differences� E1 in the energies of scattered particles, indeed:

� E1 = E0
dK
dM2

� M 2 ) �M 2 =
�E
E0

�
�

dK
dM2

� � 1

: (3.6)

By using (3.5) and (3.6) it can be demonstrated that� E1 has a maximum for� = � ,

meaning that the differences in energy for the different atomic species are maximised at

backward angles. This property is the reason why the detectors in RBS measurements are

placed at backward angles, from which the name of the technique.

3.1.2 Scattering Cross-Section

The differential cross-sectiond�=d 
 for scattering at an angle� and in a differential solid

angled
 is given by

d� (� )
d


� d
 � Ns =
Number of particles scattered ind

Total number of incident particles

(3.7)

whereNs is the number of target atoms per unit area (see �gure 3.3). In RBS measure-

ments the employed particle detectors are typically small and, therefore, the detector's

solid angle
 is small (10� 2Sr or less). In these conditions, it is useful to de�ne an

average differential scattering cross-section calledscattering cross-section:

� (� ) =
1



Z




d�
d


� d
 : (3.8)

The number of target atoms per unit areaNs is related to the yieldY (i.e., the number of

detected particles in an ideal 100% ef�cient detector that subtends a solid angle
 ) by the
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Figure 3.3: Simpli�ed layout of a scattering experiment.

equation:

Y = � (� ) � 
 � Q � Ns : (3.9)

Here,Q is the total number of incident particles in the beam and its value is determined

by the time integration of the measured beam current. Considerations on the Coulomb

repulsion acting between projectile and target during the collision lead to the following

scattering cross-section formula:

� (� ) =
�

Z1Z2e2

4E

� 2�
sen4

�
�
2

�� � 1

: (3.10)

3.2 Experimental Setup

The RBS measurement performed at the LABEC laboratory to analyse the96Zr target

employed a proton beam at an energy of 2 MeV. Three silicon detectors mounted in a

vacuum chamber were used to detect the backscattered protons impinging on the target.

The target was mounted on a rotating wheel allowing for its positioning without breaking

the vacuum (see �gure 3.4). A Faraday cup was used to measure the beam intensity.

In the employed setup, the detectors are placed at165� , 150� and120� degrees with

respect to the beam direction, at a distance of 91 mm, 61 mm and 91 mm, respectively.

Collimators with the shape of a vertical slit are placed in front of each detector to select

the scattering angle with high precision. With the use of the collimators, the active area

of the detectors is reduced to a rectangle of1 � 13mm2.

The rotating wheel hosting the targets is equipped with an X-Y movement in the plane

perpendicular to the beam direction, managed by control software. A �uorescent SiO

target was used to focus the beam with a precision of about 1 mm. Inside the vacuum

chamber, a laser and a camera are also available for the focusing of the beam. Thanks to

these instruments it was possible to carefully select the portion of the target to analyse.
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Figure 3.4: Picture of the setup used for the RBS measurement. The rotating wheel
supporting the targets and one of the used silicon detectors are visible.

3.3 SIMNRA Code

SIMNRA is the reference code for the simulation and analysis of energy spectra of

charged particles obtained in RBS experiments. The code includes elastic and inelastic

scattering, as well as a selection of nuclear reactions and ion beams with energies rang-

ing from 100 keV to several MeV. The program makes use of a database of about 3000

different cross-sections for different beam-target combinations and beam energies. SIM-

NRA can calculate the energy spectra for simple and complex geometries of the setup,

and includes various experimental characteristics, such as the presence of dead layers in

front of the detectors, �nite energy resolutions, �nite diffusion angles, and the effect of

collimators placed in front of the detectors.

The simulation of a backscattering spectrum resulting from the interaction of an ion

beam with initial energyE0 on a sample is performed by SIMNRA by subdividing the lat-

ter into thin layers. The simulated spectrum is made up of the superimposed contributions

from each element of each layer. The thickness� x of each layer is chosen in such a way

that the energy loss can be considered constant. When the incident particles penetrate a

layer, they lose energy due to electronic and nuclear energy loss and the beam energy is

spread due to straggling. As shown in �gure 3.5, the contribution of each isotope in each

layer constitutes an individual distribution. The area Q of the distribution is determined

by the cross-section calculated at the average energy that the particles have in the layer,

while the shape is determined by the effect of the stopping power, by the energy straggling

in and out of the layer, and by the energy resolution of the detector. The program analyzes
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Figure 3.5: Notation used to identify the contribution of each isotope in each target layer.

one layer after the other until the sum of the thicknesses crossed by the beam is equal to

the thickness set by the user or when the particles have completely lost their energy.

By using SIMNRA it is possible to simulate an RBS spectrum giving as an input

the mass and charge number of the incident beam and its energy, the geometry of the

experimental setup, the geometry of the detectors, the energy calibration parameters, and

the target description (i.e., the thickness and composition of the different layers). Also, the

code includes a �tting procedure, based on the minimization of a� 2 distribution, which

allows for giving as an input an experimental spectrum and getting information about the

target.

3.4 Results

Figure 3.6 shows the experimental RBS spectrum resulting from the96Zr target analysis

at LABEC, considering the detector at165� degrees. The spectrum is dominated by the

contribution of the beam backscattered on96Zr, which produces a distribution in the�

1:7 � 1:9 MeV energy range. In the spectrum, the �nite resolution of the detector, the

energy staggering, and the target roughness produce a �nite slope at the beginning and

the end of the distribution associated with96Zr. This slope is larger at the beginning of

the distribution (� 1:7 MeV) than at the end (� 1:9 MeV). The beam backscattered on

the surface of the target corresponds to the higher energy in the spectrum, while the beam

going through the target thickness and backscattering at the end of it corresponds to the

last layer as seen by the beam. The slope in this last portion of the spectrum is larger

than at the surface because the effects of the energy straggling and target roughness are

maximum when going through the whole target thickness.

Other two smaller distributions are visible in the spectrum in �gure 3.6. Their energies
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Figure 3.6: The experimental RBS spectrum collected with the silicon detector at165�

degrees is shown in red. The result of the �tting procedure performed with SIMNRA is
shown in blue.

are compatible with16O diffused in the front and back surfaces of the target, which is

produced by oxidation of the target. The distribution around 1.55 MeV corresponds to

oxygen in the front layer as seen by the beam and has a lower Full Width at Half Maximum

(FWHM). The distribution at around 1.35 MeV is associated with oxygen in the back layer

and is wider than that on the front layer because of the larger energy straggling.

Figure 3.6 shows the result of the �tting procedure to the experimental spectrum as-

suming a 100%96Zr enriched target. The reproduction of the spectrum is satisfactory.

The oxidized front and back layers have been approximated as unique layers with �xed

distributions instead of a sequence of layers with a gradient in the composition of oxygen

versus zirconium. This approximation is good enough for this work because of the low

concentration of oxygen. Considering also the energy spectra at120� and165� degrees,

the following target composition has been deduced:

• Layer 1 -16O, 2.7(11)� g/cm2 + 96Zr, 140(20)� g/cm2

• Layer 2 -96Zr, 410(50)� g/cm2

• Layer 3 -16O, 2.7(11)� g/cm2 + 96Zr, 140(20)� g/cm2

These values are the results of the RBS measurement performed to characterize the96Zr

target. They are used as an input for the Coulomb-excitation data analysis described in

the following.
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Chapter 4

Experimental Setup

In this chapter, the experimental setup used to study the96Zr nucleus is described (see

�gure 4.1). The experiment was performed at the INFN Legnaro National Laboratories

(LNL) where a 160-MeV beam of58Ni, delivered by the TANDEM accelerator, impinged

on a96Zr target. The
 –rays emitted by the de-exciting projectile and target nuclei were

detected by the AGATA array, which is described in section 4.1. The back-scattered

projectiles were detected by the SPIDER array, which is described in section 4.2. The

digital acquisition system used for both AGATA and SPIDER is described in section 4.3.

4.1 AGATA Array

AGATA (Advanced GAmma Tracking Array) [29, 30] is a European research project to

develop and build a new generation4� 
 -ray spectrometer. In the AGATA collaboration,

40 research institutes and 13 European countries are involved: Bulgaria, Germany, Italy,

Finland, France, Hungary, Poland, Romania, Slovenia, Spain, Sweden, Turkey, and the

UK. The idea of AGATA is to make use of highly segmented HPGe (Hyperpure Germa-

nium) crystals to detect not only the energies of the photon interactions within the array

but also their positions. This allows for the reconstruction of the path taken by the
 –ray,

as will be discussed more in detail in the following sections. The ability to reconstruct

the 
 –ray trajectories makes using Compton shields unnecessary so that the solid-angle

coverage can be maximised. Therefore, the array combines the high energy resolution of

the HPGe detectors with high ef�ciency and angular coverage.
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Figure 4.1: The experimental setup, composed of the AGATA and SPIDER arrays.

4.1.1 AGATA Detectors

The AGATA array consists of closed-end, coaxial HPGe crystals tapered with a hexacon-

ical shape (hexagonal in the front, circular in the rear). These crystals have a diameter of

8 cm, a length of 9 cm and are electrically segmented into 36 segments (6 longitudinal,

6 transversal) with a common central hole (core), as shown in �gure 4.2. The core has a

diameter of 1 cm and extends to 1.3 cm from the front end. All crystals are made of n-type

HPGe material with an impurity concentration speci�ed to be between0:4�1010 cm� 3 and

1:8 � 1010 cm� 3. The surfaces of these crystals are very delicate; therefore each crystal

is encapsulated into a hermetically sealed aluminium canister with a 0.8 mm wall thick-

ness. The distance between the capsule walls and the crystal side faces is from 0.4 mm to

0.7 mm.
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Figure 4.2: Scheme of the AGATA
capsules [29], labelled with rings1
- 6 and sectorsa - f .

To �t into the 4� geometry (�g-

ure 4.3), three types of detec-

tors are employed, which differ

in their irregular hexagonal shape

identi�ed by a letter and a colour

as shown in �gure 4.4: type A

(red), type B (green) and type C

(blue). This triplet of crystals rep-

resents the AGATA Triple Clus-

ter (ATC). It contains 114 high-

resolution spectroscopy channels

because each crystal provides 38 in-

dependent outputs, 36 from the seg-

ments and 2 from the central con-

tact.

Figure 4.3: AGATA 4� spectrome-
ter [29]. The white line indicates a
triple cluster.

Figure 4.4: Drawing of the three AGATA
crystal geometries [29]. Dimensions are
given in mm.

In each crystal, the central contact collects the electrons, while the segment contacts col-

lect the holes produced locally. This means that the signal amplitude measured by the

core equals the sum of the signals in the segments.
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To achieve the best performance, the AGATA HPGe detectors must be maintained at a

temperature of� 80 K. This condition is reached by placing the triplet of crystals in iden-

tical cryostats with a system for the periodic liquid nitrogen (LN2) �lling. Installed on the

ATCs there are the AGATA charge-sensitive preampli�ers, which have been designed to

ful�l the requirements needed for fast and clean transfer function for Pulse-Shape Anal-

ysis (PSA, see section 4.1.3) and high-counting rate capability. The AGATA cryostats

employ a separated cooling scheme for the encapsulated Ge detector and the cold part

of the preampli�er electronics, which is operated at temperatures near 130 K where their

noise contribution is minimal. The other adjacent parts of the preampli�er electronics

contribute less to the noise performance and are therefore situated outside the vacuum,

where they are readily accessible (see �gure 4.5).

Figure 4.5: Picture of an AGATA triple cluster with (right) and without (left) the alu-
minium canister. The preampli�er electronics and the Dewar are also visible. Adapted
from Ref. [31].

AGATA requires a mechanical structure to accurately support the detector elements and

enable their safe insertion and removal. The support structure consists of identical �anges,

one for each detector module, assembled to produce a solid structure calledhoneycomb

(visible in �gure 4.1). The detectors are mounted on the honeycomb with a 0.5 mm space

between the sides of two neighbouring ones, with the smallest sides facing the centre

of the reaction chamber to achieve a uniform coverage of the solid angle. The distance

between the target and the AGATA detectors can be adjusted from the so-callednominal

position, i.e. at a distance between the target and the front of all the ATCs equal to

230 mm, to theclose-up position, in which the array is translated towards the target by

55 mm.

In the experiment described in the present work, AGATA was in the close-up position

and the array was composed of 11 ATC. In the analysis, 28 crystals were considered.
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4.1.2 Front-End Electronics

Figure 4.6: Simpli�ed and schematic view

of the AGATA front-end electronics and data

readout system.

The AGATA Front-End Electronics (FEE)

considers the crystals as separate entities.

The FEE, for each detector, is made up of a

preampli�er, digitizer and pre-processing

electronics (see �gure 4.6). The digitizer is

the interface between the detectors and the

signal-processing system. It receives the

38 preampli�er outputs and digitizes them

with a sampling rate of 100 MHz and a res-

olution of 14 bits. Then, the ADC data are

sent via optical �bres to the pre-processing

stage. Here, the energy and time infor-

mation for each waveform (trace) are ex-

tracted. The energy is obtained by apply-

ing a trapezoidal �lter, while the �rst tim-

ing information is obtained by using the

core signal as a trigger for the whole de-

tector. Therefore, when a pulse is registered in the core, alocal-trigger output indicates

to all the segment electronics that they should also extract a trace from the data stream.

The pre-processing electronics sends the �ltered data to the PSA algorithm (see sec-

tion 4.1.3), which calculates the positions of the
 –ray interactions. The PSA requires

timestamped data based on a common clock. The synchronization among the different

elements and time tagging is made by the Global Trigger Synchronization (GTS) system,

which can perform further �ltering according to a trigger processor. In the experiment

subject of this work, the additional request (global trigger) was a
 –particle coincidence

event with SPIDER.

4.1.3 Pulse-Shape Analysis

The interaction of a
 –ray in the detector produces a pulse of current that can be studied

to determine the position of the interaction. For instance, the difference in drift velocity

between holes and electrons makes the signal dependent on the distance of the interaction

from the core central contact (�gure 4.7). The Pulse-Shape Analysis (PSA) algorithm in

AGATA compares the measured signals in each segment of the crystal with a library of

traces corresponding to simulated interactions in a grid of points that maps the crystal

volume. This database is called AGATA Detector Library (ADL) and contains simulated

pulses of every segment (and core) for the different interactions in the detector. However,
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